FOUNDATIONS OF THE THEORY OF SEMILINEAR
STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS
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ABSTRACT. The goal of this review article is to provide a survey about the
foundations of semilinear stochastic partial differential equations. In particular,
we provide a detailed study of the concepts of strong, weak and mild solutions,
establish their connections, and review a standard existence- and uniqueness
result. The proof of the existence result is based on a slightly extended version
of the Banach fixed point theorem.
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1. INTRODUCTION

Semilinear stochastic partial differential equations (SPDEs) have a broad spec-
trum of applications including natural sciences and economics. The goal of this
review article is to provide a survey about the foundations of SPDEs, which have
been presented in the monographs [5, 19, 13]. It may be beneficial for students who
are already aware about stochastic calculus in finite dimensions and who wish to
have survey material accompanying the aforementioned references. In particular,
we review the relevant results from functional analysis about unbounded operators
in Hilbert spaces and strongly continuous semigroups.

A large part of this article is devoted to a detailed study of the concepts of strong,
weak and mild solutions to SPDEs, to establish their connections, and to review
and prove a standard existence- and uniqueness result. The proof of the existence
result is based on a slightly extended version of the Banach fixed point theorem.

In the last part of this article we study invariant manifolds for weak solutions to
SPDEs. This topic does not belong to the general theory of SPDEs, but it uses and
demonstrates many of the results and techniques of the previous sections. It arises
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from the natural desire to express the solutions of SPDEs, which generally live in
an infinite dimensional state space, by means of a finite dimensional state process,
and thus, to ensure larger analytical tractability.

This article should also serve as an introductory article to the general theory of
SPDEs and enable the reader to learn about further topics and generalizations in
this field. Possible further directions are the study of martingale solutions (see, e.g.,
[5, 13]), SPDEs with jumps (see, e.g., [18] for SPDEs driven by Lévy processes and,
e.g., [1, 9, 15, 23] for SPDEs driven by Poisson random measures), and support
theorems as well as further invariance results for SPDEs, see, e.g., [16, 17].

The remainder of this article is organized as follows: In Sections 2 and 3 we
review the required results from functional analysis. In particular, we collect the
relevant material about unbounded operators and strongly continuous semigroups.
In Section 4 we review stochastic processes in infinite dimension. In particular, we
recall the definition of a trace class Wiener process and outline the construction of
the It6 integral. In Section 5 we present the solution concepts for SPDEs and study
their various connections. In Section 6 we review results about the regularity of
stochastic convolution integrals, which is essential for the study of mild solutions to
SPDESs. In Section 7 we review a standard existence- and uniqueness result. Finally,
in Section 8 we deal with invariant manifolds for weak solutions to SPDEs.

2. UNBOUNDED OPERATORS IN HILBERT SPACES

In this section, we review the relevant properties about unbounded operators.
We shall start with operators in Banach spaces, and focus on operators in Hilbert
spaces later on. The reader can find the proofs of the upcoming results in any
textbook about functional analysis, such as [20] or [24].

Let X and Y be Banach spaces. For a linear operator A : X D D(A) — Y,
defined on some subspace D(A) of X, we call D(A) the domain of A.

2.1. Definition. A linear operator A : X D D(A) — Y is called closed, if for
every sequence (Tp)nen C D(A), such that the limits x = lim, oz, € X and
y = lim, o Az, €Y exist, we have x € D(A) and Az =y.

2.2. Definition. A linear operator A : X D D(A) — Y is called densely defined,

if its domain D(A) is dense in X, that is D(A) = X.
2.3. Definition. Let A: X D D(A) — X be a linear operator.
(1) The resolvent set of A is defined as
p(A):={AeC:\—A:D(A) = X is bijective and (A — A)~' € L(X)}.
(2) The spectrum of A is defined as o(A) := C\ p(A).
(3) For X\ € p(A) we define the resolvent R(\, A) € L(X) as
R\ A) == (\— AL

Now, we shall introduce the adjoint operator of a densely defined operator in a
Hilbert space. Recall that a for a bounded linear operator T' € L(H;, Hs), mapping
between two Hilbert spaces H; and Hs, the adjoint operator is the unique bounded
linear operator T* € L(Hz, Hy) such that

(Tx, Yy, = (x,T*y)y, forallz € Hy and y € Hs.

In order to extend this definition to unbounded operators, we recall the following
extension result for linear operators.

2.4. Proposition. Let X be a normed space, let Y be a Banach space, let D C X
be a dense subspace and let ® : D — Y be a continuous linear operator. Then
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there exists a unique continuous extension ® : X — 'Y, that is, a continuous linear
operator with ®|p = ®. Moreover, we have ||®|| = ||P]|.

Now, let H be a Hilbert space. We recall the representation theorem of Fréchet-
Riesz. In the sequel, the space H' denotes the dual space of H.

2.5. Theorem. For every ¥’ € H' there exists a unique element x € H with

(a', @) = (x,8). In addition, we have ||z| = ||2'|.
Let A: H D D(A) — H be a densely defined operator. We define the subspace
(2.1) D(A*):={y € H: x> (Ax,y) is continuous on D(A)}.

