SOME REFINEMENTS OF EXISTENCE RESULTS FOR SPDES
DRIVEN BY WIENER PROCESSES AND POISSON RANDOM
MEASURES

STEFAN TAPPE

ABsTtrAaCT. We provide existence and uniqueness of global (and local) mild
solutions for a general class of semilinear stochastic partial differential equa-
tions driven by Wiener processes and Poisson random measures under local
Lipschitz and linear growth (or local boundedness, resp.) conditions. The so-
called “method of the moving frame” allows us to reduce the SPDE problems
to SDE problems.

1. INTRODUCTION

Semilinear stochastic partial differential equations (SPDEs) on Hilbert spaces,
being of the type

(1.1) {dZt = (AZ; +alt, Zt))dt + o(t, Z¢)dW;

Zy = 20,
have widely been studied in the literature, see e.g. [4, 23, 27, 10]. In equation (1.1),
A denotes the generator of a strongly continuous semigroup, and W is a trace

class Wiener process. In view of applications, this framework has been extended by
adding jumps to the SPDE (1.1). More precisely, consider a SPDE of the type

A7, = (AZ +alt, Z,))dt + o(t, Z0)dW,
(1.2) + [t Zi—, ) (p(dt, dx) — F(dx)dt)
Zy = 20,

where 1 denotes a Poisson random measure on some mark space (E, &) with dt ®
F(dz) being its compensator. SPDEs of this type have been investigated in [20, 7],
see also [17, 18, 16, 21, 1, 22|, where SPDEs with jump noises have been studied.

The goal of the present paper is to extend results and methods for SPDEs of the
type (1.2) in the following directions:

e We consider more general SPDEs of the form

dZt = (AZt + Ol(t, Zt))dt + O'(t, Zt)th
T [yt Zo ) (p(dt, d) — F(dw)dt)
(1.3) + [ e 1, Zoe @) pldt, de)
Zoy = 20,

where B € € is a set with F((B®) < co. Then, the integral [}, represents the
small jumps, and f pe represents the large jumps of the solution process.
Similar SDEs have been considered in finite dimension in [14, Sec. I11.2.¢]
and in infinite dimension in [3].
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o We will prove the following results (see Theorem 4.5) concerning existence
and uniqueness of local and global mild solutions to (1.3):
(1) If (o, 0,v|B) are locally Lipschitz and of linear growth, then existence
and uniqueness of global mild solutions to (1.3) holds.
(2) If (o, 0,7|p) are locally Lipschitz and locally bounded, then existence
and uniqueness of local mild solutions to (1.3) holds.
(3) If (o, 0, 7| ) are locally Lipschitz, then uniqueness of mild solutions to
(1.3) holds.
In particular, the result that local Lipschitz and linear growth conditions
ensure existence and uniqueness of global mild solutions does not seem
to be well-known for SPDEs, as most of the mentioned references impose
global Lipschitz conditions. An exception is the reference [27], where the
author treats Wiener process driven SPDEs of the type (1.1), even on 2-
smooth Banach spaces, and provides existence and uniqueness under local
Lipschitz and linear growth conditions. In [27], the crucial assumption on
the operator A is that is generates an analytic semigroup, while our results
hold true for every pseudo-contractive semigroup.
e We reduce the proofs of these SPDE results to the analysis of SDE problems.
This is due to the “method of the moving frame”, which has been presented
in [7]. As a direct consequence, we obtain that any mild solution to (1.3) is
cadlag.
As just mentioned, we shall utilize the “method of the moving frame” from [7],
which allows us to reduce the SPDE problems to SDE problems. Therefore, we will
be concerned with SDEs in Hilbert spaces being of the type

dYy = a(t,Yy)dt +b(t,Y)dW; + [ c(t, Y-, z)(pu(dt, dz) — F(dz)dt)
(1.4) + [ge c(t, Yoo, 2)u(dt, d)
Yo = o

By using the technique of interlacing solutions at jump times (which, in particular
cases has been applied e.g. in [2, Sec. 6.2] and [21, Sec. 9.7]), we can reduce the
SDE (1.4) to SDEs of the form

dY, = a(t,Yy)dt +b(t,Yy)dWy + [ c(t, Y, x)(pu(dt, dz) — F(dx)dt)
(1.5) Yo = u

without large jumps, and for those SDEs suitable techniques and results are avail-
able in the literature. This allows us to derive existence and uniqueness results for
the SDE (1.4), which are subject to the regularity conditions described above. We
point out that the reference [3] also studies Hilbert space valued SDEs of the type
(1.4) and provides an existence and uniqueness result considerably going beyond
the classical results which impose global Lipschitz conditions. In Section 3.3, we
provide a comparison of our existence and uniqueness result for SDEs of the type
(1.4) with that from [3].

The remainder of this paper is organized as follows: In Section 2 we provide the
required preliminaries and notation. In Section 3 we prove existence and uniqueness
results for (local) strong solutions to SDEs of the form (1.4), and in Section 4 we
prove existence and uniqueness results for (local) mild solutions to SPDEs of the
form (1.3) by using the “method of the moving frame”.

2. PRELIMINARIES AND NOTATION

In this section, we provide the required preliminary results and some basic no-
tation.
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Throughout this text, let (2, F,F,P) with F = (F,);>0 be a filtered probability
space satisfying the usual conditions.