Let y € D(A*) be arbitrary. By virtue of the extension result for linear operators
(Proposition 2.4), the operator

D(A) - R, z+— (Ax,y)
has a unique extension to a linear functional 2z’ € H'. By the representation theorem
of Fréchet-Riesz (Theorem 2.5) there exists a unique element z € H with (', ) =
(z,e). This implies
(Az,y) = (x,z) for all x € D(A).
Setting A*y := z, this defines a linear operator A* : H D D(A*) — H, and we have
(Az,y) = (x,A%y) for all x € D(A) and y € D(A").

2.6. Definition. The operator A* : H D D(A*) — H is called the adjoint operator
of A.

2.7. Proposition. Let A: H D D(A) — H be densely defined and closed. Then A*
is densely defined and we have A = A**.

2.8. Lemma. Let H be a separable Hilbert space and let A: H D D(A) — H be a
closed operator. Then the domain (D(A),| - | pca)) endowed with the graph norm

1/2
lzllpcay = (l2]® + [ A=)

is a separable Hilbert space, too.

3. STRONGLY CONTINUOUS SEMIGROUPS

In this section, we present the required results about strongly continuous semi-
groups. Concerning the proofs of the upcoming results, the reader is referred to any
textbook about functional analysis, such as [20] or [24]. Throughout this section,
let X be a Banach space.

3.1. Definition. Let (S;)i>0 be a family of continuous linear operators Sy : X — X,
t>0.
(1) The family (Si)i>0 is a called a strongly continuous semigroup (or Cp-
semigroup ), if the following conditions are satisfied:
e Sy =1d,
o Soit =555 forall s,t >0,
o limy .o Six =z forallz € X.
(2) The family (S¢)i>o0 is called a norm continuous semigroup, if the following
conditions are satisfied:
e Sy =1d,
o Soiy =555 forall s,t >0,
(] lithO ||St - Id” =0.

Note that every norm continuous semigroup is also a Cy-semigroup. The following
growth estimate (3.1) will often be used when dealing with SPDEs.
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3.2. Lemma. Let (S;);>0 be a Cy-semigroup. Then there are constants M > 1 and
w € R such that

(3.1) [1Se]| < Me**  for allt > 0.

3.3. Definition. Let (St):>0 be a Co-semigroup.

(1) The semigroup (St)i>o is called a semigroup of contractions (or contrac-
tive), if

(3.2) I1Sell <1 forallt >0,

that is, the growth estimate (3.1) is satisfied with M =1 and w = 0.
(2) The semigroup (Si)i>o0 is called a semigroup of pseudo-contractions (or
pseudo-contractive), if there exists a constant w € R such that

(3:3) [Sell < et for allt >0,
that is, the growth estimate (3.1) is satisfied with M = 1.

If (S¢)e>0 is a semigroup of pseudo-contractions with growth estimate (3.3), then
(T)t>0 given by

T, :=e S, t>0

is a semigroup of contractions. Hence, every pseudo-contractive semigroup can be
transformed into a semigroup of contractions, which explains the term pseudo-
contractive.

3.4. Lemma. Let (S¢)i>0 be a Co-semigroup. Then the following statements are
true:

(1) The mapping
Ry x X =X, (t,z)— S

18 continuous.
(2) For allz € X and T > 0 the mapping

0,T] - X, tw Sz
1s uniformly continuous.

3.5. Definition. Let (S;)i>0 be a Cy-semigroup. The infinitesimal generator (in
short generator) of (Si)i>o is the linear operator A : X D D(A) — X, which is
defined on the domain

D(A) := {:r € X : lim Stxt_ z exists},

t—0
and given by

Sir —x

Az := lim
t—0 t

Note that the domain D(A) is indeed a subspace of X. The following result gives
some properties of the infinitesimal generator of a Cy-semigroup. Recall that we
have provided the required concepts in Definitions 2.1 and 2.2.

3.6. Proposition. The infinitesimal generator A : X D D(A) — X of a Cy-
semigroup (Si)i>o is densely defined and closed.

We proceed with some examples of Cy-semigroups and their generators.
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3.7. Example. For every bounded linear operator A € L(X) the family (e!4);>0
given by

0o
A"
6tA

n!
n=0

is a norm continuous semigroup with generator A. In particular, we have D(A) =

X.

3.8. Example. We consider the separable Hilbert space X = L?(R). Let (S;)i>0 be
the shift semigroup defined as

Sif = f(t+e), t>0.

Then (St)i>0 is a semigroup of contractions with generator A : L*(R) D D(A) —
L?(R) given by

D(A) = {f € L*(R) : f is absolutely continuous and f' € L*(R)},
Af=f.

3.9. Example. On the separable Hilbert space X = L?(R?) we define the heat
semigroup (S¢)i>0 by So :=Id and

1 z—yl?
5@ = s [ oo (=52 s, 10,

that is, St f arises as the convolution of f with the density of the normal distribution
N(0,2t). Then (St)i>o0 is a semigroup of contractions with generator A : L*(R?) D
D(A) — L*(RY) given by

D(A) = W2(RY), Af=Af.
Here W2(R?) denotes the Sobolev space
W2(RY) = {f € L2(R?) : DY f € L2(R?) eaists for all « € N& with |a| < 2}
and A the Laplace operator

d 62
A:;a—ﬁ.

We proceed with some results regarding calculations with strongly continuous
semigroups and their generators.