Let U be a separable Hilbert space and let @ € L(U) be a nuclear, self-adjoint,
positive definite linear operator. Then, there exist an orthonormal basis (e;);en of
U and a sequence (A;)jen C (0,00) with »>; A; < oo such that

Qej = Aje; forall j €N,
namely, the A; are the eigenvalues of ), and each e; is an eigenvector corresponding
to A;j. The space Uy := Q'?(U), equipped with the inner product
(u,0)y, = (Q?u, Q" ?v)y,

is another separable Hilbert space and (\/E ej)jen is an orthonormal basis. Let W
be an U-valued Q-Wiener process, see [4, p. 86, 87|. For another separable Hilbert
space H, we denote by LY(H) := Lo(Uy, H) the space of Hilbert-Schmidt operators
from Uy into H, which, endowed with the Hilbert-Schmidt norm

1/2
g = (S le(/Aenl?) . @ e
JEN
itself is a separable Hilbert space.

Let (E, &) be a measurable space which we assume to be a Blackwell space (see
[6, 11]). We remark that every Polish space with its Borel o-field is a Blackwell space.
Furthermore, let 1 be a time-homogeneous Poisson random measure on Ry x E|
see [14, Def. I1.1.20]. Then its compensator is of the form dt ® F'(dx), where F' is a

o-finite measure on (E,&).
For the following definitions, let 7 be a finite stopping time.

e We define the new filtration F(™) = (F™),¢ by
F=F, t>0.

e We define the new U-valued process W(7) by

W =W, — W, t>0.
e We define the new random measure ;{7 on R, x E by

17 (w; B) == p(w; Br)), w€ Nand BeBRy)®E,
where we use the notation
B, :={(t+71,x) Ry x E: (t,x) € B}.

Then, W) is a F(")-adapted Q-Wiener process and p(™) is a time-homogeneous
Poisson random measure relative to the filtration F(") with compensator dt® F(dx),
cf. [8, Lemma 4.6].

2.1. Lemma. Let ¢ be another stopping time. Then, the mapping (o — 7)" is a
F() -stopping time.

Proof. For every t € Ry we have
{e-nr<th={e-T<ty={esTH+t}eFrru=F",
showing that (¢ — 7)7 is a F(")-stopping time. O

Denoting by P(™) the predictable o-algebra relative to the filtration F(7), we have
the following auxiliary result.

2.2. Lemma. The following statements are true:
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(1) The mapping
0 QAXxRy -2 QOXRy, 0 (w,t):=(w,7(w)+1)
is P(7)“P-measurable.
(2) The mapping
9, Q= OQx Ry, ¥, (w) = (w,7(w))
is Fr—P—measurable.
Proof. According to [14, Thm. 1.2.2], the system of sets
{Ax{0}: Ae Fo} U{[0,¢] : ¢ is a stopping time}
is a generating system of the predictable o-algebra P. For any set A € F, we have
071 (A x {0}) = (An{r =0}) x {0} e P,
Furthermore, for any F-stopping time ¢ we have
071 ([0, o) = 07 ({(w,t) € @ x Ry 10 < ¢ < o(w)})
={(w,t) e xRy :0<7(w)+t < p(w)}
={(w,t) e xRy :0<t<p(w) —7(w)}
=[0,0=7]=10,(e =)\ ({r > o} x {0}) € P,

where, in the last step, we have used Lemma 2.1. This proves the first statement.
According to [14, Thm. 1.2.2], the system of sets

{Ax{0}:Ae FolU{A X (s,t] : s <tand A € Fs}
is a generating system of the predictable o-algebra P. For any set A € Fy we have
I HAX{0}) =ANn{r =0} € Fy C F,.
Furthermore, for all s,¢t € Ry with s <t and A € F, we have
IHAX (s,1)) = An{s<t}n{r <t} e F,,
establishing the second statement. U

Let us further investigate the Poisson random measure p. According to [14, Prop.
I1.1.14], there exist a sequence (ky, )nen of finite stopping times with [k, ] N [5m] = 0
for n # m and an E-valued optional process £ such that for every optional process
v:Q xRy x E— H, where H denotes a separable Hilbert space, and all 0 <t < u

with
p( [ [ hteolutas,an) <) =1
we have C
(2.1 [ Atemiutas,de) = 3 20 6 e, <t

neN
Let B € £ be a set with F(B¢) < co. We define the mappings g : 2 — Ry, k € N
as
ok :=1inf{t > 0: u([0,t] x B°) =k}, k€ Ny.

2.3. Lemma. The following statements are true:

(1) For each k € N the mapping o is a finite stopping time.
(2) We have oo =0 and P(o, < 0k+1) =1 for all k € Ny.
(3) We have P(g, — o0) = 1.

Proof. This follows from [9, Lemma A.19]. O
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3. EXISTENCE AND UNIQUENESS OF STRONG SOLUTIONS TO HILBERT SPACE
VALUED SDES

In this section, we establish existence and uniqueness of (local) strong solutions
to Hilbert space valued SDEs of the type (1.4).

Let H be a separable Hilbert space and let B € £ be a set with F(B°) < oo.
Furthermore, let a : @ x Ry x H — H and b: Q x Ry x H — LY(H) be P @ B(H)-
measurable mappings, and let ¢ : QxR xH X E — H be a PQB(H)®E-measurable
mapping.

3.1. Definition. We say that existence of (local) strong solutions to (1.4) holds, if
for each Fy-measurable random variable yo : Q@ — H there exists a (local) strong
solution to (1.4) with initial condition yo (and some strictly positive lifetime 7 > 0).

3.2. Definition. We say that uniqueness of (local) strong solutions to (1.4) holds,
if for two (local) strong solutions to (1.4) with initial conditions yo and yj (and
lifetimes 7 and 7') we have up to indistinguishability

Ygye=yy = Y Liyo=yy)
(YTAT l{yu=y6} = (Y/)TAT IL{yo=y{)})'

Note that uniqueness of local strong solutions to (1.4) implies uniqueness of
strong solutions to (1.4). This is seen by setting 7 := oo and 7/ := oo.

3.3. Definition. We say that the mappings (a,b,c|p) are locally Lipschitz, if P—
almost surely

1/2
(/ ||c(t,y,x)||2F(dm)> <oo forallteRy and ally € H,
B

and for each n € N there is a non-decreasing function L, : R — Ry such that
P—-almost surely

(3.1) la(t,y1) — a(t,y2)[| < Ln(®)lly1 — y2l,
162, y1) = b(t, y2) Iy () < Ln(®)[lyr — w2,

1/2
(3.3) (/B lle(t, y1,x) — C(tyyz,fv)|2F(dl’)) < Ln(®)llyr — w2l

for allt € Ry and all y1,y2 € H with ||y1|, [|y2] < n.

3.4. Definition. We say that the mappings (a,b,c|p) satisfy the linear growth
condition, if there exists a non-decreasing function K : Ry — Ry such that P-
almost surely

(3.4) latt.mll < K@) + ],

(3.5) 1t gy < KO + ).
1/2

(3.6) ( / |c<t,y,x>||2F<dx>> < K01+ [yl

forallt e Ry and ally € H.

3.5. Definition. We say that the mappings (a,b,c|p) are locally bounded, if for
each n € N there is a non-decreasing function M, : Ry — Ry such that P-almost
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surely
la(t, y)l| < Mn(2),
16(t, )| gy < Mn(t),

1/2
([ 1tnolrran) <o
B
for allt € Ry and all y € H with ||y|| < n.

For a finite stopping time 7 and a set I' € F, we define the mappings a(™1) :
OXxRyxH —H, ™D QxR xH — LY(H) and ™1 - QxR xHxE —H
as

(3.7) a™(t,y) == a(r +t,y)1r,
(3.8) b1 (t,y) = b(r + t,y)1r,
(3.9) "0 (t,y, x) == (7 + t,y,2)1r.

By Lemma 2.2, the mappings a(™") and b("1) are P(") @ B(H)-measurable, and
) is P @ B(H) ® E-measurable.We shall also use the notation
(3.10) a™ = a(T’Q), B = (™) and () = (0D,

3.6. Lemma. Suppose that T1r is bounded. Then, the following statements are
true:
(1) If (a,b,c|p) are locally Lipschitz, then (o™, 6" c(T1)|5) are locally Lip-
schitz, too.
(2) If (a,b,c|B) satisfy the linear growth condition, then (a(™1) o710 c(m1)|g)
satisfy the linear growth condition, too.
Proof. Suppose that (a,b,c|p) satisfy the linear growth condition. Since 71r is
bounded, there exists a constant 7' > 0 such that 71p < T. The mapping K =
K(e+T):Ry — R, is non-decreasing, and we have P—almost surely

laTP(t,y)|| = lla(t +7,9)Lr]| < Kt + 7)o+ [|y]) < K@)+ [lyll)
for all t € Ry and y € H. Analogous estimates for b(™) and (™) prove that
(a1 p(TT) (m1)| 5) satisfy the linear growth condition, too. The remaining state-
ment is proven analogously. t

3.7. Lemma. Let 7 and o be two finite stopping times and let I' € F; be a set with
I c{r <o}. IfY is a F-adapted local strong solution to (1.4) with lifetime o, then

(3.11) YD .= v, 1
is a B -adapted local strong solution to (1.4) with parameters
(3.12) a=a" b= c=cD W =w), = ,u(T),
initial condition Y, 1r, and lifetime (o — 7)*.
Proof. The process Y("1) given by (3.11) is F(")-adapted, and we have
Y 0 (grye1 () = YrgeLrLjg gy (8) = [Yr + (Yope — Y)lLrTpo (o ry+ (£)

T+t T+t
= {YT—F/ a(s,Ys)ds—F/ b(s,Y,)dWy

T

. / o /B (s, Yau ) (p(ds, dz) — F(dz)ds)
+ /TT+t/c c(s,Yg_,a:)u(ds,dx)} Irlgo,o—r)+(t)-
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Therefore, we obtain

t t
Y g (0o myip (1) = [YT]lp+ / a(t + s, Yris)1pds + / b(T + 5, Yy o) IpdW ™
0 0

t
+ / / (T + 8, Yirr o ) Lr(u'™(ds, dz) — F(dx)ds)
0 B

t
+ / / (T4 5, Yir4e)—, 2)1pp™ (ds, dm)} Ljo,(o—r)+7(t)-
O c

Taking into account the Definitions (3.7)-(3.9) of a(™1), (71 ¢(TT) and the Defi-
nition (3.11) of V(=) it follows that

t t
Y 0o, (pmy 1 () = [mr + / a0 (5, Y"1 ds + / b0 (s, YT aw {7
0 0
t
—|—/ /c( ,YS(IF) ) (' (ds, dx) — F(dx)ds)
o JB
t
+/ / C(T)(S,YS(T’F),!E),U,(T)(dS,d.r)] 1[[07(9_7)+]](t).
0 c

Consequently, Y (") is a local strong solution to (1.4) with parameters (3.12), initial
condition Y, 1r, and lifetime (o — 7)%. O

3.8. Lemma. Let 7 < p be two finite stopping times. If YO is a F-adapted local
strong solution to (1.4) with lifetime T, and Y7 is a F(")-adapted local strong
solution to (1.4) with parameters

(3.13) a=a, b=b" c=cD W=w" p=p"),
initial condition YT(O), and lifetime o — 7, then
0
(3.14) Y =Y O1p 4+ Y1), 4
is a F-adapted local strong solution to (1.4) with lifetime .

Proof. Let t € R4 be arbitrary. Then, the random variable Yt(O)IL{TZt} is Fy-
measurable. Let C' € B(#) be an arbitrary Borel set. We define D¢ € F; as

{({T <t}n{t<o})e, if0eC,
DC = .
0, if 0 ¢ C.