3.10. Lemma. Let (S;)¢>0 be a Co-semigroup with infinitesimal generator A. Then
the following statements are true:

(1) For every x € D(A) the mapping
R+ — ..)(7 t— St.’L'
belongs to class C1(Ry; X), and for all t > 0 we have Six € D(A) and

d
astl‘ = AStI = StAJZ
(2) Forallz € X andt >0 we have fg Ssxds € D(A) and
¢
A</ Ssosds) =Sz — .
0
(3) For all x € D(A) and t > 0 we have

t
/ S;Axds = Six — x.
0
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The following result shows that the strongly continuous semigroup (S;)¢>0 asso-
ciated to some generator A is unique. This explains the term generator.

3.11. Proposition. Two Cy-semigroups (Si)i>0 and (T})i>0 with the same infini-
tesimal generator A coincide, that is, we have Sy = Ty for all t > 0.

The next result characterizes all norm continuous semigroups in terms of their
generators.

3.12. Proposition. Let (S;)i>0 be a Co-semigroup with infinitesimal generator A.
Then the following statements are equivalent:

(1) The semigroup (Si)e>o0 is norm continuous.

(2) The operator A is continuous.

(3) The domain of A is given by D(A) = X.
If the previous conditions are satisfied, then we have Sy = et for all t > 0.

Now, we are interested in characterizing all linear operators A which are the in-
finitesimal generator of some strongly continuous semigroup (S;)¢>o. The following
theorem of Hille-Yosida gives a characterization in terms of the resolvent, which we
have introduced in Definition 2.3.

3.13. Theorem. (Hille-Yosida theorem) Let A : X D D(A) — X be a linear
operator and let M > 1, w € R be constants. Then the following statements are
equivalent:

(1) A is the generator of a Cy-semigroup (Si)i>0 with growth estimate (3.1).
(2) A is densely defined, closed, we have (w,00) C p(A) and

IR, A < MA—w)™™ forall X € (w,00) and n € N.

In particular, we obtain the following characterization of the generators of semi-
groups of contractions:

3.14. Corollary. For a linear operator A : X D D(A) — X the following statements
are equivalent:

(1) A is the generator of a semigroup (Si)i>0 of contractions.
(2) A is densely defined, closed, we have (0,00) C p(A) and

1
IR, A)|| < 3 for all A € (0,00).

3.15. Proposition. Let (S¢)i>0 be a Cy-semigroup on X with generator A. Then
the family (St|pa))t>o is a Co-semigroup on (D(A), | - |pa)) with generator A :
D(A%) C D(A) — D(A?), where the domain is given by

D(A?) = {x € D(A) : Az € D(A)}.

Recall that we have introduced the adjoint operator for operators in Hilbert
spaces in Definition 2.6.

3.16. Proposition. Let H be a Hilbert space and let (S;)i>0 be a Co-semigroup on
H with generator A. Then the family of adjoint operators (S} )i>o is a Co-semigroup
on H with generator A*.

4. STOCHASTIC PROCESSES IN INFINITE DIMENSION

In this section, we recall the required foundations about stochastic processes in
infinite dimension. In particular, we recall the definition of a trace class Wiener
process and outline the construction of the Itd integral.

In the sequel, (Q,F, (Fi)i>0,P) denotes a filtered probability space satisfying
the usual conditions. Let H be a separable Hilbert space and let Q € L(H) be a
nuclear, self-adjoint, positive definite linear operator.
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4.1. Definition. A H-valued, adapted, continuous process W is called a (Q-Wiener
process, if the following conditions are satisfied:
e We have Wy = 0.
o The random variable Wy — Wy and the o-algebra Fs are independent for all
0<s<t.
o We have Wy — Wy ~ N(0, (t — $)Q) for all 0 < s < ¢.

In Definition 4.1, the distribution N(0, (¢ — s)Q) is a Gaussian measure with
mean 0 and covariance operator (t — s)@, see, e.g. [5, Section 2.3.2]. The operator
@ is also called the covariance operator of the Wiener process W. As @ is a trace
class operator, we also call W a trace class Wiener process.

Now, let W be a Q-Wiener process. Then, there exist an orthonormal basis
(ej)jen of H and a sequence (A;)jen C (0,00) with }°.yA; < oo such that

Qu = Z)\j<u,ej>Hej, u € H
JjEN
namely, the )\; are the eigenvalues of (), and each e; is an eigenvector corresponding
to Aj. The space Hj := Q'/?(H), equipped with the inner product

<uav>H0 = (Q_1/2u7Q_1/2U>Ha

is another separable Hilbert space and (1/Aje;)jen is an orthonormal basis. Ac-
cording to [5, Proposition 4.1], the sequence of stochastic processes (37);en defined
as

(4.1) B = L<W, ej)u, jEN

\/)Tj

is a sequence of real-valued independent standard Wiener processes and we have
the expansion

W = Z \/)\jﬂj(ij.
JEN
Now, let us briefly sketch the construction of the Itd integral with respect to the
Wiener process W. Further details can be found in [5, 13]. We denote by L(H) :=

Lo (Hy, H) the space of Hilbert-Schmidt operators from Hy into H, which, endowed
with the Hilbert-Schmidt norm

1/2
[®lugn = (S aloesl?) @ e L)
jEN
itself is a separable Hilbert space. The construction of the It6 integral is divided
into three steps:

(1) For every L(H, H)-valued simple process of the form

X = Xolgoy + Z Xill(t,,ti40)
i=1
with 0 =¢; < ... < t,41 = T and F;,-measurable random variables X; :
Q— L(H,H) fori=1,...,n we set

t n
/ X dWy = ZXi(Wt/\t,;+1 — Wint,)-
0

i=1

(2) For every predictable LY(H )-valued process X satisfying

T
EUO ||Xs||2Lg(H)ds} < oo
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we extend the It6 integral fot X,dWy by an extension argument for linear
operators. In particular, we obtain the It isometry

T 2 T
(12) EM[;XﬂWs]ELAHXAﬁwM%~

3) By localization, we extend the Itd integral ¢ XdWy for every predictable
( gral [y
LY(H)-valued process X satisfying

t
P(/o ||‘I)s||2Lg(H)d8 < oo) =1 forallt>0.

The It6 integral ( fot XsdWy)i>0 is an H-valued, continuous, local martingale, and
we have the series expansion

t t
(13) | xaw. =3 [ xias, =0,
0 jen”’0

where X7 := /\;Xe; for each j € N. An indispensable tool for stochastic calculus
in infinite dimensions is It6’s formula, which we shall recall here.

4.2. Theorem (It6’s formula). Let E be another separable Hilbert space, let f €
C;’Q’IOC(RJr x H; E) be a function and let X be an H-valued It6 process of the form

t t
X, = Xo + sts+/ ZdW,, t>0.
0 0

Then (f(t, Xt))i>0 is an E-valued It6 process, and we have P—almost surely
t
f(taXt) = f(OaXO) + / (Dsf(sa Xs) + sz(sa XS)Y;
0

1 — K
+ 2ZDmf(s,Xs)(Z§,Zg))ds+/o D.f(s, Xs)ZsdW,, >0,
JjEN

where we use the notation Z7 = VAjZe;j for each j € N.

Proof. This result is a consequence of [13, Theorem 2.9]. O

5. SOLUTION CONCEPTS FOR SPDESs

In this section, we present the concepts of strong, mild and weak solutions to
SPDEs and discuss their relations.

Let H be a separable Hilbert space and let (S;);>0 be a Cp-semigroup on H with
infinitesimal generator A. Furthermore, let W be a trace class Wiener process on
some separable Hilbert space H. We consider the SPDE

(5 1) dXt = (AXt +C¥(t,Xt))dt+O'(t,Xt)th
’ Xo = ho.
Here o : Ry x H — H and 0 : R, x H — LY(H) are measurable mappings.

5.1. Definition. Let hg : Q — H be a Fo-measurable random variable and let 7 > 0
be a strictly positive stopping time. Furthermore, let X = X (") be an H-valued,
continuous, adapted process such that

tAT
IP’(/O (1 X + lla(s, X)Il + ”O—(S’XS)”%Q(H))dS < oo) =1 forallt>0.
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(1) X is called a local strong solution to (5.1), if

(5.2) Xinr € D(A)  forallt >0, P-almost surely,

tAT
(5.3) IP</ |AX||ds < oo) =1 forallt>0
0

and P-almost surely we have
tAT tAT
XtAT:hO+/ (AXS—FOL(S,XS))dS—F/ o(s, Xs)dWs, t>0.
0 0

(2) X is called a local weak solution to (5.1), if for all { € D(A*) the following
equation is fulfilled P—almost surely:

tAT
(€ Xune) = (oo + [ ((4°€.X) + (Gals, X.))ds
0
tAT
+ [ ots xpam, ez0
0
(3) X is called a local mild solution to (5.1), if P—almost surely we have

tAT tAT
Xinr = Siarho + / S(MT),Sa(s,Xs)ds + / S(t/\r)fso'(sts)dst t>0.
0 0

We call 7 the lifetime of X. If 7 = oo, then we call X a strong, weak or mild
solution to (5.1), respectively.

5.2. Remark. Note that the concept of a strong solution is rather restrictive, be-
cause condition (5.2) has to be fulfilled.

For what follows, we fix a Fp-measurable random variable hg :  — H and a
strictly positive stopping time 7 > 0.

5.3. Proposition. Every local strong solution X to (5.1) with lifetime 7 is also a
local weak solution to (5.1) with lifetime T.

Proof. Let X be a local strong solution to (5.1) with lifetime 7. Furthermore, let
¢ € D(A*) be arbitrary. Then we have P-almost surely for all ¢ > 0 the identities

tAT tAT
(€, Xonr) = <g,h0+/0 (AXS+a(s,XS))ds+/0 U(s,XS)dWS>
:<g,h0>+/ T(C,AXS—f—oz(s,Xs))ds—i—/ "o, X)W,
0 0

tAT tAT
—(Cho)+ [ (A XD + (Cats X))+ [ (Cols, X)W,
0 0
showing that X is also a local weak solution to (5.1) with lifetime 7. O
5.4. Proposition. Let X be a stochastic process with Xog = hg. Then the following

statements are equivalent:

(1) The process X is a local strong solution to (5.1) with lifetime 7.
(2) The process X is a local weak solution to (5.1) with lifetime T, and we have

(5.2), (5.3).