According to Lemma 2.1, the mapping (t — 7)* is a F(")-stopping time. Therefore,
we get

V0 €Cre F = Frgmnys,
and hence, we obtain
{Yt 7—]1{7'<t<g} eC}= { (t— T)+1{T<t<9} €C}
Z({T<t}ﬂ{t§Q}ﬂ{Y 7+ €CHUDe
={eztyn{r#tn{r<un{y{’,, eCHuDc
={e=tin{r£tin{r+ -1t =t3n{y”, . eCHuDc e A,



8 STEFAN TAPPE

showing that the process Y defined in (3.14) is F-adapted. Moreover, since Y (7) is
local strong solution to (1.4) with initial condition Y9 and lifetime 0 — T, we have

t—7 t—7
Y O L g (t) = [Y(O) + / a™ (s, Y)ds + / b (s, Y w7
0
/ / (5,7, 2) (7 (ds, d) — F(da)ds)
t—1
-‘r/ / C(T)(S,Y'S(T)7x)u(‘r)(ds,dx):| ]1]]7-79}](75).
0 c

By the Definitions (3.7)-(3.10) of a(™), (™), ¢{7), we obtain

t—7 t—7
nﬁhmwﬂwz[x@%+/ ar 5. YO+ [ e 45, Y)W
0 0
t—7
+ / e(T + s, YS(Z), ) (7 (ds, dx) — F(dx)ds)
0 B

t—T1
+/ / et +s Yfi% z)p (T)(ds,dx)} Lpr g (2)-
O c

Therefore, we get

t t
thmwﬁ@+/ als. Y ds + [ (s, v,

/ / (5, Y",_,2)(u(ds, dz) — F(dz)ds)

// (s T) ; )N(dsydﬂﬁ)} 1y, o1 (1)

By the Definition (3.14) of Y we obtain
t
Yt(fl]lﬂﬂgﬂ(t) = [Y(O) +/ a(s,Yy) ds+/ b(s,Y,)dW,

/ / (5, Y, 2)(u(ds, dz) — F(dz)ds)

+/T /Cc(s,Ys—,l’)#(dSvdx)} L7 g7 ().

Since Y(©) is a local strong solution to (1.4) with lifetime 7, we deduce that the
process Y given by (3.14) is a local strong solution to (1.4) with lifetime p. O

Let £ € Ny be arbitrary. By Lemmas 2.1 and 2.3, the mapping gg+1 — 0k is a
strictly positive F(e*)_stopping time. Furthermore, let T’ € Fo, be arbitrary and let

yég’“) : Q — H be an arbitrary }"ég’“)—measurable random variable.

3.9. Lemma. If V(D) js o F(e) _adapted local strong solution to (1.4) with pa-
rameters

(3.15) o= a(@ml“)’ b= b(@ml“)’ c= C(kar)) W = W(Qk), o= M(Qk)7

)]11", and lifetime 7, then

_ ) T
(3.16) y(ewD)— = Y(Q’”F)_C(QkJrlaY(gk )7 )*’£Qk+1)I]'[[QkJrl_Qk]]]]'{Qk'Jrl_Qk'ST}]lF

(or+1—0k

inatial condition y(g’“

is a F(@) _adapted local strong solution to (1.5) with parameters (3.15), initial con-

dition y(()g’“)]lp, and lifetime 7 A\ (0k+1 — Ok)-
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Proof. We define J : Q — H as

,r
J = C(Qk+1, Y—((Qiil)*gk)*’ £Qk,+1 ) ]]‘{Qk+1 —or <7} ]]‘F

and the stochastic process (Ji)i>0 as Ji := J1[p,,,—,](t). By Lemma 2.2, the
mapping J is F,, , ,-measurable. Let C' € B(#) be an arbitrary Borel set. We define
D¢ € F; as

D {oks1 —on #t}, if0e€C,
c = )
0, if0¢C.

Then, for each t € R} we have
{7 € C} = {1 g —0)(®) € C} = ({J € C} N {or1 — o = t}) U Do
= ({7 € O} {ors1 = o +1}) UDc € Foprr = F*.

Consequently, the process Y (¢+1)~ defined in (3.16) is Fler)_adapted. Furthermore,
by the Definition (3.16) we have

T T)—
YL o —e01 = Y T o (o —an)
and, by the Definition (3.9) of ¢(*") and identity (2.1) we obtain

t

( / / c@m(s,Y;<“=F’,x>u<@k><ds7dx>)ﬂuo,wgw_gkm(t)
t

(// C(Qk-i-S,Ys(Ek )Ilr,u(gk)(ds,dir))]l[[oﬂ./\(gwrl_ak)]](t)
oK+t (on.T)

( / [ s Y el ) ) L8

QkT

o Y~ or) - 7fnn)]l{srn¢B}ﬂ{gk<nn<gk+t}>ﬂnom@m o] (t)1r

KZ
nEN

(QM

= c(or+1, Y (ok+1—0k) ’§Qk+1)]l[[9k+1*9k}](t)]l{gwrgkﬁf}]lr’

showing that Y (¢»I)= is a local strong solution to (1.5) with parameters (3.15) and
lifetime 7 A (0g+1 — Ok )- O

3.10. Lemma. If V(D)= js o F(@) _adapted local strong solution to (1.5) with
parameters (3.15), initial condition y(()g")]lp, and lifetime T, then

(3'17) Y(gh ):: Y(le )= +C(Qk+17 (Qk’ - €Qk+1)]lﬂQk+1*Qk]]]l{gk-#l*QkST}]lF

(okt+1—0K)—

is a F@) _adapted local strong solution to (1.4) with parameters (3.15), initial con-
dition yo‘g )]].1", and lifetime T A (0g+1 — Ok)-

Proof. The proof is analogous to that of Lemma 3.9. O

3.1. Uniqueness of strong solutions to Hilbert space valued SDEs. Now,
we shall deal with the uniqueness of strong solutions to the SDE (1.4).