Proof. (1) = (2): This implication is a direct consequence of Proposition 5.3.
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(2) = (1): Let ¢ € D(A*) be arbitrary. Then we have P-almost surely for all ¢t > 0
the identities

<<,Xm7>—<C,ho>+/ow(<A*C, s+ )ds+/0 (€, a(s, Xs))dW
= (¢, ho) +/0W<g AX + a(s, Xs) /OW Xs))dW
= <<,h0 + /OtAT (AXS + oz(s,Xs))ds + /OtAT O’(S,Xs)dWs>-

By Proposition 2.7 the domain D(A*) is dense in H, and hence we obtain P-almost
surely

tAT tAT
Xt/\T = hO +/ (AXS + a(sts))dS +/ O'(S,Xs)dW57 t Z 0.
0 0

Consequently, the process X is also a local strong solution to (5.1) with lifetime
T. D

5.5. Corollary. Let M C D(A) be a subset such that A is continuous on M, and
let X be a local weak solution to (5.1) with lifetime T such that

(5.4) Xipr EM forallt >0, P-almost surely.
Then X is also a local strong solution to (5.1) with lifetime 7.

Proof. Since M C D(A), condition (5.4) implies that (5.2) is fulfilled. Moreover,
by the continuity of A on M, the sample paths of the process AX are P—almost
surely continuous, and hence, we obtain (5.3). Consequently, using Proposition 5.4,
the process X is also a local strong solution to (5.1) with lifetime 7. O

5.6. Proposition. Every strong solution X to (5.1) is also a mild solution to (5.1).

Proof. According to Lemma 2.8, the domain (D(A),|| - ||pa)) endowed with the
graph norm is a separable Hilbert space, too. Hence, by Lemma 3.10, for all ¢ > 0
the function

f:[0,t] x D(A) —» H, f(s,z):=5;_sz.

belongs to the class C,*'°°([0,] x D(A); H) with partial derivatives

th(t 1’) —ASt s,
sz(t,l') = St R
D, f(t,z) =0.

Hence, by Ito’s formula (see Theorem 4.2) and Lemma 3.10 we obtain P-almost
surely

Xt = f(t, X¢) = f(0, ho) +/0 (Dsf(S,Xs) + D f(s, Xs)(AX, + O‘(Sva)))dS
+f Dy f (5, Xo)o (s, X1V,
0
_ S,k +/ (= ASi_oX, + Si_u(AX, +a(s,Xs)))ds+/ S, o, X.)dW,
0 0

t t
= Siho + / Si—sa(s, X¢)ds + / Si—s0(s, Xs)dWs.
0 0

Thus, X is also a mild solution to (5.1). O
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We recall the following technical auxiliary result without proof and refer, e.g.,
to [13, Section 3.1].

5.7. Lemma. Let T > 0 be arbitrary. Then the linear space
Ur :=lin{gC : g € C*([0,T];R) and ¢ € D(A*)}

is dense in C1([0,T],D(A*)), where (D(A*), | - | p(ax)) is endowed with the graph

norm.

5.8. Lemma. Let X be a weak solution to (5.1). Then for oll T > 0 and all
f € CLH[0,T],D(A*)) we have P—almost surely

(f(t), Xe) = (f(0), ho) +/ ((F'(s) + A" f(s), Xs) + (f(5), a5, X)) )ds

(5.5) t 0

+/ (f(s),0(s, Xs))dWs, te€][0,T].
0

Proof. By virtue of Lemma 5.7, it suffices to prove formula (5.5) for all f € Up.
Let f € Ur be arbitrary. Then there are gi,...,g, € C'([0,T];R) and (1,...,(, €
D(A*) for some n € N such that

=3 a6, te.T]
i=1
We define the function
F:[0,T]xR" >R, F(t,z):= zn:gl(t)a:,
i=1
Then we have F € C12([0,T] x R™;R) with partial derivatives

DiF(t,a) = 3 gl(t)as,
=1

D,F(t,z) = <;(t),o>Rn,
D, F(t,z) = 0.

Since X is a weak solution to (5.1), the R"-valued process

(¢, X) = (G, X)i=1,...n

is an It6 process with representation

<<7Xt>:<<ah0>+/0 (<A*C,Xs>+<C,a(s,Xs)>)ds+/O<C,0(87Xs)>dWs, t>0.
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By Ito’s formula (Theorem 4.2) we obtain P—almost surely

= <Zgz(t)szXt> Zgz szXt - (ta <<7Xt>)
1=1
= F(07 <C7 h0>)
+A(mH&@Xm+Dd%KQ&MMTJQ+@ﬂ@XmD%

- / DL (s, (6. X)) (G o5, X))y,

—Zgz (Gi» ho)

/(Zgz (G X +Zgz (4% ) + (Gals, X.) )
/(Zgl (G0 s>>>dWs telo,T],

and hence

= (3 0i0)c. ho)

i=1
n

/(<Zg )G s>+<A*(fjgi(s><i),xs>+<fjgi(s><i,a(s,xs)>>ds
i=1 i=1 i=1
v <;gi<s><i,a<s,xs>>dw
= O ha) + [ (U6 + 47650 + (75,006, X)) s
+/t<f(s),a(s,Xs)>dWS, teo0,7].
0

This concludes the proof. O

5.9. Proposition. Fvery weak solution X to (5.1) is also a mild solution to (5.1).
Proof. By Proposition 3.16, the family (S} ):>0 is a Co-semigroup with generator
A*. Thus, Proposition 3.15 yields that the family of restrictions (S}|p(a«))i>0 is
a Cp-semigroup on (D(A*), | - |pca)) with generator A* : D((A*)?) C D(A*) —
D((A7)?).