3.11. Proposition. We suppose that the mappings (a,b,c|g) are locally Lipschitz.
Then, uniqueness of local strong solutions to (1.5) holds.

Proof. We can adopt a standard technique (see, e.g. the proof of Theorem 5.2.5 in
[15]), where we apply the It6 isometry and Gronwall’s lemma. O

3.12. Theorem. We suppose that the mappings (a,b,c|g) are locally Lipschitz.
Then, uniqueness of local strong solutions to (1.4) holds.
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Proof. Let Y and Y’ be two local strong solutions to (1.5) with initial conditions
yo and gy, and lifetimes 7 and 7’. By induction, we will prove that up to indistin-
guishability

(3.18) Yll[[O,T/\T’/\,Qk]]]l{yozy{)} = Y/]]‘[[O,T/\T//\Qk]]]]‘{y():yé} for all k£ € Ng.

The identity (3.18) holds true for k& = 0, because by Lemma 2.3 we have gy = 0.

For the induction step k — k + 1 we suppose that identity (3.18) is satisfied. We
define the stopping time 75, := 7AT'Agr+1 and the set I'y, := {or < 7 }N{yo = y{} €
Fo,.- By Lemma 3.7, the processes Y (@T%) .=V, , ,1p, and Y'(exT) .= Y, telr,
defined according to (3.11) are F(¢*)_adapted local strong solutions to (1.4) with
parameters (3.12), where 7 = g5, and I' = T', initial conditions Y,, Ir, and Y, Ir,,
and lifetime (73 — o) ™.

Let n € N be arbitrary and set 'y, := I'y N {ox < n} € F,,. The processes
y(erTen) = ylewl) 1 and Y/(@rTken) .= y/(eT) ]y are Fler)-adapted lo-
cal strong solutions to (1.4) with parameters (3.15), where I' = T'y,, initial con-
ditions Y,, 1r,, and Y} 1r, , and lifetime (7 — or)". By Lemma 3.9, the pro-
cesses Y (@x:Tkn)= and Y7(exTkn)= defined according to (3.16) are F(¢*)-adapted
local strong solutions to (1.5) with parameters (3.15), where I" = T'y,,, initial condi-
tions Y, Ir,, and Y, 1r,, , and lifetime (7, — ox)". According to Lemma 3.6, the

mappings (a(@Tsn) plerTrn) clewTen)|5) are locally Lipschitz, too. Therefore, by
Proposition 3.11 we have up to indistinguishability

Yeelen) =00 iy = Y@ T ey forallm e N
By the Definition (3.16), we deduce that up to indistinguishability
vl ey =Y/ @ e sy forallm €N,
and hence, we have up to indistinguishability
V@I Lo tre—on+] = Y@ 1, <y Lo (re—on)+]  for all n € N.
By Lemma 2.3 we have P(g; < 00) = 1, and hence, we get up to indistinguishability

Y(Qk,r‘k)]]_lloﬁ( — Yl(gk’rk)]lﬂo’(

Te—0k)t] Te—oK)t]"

Therefore, we have up to indistinguishability
Y0k+‘1{9kS7k}]l[[07(Tk—gk)+]]l{yozyé} = Yék‘i’.]]'{gkgﬁa}]l[[ov(Tk_Qk)Jr]]]l{yO:y()}'
Consequently, we have up to indistinguishability
Y]l{QkSTk}]l[[Qk,Tk]] ]l{yozyé} = Y/]l{QkSTk}]l[[Qk,Tkﬂ ]l{yt):yé}'
Together with the induction hypothesis, it follows that
YiorgLiyo=yy) = Y/]l[[oml]l{yo:yé}’
which establishes (3.18). Since by Lemma 2.3 we have P(g, — 00) = 1, we deduce
YT Liyo=ypy = Y")™ Liyo=up)
completing the proof. O

3.2. Existence of strong solutions to Hilbert space valued SDEs. Now, we
shall deal with the existence of strong solutions to the SDE (1.4).

3.13. Proposition. We suppose that the mappings (a,b,c|g) are locally Lipschitz
and satisfy the linear growth condition. Then, existence of strong solutions to (1.5)
holds.
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Proof. If the mappings (a,b,c|p) are Lipschitz continuous, then we have exis-
tence and uniqueness of strong solutions to (1.5) for every initial condition yg €
L%(Fo; H), see, e.g. |7, Cor. 10.3].

For (a,b, c|p) being locally Lipschitz and satisfying the linear growth condition,
for any initial condition yo € £2(Fo;H) we adopt the technique from the proof of
[19, Thm. 4.11]. For k € N we define the retraction

y, iyl <&,

kg iyl > &,

Ry :H—H, Rk(y) = {
vl

and the mappings a; : @ X Ry x H — H, b, : @ x Ry x H — LY(H) and ¢ :
OxRy xHXE—H as

ap:=ao Ry, br:=boR; and cg(e,x):=c(e,z)0 Ry.

These mappings are Lipschitz continuous, and hence there exists a strong solution
Y(*) to the SDE (1.5) with parameters a = ag, b = by and ¢ = ¢, and initial
condition yy. Using the linear growth condition, Gronwall’s lemma and Doob’s
martingale inequality, we can show that P(7, — o0) = 1, where

meo=inf{t >0 |[VP| >k}, ke N,

i.e. the solutions do not explode. Consequently, the process

Y = YoLlpre) + Z Y(k)]l]]rk,l,rk]]
keN

is a strong solution to (1.5) with initial condition yo.