Now, let ¢t > 0 and ¢ € D((A*)?) be arbitrary. We define the function
f:10,t] = D(AY),  f(s) :=Si_.C

By Lemma 3.10 we have f € C1([0,t]; D(A*)) with derivative

fl(s) = =A™SE ¢ =—A"f(s).
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Using Lemma 5.8, we obtain P—almost surely

<<7Xt> = <f(t)7Xt>
= (£(0).ho) + / (f(s), a(s, Xo))ds + / (F(s), (s, X,))dW,

0

t t
— (S1C,ho) + / (S7_oC. (s, Xo)ds + / (S5 ,C o (s, X)) AW,
t

_ <<,Stho>+/0 (C,St_soz(s,Xs)>ds+/O (€, S (5, X)W,

t t
= <C,Sth0 —|—/ St,sa(&Xs)ds—}—/ St,sa(s,Xs)dW5>.
0 0

Since, by Proposition 3.6, the domain D((A*)?) is dense in (D(A*), | - [[p(a)), we
get P—almost surely for all ¢ € D(A*) the identity

(€, X)) = <C,Stho+/0t Stsa(s,Xs)ds—i—/Ot st,sa(s,xs)dws>.

Since, by Proposition 3.6, the domain D(A*) is dense in H, we obtain P-almost
surely

t t
Xt = SthO + / St_SO[(S, Xs)ds + / St_SO'(S, XS)dVVS,
0 0
proving that X is a mild solution to (5.1). O

5.10. Remark. Now, the proof of Proposition 5.6 is an immediate consequence of
Propositions 5.3 and 5.9.

We have just seen that every weak solution to (5.1) is also a mild solution. Under
the following regularity condition (5.6), the converse of this statement holds true

as well.

5.11. Proposition. Let X be a mild solution to (5.1) such that
T
(5.6) E[/O ||a(s,XS)||2Lg(H)ds <oo forallT > 0.

Then X is also a weak solution to (5.1).

Proof. Let t > 0 and ¢ € D(A*) be arbitrary. Using Lemma 3.10, we obtain P—
almost surely

/Ot<A*<, Ssho)ds = <A*g,/0t Sshods> - <<,A</Ot Sshods>> = (¢, Siho — ho)
o

€D(A)
= (¢, Stho) — (¢, ho)-
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By Fubini’s theorem for Bochner integrals (see [13, Section 1.1, page 21]) and
Lemma 3.10 we obtain P—almost surely

/0 A*Q/ Ss_uo(u, Xy )du>ds_ A*g,/ </ Ss—war(u, X,) )ds>
= <A*C,/ </ Ss—wa(u, X )ds)du / A*Q/ Sy_war(u ds>du

:[ (4 0 Sua(s,Xs)du>ds—/0 (¢, A</O Suals, Xs)du >>ds

€D(A)

= [ (€St X = as, Xo)ds

(¢ Sicsa(s, Xo)ds) - / (G a(s, X.))ds.

Due to assumption (5.6), we may use Fubini’s theorem for stochastic integrals (see
[13, Theorem 2.8]), which, together with Lemma 3.10 gives us P-almost surely

/Ot <A*<,/OS Ss_uo(u,Xu)qu>ds: <A*<,/Ot </0 Ss_ua(u,Xu)qu>ds>
- <A*g,/0t (/ut Ss_ua(u,Xu)ds)qu> :/Ot A*g,/t Ss_ua(u,Xu)ds>qu
:/Ot<A*<,/Ot_55ua(s,Xs)du>dWsz/ (A(/ Suo(s, X.)d >>dW

€D(A)

- /0 (€ Si—s0 (s, Xs) — (s, X)) AW,

(e Siols, X)) - / (ol X)),

Therefore, and since X is a mild solution to (5.1), we obtain P-almost surely

€, X,) = <C,Sth0+/0t Stsa(s,Xs)ds—i—/Ot St,so(s,Xs)dW3>
— (¢, Seho) + <<, /Ot St_sa(s,Xs)ds> n <g, /Ot S,_yo(s, Xs)dWS>
— (o) + [ (4G, Suho)ds

+ /Ot <A*(, /OS Ss—ua(u, Xu)du>d5 + /Ot<C704(57Xs)>d5
+/t <A*§, /0 SSua(u7Xu)qu>d5+/Ot<<»U(S7XS)>dWSﬂ

0



STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS 15

and hence

<<7 Xt> = <<a h0>

t s s
+/ <A*<,ssh0+/ ss,ua(u,xu)dw/ Sy w0 (u, Xo)dW, >ds
0 0 0

=X,

+/0 (C,a(s,XS)>ds+/o (¢, 0(s, X.))dIV,
= (Choy+ [ ((A47CX0) + (Cals X)) ds + [ (G os, X)W
0 0

Consequently, the process X is also a weak solution to (5.1). (|

Next, we provide conditions which ensure that a mild solution to (5.1) is also a
strong solution.