Finally, for a general Fp-measurable initial condition yy : Q — H, the process
YV =Y,y YW1, is a strong solution to (1.5) with initial condition yo, where
(Q)ken C Fo denotes the partition of  given by Qi := {|lyoll € [k — 1,%k)}, and
where for each k € N the process Y(¥) denotes a strong solution to (1.5) with initial
condition yolg, . O

3.14. Theorem. We suppose that the mappings (a,b, c|g) are locally Lipschitz and
satisfy the linear growth condition. Then, existence of strong solutions to (1.4) holds.

Proof. Let yo : 2 = H be an arbitrary Fp-measurable random variable. By induc-
tion, we will prove that for each k € Ny there exists a local strong solution Y (¥)
to (1.4) with initial condition yo and lifetime gi. By Lemma 2.3 we have go = 0,
providing the assertion for k = 0.

For the induction step k — k -+ 1 let Y*) be a local strong solution to (1.4) with
initial condition yo and lifetime g. Let n € N be arbitrary and set T'y,, := {0k €
[n—1,n)} € Fp,. By Lemma 3.6, the mappings (a2 Tsn) pler-Trn) clewTin)|5) are
locally Lipschitz, too. Therefore, by Proposition 3.13 there exists a F(¢x)-adapted
strong a solution Y (¢xTkn)= to (1.5) with parameters (3.15), where I' = I'y,,, and
initial condition YQ(]ZC)]l]_“kn. By Lemma 3.10, the process Y (@=I'n) defined according
to (3.17) is a F(er)-adapted local strong solution to (1.4) with parameters (3.15),
where I' = T'y,, initial condition Yg(,f)]lpk", and lifetime og41 — ok. Noting that
(T'kn)nen is a partition of €, it follows that yler) .= Y oneN y(ewThn) ig o Fler).

adapted local strong solution to (1.4) with initial condition Yg(,f ) and lifetime Ok4+1—
or- By Lemma 3.8, the process

y(k+1) . Y(k)]]-IIO,Qk]] + Y.(flz))k Lyow, 00411

defined according to (3.14) is a F-adapted local strong solution to (1.4) with initial
condition yg and lifetime gy 1.
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Consequently, for each k € Ny there exists a local strong solution Y'*) to (1.4)
with initial condition yo and lifetime gi. By Lemma 2.3 we have P(g; — o0) = 1.
Hence, it follows that

Y= yO]l[[go]] + Z Y(k)]l]]gk—l,gkﬂ
keN

is a F-adapted strong solution to (1.4) with initial condition yo. O

3.15. Theorem. We suppose that the mappings (a,b, c|g) are locally Lipschitz and
locally bounded. Then, existence of local strong solutions to (1.4) holds.

Proof. Let yo : Q@ — H be an arbitrary Fp-measurable random variable. We define
the partition (Q)ren C Fo of Q by Q% := {||lyo|| € [k—1, k)}. Furthermore, for each
k € N we define the mappings aj, : Q xRy x H — H, b : Qx Ry x H — LY(H) and
¢ Q xRy xH x E— H as in the proof of Proposition 3.13. These mappings are
locally Lipschitz and satisfy the linear growth condition. By Theorem 3.14, there
exists a strong solution Y *) to (1.4) with parameters a = ax, b = b and ¢ = ¢y,
and initial condition yolg,. The stopping time

7o o= inf{t > 0: |[;F|| > k)

is strictly positive, and Y¥) is a local strong solution to (1.4) with initial condition
Yolg, and lifetime 7. The stopping time 7 := }, \7x1lq, is strictly positive,
and the process Y := ), Y *)1q, is a local strong solution to (1.4) with initial
condition yo and lifetime 7. O

3.3. Comparison with the method of successive approximations. So far,
our investigations provide the following result concerning existence and uniqueness
of global strong solutions to the SDE (1.4).

3.16. Theorem. If (a,b,c|g) are locally Lipschitz and satisfy the linear growth
condition, then existence and uniqueness of strong solutions to (1.4) holds.

Proof. This is a direct consequence of Theorems 3.12 and 3.14. (]

Now, we shall provide a comparison with reference [3], where the authors also
study Hilbert space valued SDEs of the type (1.4). Their result [3, Theorem 2.1] is
based on the method of successive approximations (see also [26, 25]) and consider-
ably goes beyond the classical global Lipschitz conditions. For the sake of simplicity,
let us recall the required assumptions in the time-homogeneous Markovian frame-
work. In order to apply [3, Theorem 2.1], for some constant p > 2 we need the
estimate

(3.19)
la(y1) = aly2) I + [16(y2) = b(y2) 790 + /B lle(yr, ) — c(ye, y)IP F(dz)

p/2
+ (/ le(y1, ) — C(yzvx)IIQF(dl‘)> < K([lyr —yel”) for all y1,y2 € H,
B

where £ : Ri — Ry denotes a continuous, nondecreasing function with x(0) = 0,
and further conditions, which are precisely stated in [3], must be fulfilled. These
conditions are satisfied if x is a continuous, nondecreasing and concave function
such that

(3.20) / Lalu = oo for each € > 0.

o K(u)
In particular, we may choose k(u) = u for u € Ry, and consequently, both results,
Theorem 3.16 and [3, Theorem 2.1], cover the classical situation, where global Lip-
schitz conditions are imposed.
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However, there are situations where [3, Theorem 2.1] can be applied, while The-
orem 3.16 does not apply, and vice versa. For the sake of simplicity, in the following
two examples we assume that H =R and b = ¢ = 0.

3.17. Example. We fiz an arbitrary constant 0 < 0 < exp(—1) and define the
functions k,p: Ry — Ry by
0, u =0,
k(u) = ¢ —ulnu, 0<u<d,
—6lnd—(1+nd)(u—90) u=>9,
as well as
0, u=0,
plu) == ¢ uy/—In(u?), 0<u<e,
V=0né — (1+md)(u?—38) u> e,
cf. [26, Remark 1]. Let a : R — R be a mapping such that

la(y1) — a(y2)| < p(|ly1 — y2|)  for all y1,y2 € R.
Then we have the estimate
la(yr) — a(y2)|2 < k(jy1 — y2|2) for all y1,y2 € R,

showing that condition (3.19) with p = 2 is satisfied. Moreover, k is a continuous,
nondecreasing, concave function and condition (3.20) is satisfied, because for each
0 < e <9 we have

€ 1 € 1 u=€
/ —du:f/ 7du:fln|lnu\‘ =—In|lne¢| + lim In |Inu| = occ.
o kK(u) o ulnu u=0 u—0

Consequently, [3, Theorem 2.1] applies. However, we have
1
p(u) = V=In(u?) - ———=forue (0,V9),
—In(u?)
and thus lim, o p'(u) = oo. Therefore, the mapping a : R — R might fail to be
locally Lipschitz, and hence, Theorem 3.16 does not apply.

3.18. Example. Let us define the mapping a : R — R as follows. For n € Ny we
define a on the interval [n,n + 1] by

{n, y€nn+1- 25,

n+(n+1)(y7(n+lfﬁ+l)), yG[TL‘Fl*%_H,TL‘Fl].

ay) =

This defines the mapping a : Ry — R, which we extend to a mapping a : R — R by
symmetry

a(y) ==a(~y), yeR_.

Then, a is locally Lipschitz and satisfies the linear growth condition, and hence,
Theorem 8.16 applies. However, there are no constant p > 2 and no continuous,
nondecreasing function k : Ry — Ry with k(0) = 0 such that

(3.21) la(y1) — a(y2)|? < &(lyr — v2lP)  for all yi,y2 € R.

Suppose, on the contrary, there exists a continuous, nondecreasing function k :
Ry — Ry with (0) =0 fulfilling (3.21). Then we have

(3.22) |k(u)| > 1 for all u € (0,1].
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Indeed, let u € (0,1] be arbitrary. Then, there exists n € N with % < u. Moreover,
by the definition of the mapping a : R — R there are y1,y2 € R such that

1 1/p
el (7))t latm) - alm) = 1.

Therefore, using the monotonicity of k and (3.21) we obtain

)2 13 ) 2 wlor = al”) 2 aton) = alg)l” = 1.

showing (3.22). Now, the continuity of & yields the contradiction k(0) > 1. Conse-
quently, condition (3.19) is not satisfied, and thus, we cannot use [3, Theorem 2.1]
in this case.

4. EXISTENCE AND UNIQUENESS OF MILD SOLUTIONS TO HILBERT SPACE
VALUED SPDES

In this section, we establish existence and uniqueness of (local) mild solutions to
Hilbert space valued SPDEs of the type (1.3).

Let H be a separable Hilbert space, let (S;)i>0 be a Cy-semigroup on H with
infinitesimal generator A : D(A) C H — H, and let B € £ be a set with F(B°) <
oo. Furthermore, let v : xRy x H — H and o : QxR x H — LY(H) be PRB(H)-
measurable mappings, and let v : QxR xHx E — H be a PQB(H)®E-measurable
mapping.

Throughout this section, we suppose that there exist another separable Hilbert
space H, a Cy-group (U:)ter on H and continuous linear operators ¢ € L(H,H),
m € L(H, H) such that the diagram

HLH

e

H > H
commutes for every ¢t € R, that is

(4].) 7TUt€ = St forall t € R+.

4.1. Remark. According to |7, Prop. 8.7|, this assumption is satisfied if the semi-
group (Si)i>0 is pseudo-contractive (one also uses the notion quasi-contractive),
that is, there is a constant w € R such that

1Se]| < et forallt > 0.
This result relies on the Szdkefalvi-Nagy theorem on unitary dilations (see e.g. |24,

Thm. 1.8.1], or [5, Sec. 7.2]). In the spirit of [24], the group (Up)icr 4s called a
dilation of the semigroup (Si)i>o0-

4.2. Remark. The Székefalvi-Nagy theorem was also utilized in [13, 12] in order
to establish results concerning stochastic convolution integrals.

Now, we define the mappings a : Q x Ry x H — H, b: Q x Ry x H — LY(H)
and c: Q xRy xH x E — H by

(4.2) a(t,y) == U_gla(t, 7Uy),
(4.3) b(t,y) == U_plo(t,7Uy),
(4.4) c(t,y,x) = U_ly(t, 71Uy, x).

Note that a and b are P®@ B(H)-measurable, and that ¢ is P® B(H) ® £-measurable.

4.3. Lemma. The following statements are true:
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(1) If (o, 0,7|B) are locally Lipschitz, then (a,b,c|p) are locally Lipschitz, too.

(2) If (o, 0,7|B) satisfy the linear growth condition, then (a,b,c|p) satisfy the
linear growth condition, too.

(3) If (o, 0,7|B) are locally bounded, then (a,b,c|g) are locally bounded, too.

Proof. All three statements are straightforward to check. O

4.4. Proposition. Let zy : Q — H be a Fy-measurable random variable, and let T
be a stopping time. Then, the following statements are true:

(1) IfY is a local strong solution to (1.4) with initial condition £zy and lifetime
7, then Z := 7UY is a local mild solution to (1.3) with initial condition zo
and lifetime T.