5.12. Proposition. Let X be a mild solution to (5.1) such that P—almost surely we
have

(5.7) X,,a(s,X,) € D(A) and o(s, X,) € LY(D(A)) for all s >0,

as well as
t
(5.8) ]P’(/ (||XSHD(A) + ||a(s,Xs)HD(A))ds < oo) =1 forallt>0,
0
T
2
(5.9) E[/O ||a(s,X5)||Lg(D(A))ds] < oo forallT > 0.

Then X is also a strong solution to (5.1).

Proof. By hypotheses (5.7) and (5.8) we have (5.2) and (5.3). Let ¢ > 0 be arbitrary.
By Lemma 3.10 we have

t
Stho - ho = / ASghodS
0

Furthermore, by Lemma 3.10 and Fubini’s theorem for Bochner integrals (see [13,
Section 1.1, page 21]) we have P-almost surely

/Ot (St_aa(s, Xa) — a(s, X,))ds = /t (/Ot_SASua(S,XS)du>dS

0

_ /O t ( /u " A8, walu, Xu)ds)du: /O t ( /0 ’ ASSUa(u,XU)du>ds
_ /Ot A(/OS S walu, Xu)du> ds.

Due to assumption (5.9), we may use Fubini’s theorem for stochastic integrals (see
[13, Theorem 2.8]), which, together with Lemma 3.10 gives us P-almost surely

/O (S0 (s, X2) — (s, X)) AW, = /0 t ( O

t t t s
:/ </ ASsua(u,Xu)ds)qu—/ (/ ASsua(u,XU)qu>ds
0 u 0 0
t s
:/ A</ Ss_ua(u,Xu)qu>d5.
0 0

t—s

AS,o(s, Xs)du) dW,
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Since X is a mild solution to (5.1), we have P-almost surely
t ¢
X, = Sihg +/ St_sa(s,Xs)ds—F/ St_s0(s, Xs)dW;
0 0
¢ ¢
= hy —|—/ a(s, Xs)ds —|—/ o(s, Xs)dWs
0 0
t
+ (Stho — ho) —I—/ (Si—sa(s, Xs) — a(s, Xs))ds
0

+/0 (St_sU(S7Xs) - 0(87X5))dW5’

and hence, combining the latter identities, we obtain P—almost surely

t t
X =ho +/ a(s, Xs)ds —|—/ o(s, Xs)dWs
0 0

t t 5
—|—/ ASShOds—i—/ A(/ Ssua(mXu)du)ds
0 0 0
t s
+/ A(/ Ss_ua(u,Xu)qu>ds,
0 0

¢ ¢
X = hg +/ a(s, Xs)ds +/ o(s, Xs)dWs
0 0

which implies

t s s
—|—/ A (Ssho +/ Se—yo(u, Xy )du —|—/ Ss_uo(u,Xu)qu> ds
0 0 0

=X,

t t
= ho + / (AXS + oz(&XS))ds + / o(s, Xs)dWs.
0 0

This proves that X is also a strong solution to (5.1). O

The following result shows that for norm continuous semigroups the concepts of
strong, weak and mild solutions are equivalent. In particular, this applies for finite
dimensional state spaces.

5.13. Proposition. Suppose the semigroup (Si)i>0 is norm continuous. Let X be
a stochastic process with Xo = hg. Then the following statements are equivalent:

(1) The process X is a strong solution to (5.1).
(2) The process X is a weak solution to (5.1).
(3) The process X is a mild solution to (5.1).

Proof. (1) = (2): This implication is a consequence of Proposition 5.3.

(2) = (3): This implication is a consequence of Proposition 5.9.

(3) = (1): By Proposition 3.12 we have A € L(H) and S; = e*4, ¢t > 0. Furthermore,
the family (e!“);cr is a Co-group on H. Therefore, and since X is a mild solution
to (5.1), we have P-almost surely

t t
X, = et?hy +/ 6(t75)A()L(S,XS)dS —|—/ e(tfs)Aa(s,Xs)dWs
0 0

t t
=elhy + etA/ e *Aa(s, X,)ds + etA/ e Ao (s, X )dW,, t>0.
0 0
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Let Y be the It6 process
t t
Y, = / e *Aa(s, X,)ds +/ e Ao (s, X )dW,, t>0.
0 0
Then we have P—almost surely
Xy =eMho+Yy), t>0,
and, by Lemma 3.10, we have
t
e*hy — ho = / Ae*?hy ds.
0
Defining the function
fiRy x H = H, f(s,y) = ey,
by Lemma 3.10 we have f € Cp>'°°(R, x H; H) with partial derivatives
D, f(s,y) = Ae*y,

Duf<57y) = eSAa
Dyyf(svy) =0.
By It6’s formula (Theorem 4.2) we get P-almost surely

Y, = [(1,Y;) = £(0,0) + / (Duf(5,Y) + Dy f (s, Yo)e*Aa(s, X,))ds
0

t
+/ D, f(s,Ys)e * Ao (s, Xg)dW,
0

t

t
:/ (AesAYs+a(s,Xs))ds+/ o(s, Xs)dWs.
0 0
Combining the previous identities, we obtain P—almost surely

X, = e (ho +Y;) = ho + (e ho — ho) + 'Y,

¢ t t
= ho + / Ae*hods + / (AeSAYS + a(s,XS))ds + / o(s, Xs)dWy
0 0 0

t t
=ho + / (A esA(hO +Y5) +a(s, XS))ds + / o(s, Xs)dWs,
0 \_\}?_/ 0

t t
= ho +/ (AXS + oz(s,Xs))ds +/ o(s, Xs)dWs, t>0,
0 0
proving that X is a strong solution to (5.1). d

6. STOCHASTIC CONVOLUTION INTEGRALS

In this section, we deal with the regularity of stochastic convolution integrals,
which occur when dealing with mild solutions to SPDEs of the type (5.1).