(2) If Z is a local mild solution to (1.3) with initial condition zy and lifetime
T, then the process Y defined as

tAT tAT
Y; =Lz —l—/ U_sla(s, Zs)ds +/ U_slo(s, Zs)dWs
0 0
tAT
(4.5) [ [ vt 2z ) ulds o) - Flde)ds)
0 B

tAT
+/ / U_sly(s, Zs—,x)u(ds,dz), t>0
0 c

is a local strong solution to (1.4) with initial condition £zy and lifetime T,
and we have Z7 = nUY".

Proof. LetY be alocal strong solution to (1.4) with initial condition £z and lifetime
7. Then we have

tAT tAT
Zinr = TUinr Yinr = U~ (ZZO + / a(87 }/s)ds + / b(57 YS)dWS
0 0

+/OW/Bc(syYs,x)(u(ds,da:)—F(dx)ds)+/ow/cc(s,Ys,x)u(d&dx))

By the Definitions (4.2)—(4.4) of a,b, ¢ we obtain

tAT

tAT
Zine = TUinr (Ezo + U_sla(s,mUsYs)ds + / U_glo(s,mUYs)dWy
0

0

tAT
+/ / U_sly(s,mUsY5_, x)(pu(ds, dx) — F(dx)ds)
0 B

tAT
—|—/ / U_Sﬁv(s,WUS}’.S_,J:)M(dS,dx))
0 c

Therefore, by (4.1), and since Z = nUY, we arrive at
tAT tAT
Zinr = Starzo + / S(t/\.,—),s(l(s, Zs)ds + / S(t/\T),SU(S, Zs)dW
0 0
tAT
(4.6) " / / Stinm—s¥(5, Zo— s 2) (u(ds, d) — F(dz)ds)
0 B

tAT
+ / / S(t/\T),S’Y(S,ZS_,J?)/J,(CZS,dJ?),
0 B¢

showing that Z is a local mild solution to (1.3) with initial condition z¢ and lifetime
7. This establishes the first statement. Now, let Z be a local mild solution to (1.3)
with initial condition zy and lifetime 7. Then we have (4.6), and therefore, by (4.1)
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and the Definition (4.5) of ¥ we obtain

tAT

tAT
Zine = TUinr (Ezo + U_sla(s, Zs)ds + / U_lo(s, Zs)dW
0

0

/MT/ U_sty(s, Zs—, z)(pu(ds, dz) — F(dx)ds)
/ /c U—aly(s, Zs—, x)ps (ds’d$)> = Ui+ Yinr,

showing that Z7 = #UY 7. Therefore, by the Definition (4.5) of Y we obtain

tAT tAT
Yinr = £zo + U_sla(s,nUsYs)ds + U_glo(s,mUsYs)dWy
0 0

tAT
+/ /U_Sﬁfy(s,ﬂ'UsYs_,x)(u(ds,dm)—F(dw)ds)
0 B
tAT
+/ / U_sly(s,mUsYs_, x)u(ds, dz).
O c

Taking into account the Definitions (4.2)—(4.4) of a, b, ¢, we get

tAT tAT
Yipr = Lzg + / a(s,Ys)ds + / b(s,Ys)dWs
0 0

+ /0 o /B o(s, Yo, @) (u(ds, dx) — F(dz)ds) + /0 v / s, Yao @)u(ds, dw),

showing that Y is a local strong solution to (1.4) with initial condition fzy and
lifetime 7. O

4.5. Theorem. The following statements are true:

(1) If (a,0,7|B) are locally Lipschitz and satisfy the linear growth condition,
then existence and uniqueness of mild solutions to (1.3) holds.

(2) If (a,0,7|B) are locally Lipschitz and locally bounded, then existence and
uniqueness of local mild solutions to (1.3) holds.

(3) If (a,0,7|B) are locally Lipschitz, then uniqueness of local mild solutions
to (1.3) holds.

Proof. Suppose that («,c,7|p) are locally Lipschitz. Let Z and Z’ be two local
mild solutions to (1.3) with initial conditions zy and z{,, and lifetimes 7 and 7'. We
define the H-valued processes Y and Y’ according to (4.5). By Proposition 4.4, the
processes Y and Y’ are local strong solutions to (1.4) with initial conditions ¢zy and
£z, and lifetimes 7 and 7/, and we have Z7 = 7UY ™ and (Z’)T/ = ’ﬂ'U(Y/)T/. By
Lemma 4.3, the mappings (a, b, ¢|) are also locally Lipschitz, and hence, Theorem
3.12 yields that up to indistinguishability

Y™ Wpzg=tety = (V) Lpzg—rery
Therefore, we have up to indistinguishability
ZT/\T 1{20226} — ﬂ_UYT/\T 1{2@:26} — 7TU(Y/>T/\T 1{20226} — (Z/)‘r/\‘r 1{20226}7

proving uniqueness of local mild solutions to (1.3).

Now, we suppose that («,o,7|p) are locally Lipschitz and satisfy the linear
growth condition. Let zg : 2 — H be an arbitrary Fy-measurable random variable.
By Lemma 4.3, the mappings (a, b, ¢|g) are also locally Lipschitz and satisfy the
linear growth condition. Thus, by Theorem 3.14 there exists a strong solution Y to
(1.4) with initial condition £zy. According to Proposition 4.4, the process Z := 7UY
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is a mild solution to (1.3) with initial condition zy, proving the existence of mild
solutions to (1.3).

If (v, 0, v| g) are locally Lipschitz and locally bounded, then a similar proof, which
uses Theorem 3.15, shows that existence of local mild solutions to (1.3) holds. O

4.6. Remark. The structure Z = wUY shows that mild solutions to (1.3) obtained
from Theorem 4.5 have cadlag sample paths.

4.7. Remark. As pointed out in [20], the existence of weak solutions to (1.3) relies
on a suitable stochastic Fubini theorem. Sufficient conditions can be found in [7].
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