Let E be a separable Banach space and let (S;);>0 be a Cy-semigroup on E. We
start with the drift term.

6.1. Lemma. Let f: Ry — FE be a measurable mapping such that

t
[156lds <0 foratt 20
0

Then the mapping

t
F: R+ — .E‘7 F(t) I:/ St,sf(s)ds
0
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18 continuous.

Proof. Let t € Ry be arbitrary. It suffices to prove that F' is right-continuous and
left-continuous in ¢.

(1) Let (tn)nen C Ry be a sequence such that t,, | ¢. Then for every n € N we
have

170 - Fel = [ si-eroras — [ si-.sas

t t tn
= [ st [ st [ st
0 0

t

t tn
< [ 18muf(s) = St ONds+ [ 1S, (5) s
0 t
By Lemma 3.4 the mapping
Ry x E—E, (u,z)— Syx

is continuous. Thus, taking into account estimate (3.1) from Lemma 3.2,
by Lebesgue’s dominated convergence theorem we obtain

|IE'(t) — F(tn)|| = 0 for n — oo.

(2) Let (tn)nen C Ry be a sequence such that ¢, T ¢. Then for every n € N we

have
t tn
170~ Pl = | [ Sieetas— [ st
0 0
tn t tn
= H Si—sf(s)ds — | Si—sf(s)ds — S, —sf(s)ds
0 tn 0

< / " ISe_uf(s) = St f(s)]1ds + / ISia (9

Proceeding as in the previous situation, by Lebesgue’s dominated conver-
gence theorem we obtain

IF(t) — F(t,)]| — 0 for n — oo.

This completes the proof. O

6.2. Proposition. Let X be a progressively measurable process satisfying

t
IP(/ |XS||ds<oo) =1 forallt>0.
0

Then the process Y defined as
t
Y; ::/ Si—sXsds, t>0
0

is continuous and adapted.

Proof. The continuity of Y is a consequence of Lemma 6.1. Moreover, Y is adapted,
because X is progressively measurable. O

Now, we shall deal with stochastic convolution integrals driven by Wiener pro-
cesses. Let H be a separable Hilbert space and let (S¢)>0 be a Cy-semigroup on H.
Moreover, let W be a trace class Wiener process on some separable Hilbert space H.
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6.3. Definition. Let X be a LY(H)-valued predictable process such that

t
]P’(/O ||Xs||§g(H)ds < oo) =1 forallt>D0.

We define the stochastic convolution X x W as
t
(X *W)t = / St,SXSdWS, t> 0.
0

We recall the following result concerning the regularity of stochastic convolutions.

6.4. Proposition. Let X be a LY(H)-valued predictable process such that one of
the following two conditions is satisfied:

(1) There exists a constant p > 1 such that

t
E[/o |Xs||2L§(H)ds] <oo forallt>0.

(2) The semigroup (Si)i>0 is a semigroup of pseudo-contractions, and we have

t
2
E[/O |XS||L3(H)ds] < oo forallt>0.
Then the stochastic convolution X * W has a continuous version.

Proof. See [13, Lemma 3.3]. O

7. EXISTENCE- AND UNIQUENESS RESULTS FOR SPDES

In this section, we will present results concerning existence and uniqueness of
solutions to the SPDE (5.1).

First, we recall the Banach fixed point theorem, which will be a basic result for
proving the existence of mild solutions to (5.1).
7.1. Definition. Let (E,d) be a metric space and let ® : E — E be a mapping.

(1) The mapping ® is called a contraction, if for some constant 0 < L < 1 we
have

d(®(z),®(y)) < L-d(z,y) forallz,yecE.
(2) An element x € E is called o fixed point of ®, if we have
O(x) =z

The following result is the well-known Banach fixed point theorem. Its proof can
be found, e.g., in [2, Theorem 3.48]|.

7.2. Theorem (Banach fixed point theorem). Let E be a complete metric space
and let ® : E — E be a contraction. Then the mapping ® has a unique fized point.

In this text, we shall use the following slight extension of the Banach fixed point
theorem:

7.3. Corollary. Let E be a complete metric space and let & : E — E be a mapping
such that for some n € N the mapping ®" is a contraction. Then the mapping P
has a unique fized point.

Proof. According to the Banach fixed point theorem (Theorem 7.2) the mapping
®" has a unique fixed point, that is, there exists a unique element = € E such that
®"(z) = x. Therefore, we have

O(z) = B(2"(2)) = " (P(2)),
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showing that ®(x) is a fixed point of ®”. Since ®" has a unique fixed point, we
deduce that ®(z) = z, showing that z is a fixed point of ®.

In order to prove uniqueness, let y € E be another fixed point of ®, that is, we
have ®(y) = y. By induction, we obtain

" (y) = 2" (B(y) =" (y) = ... = (y) = v,

showing that y is a fixed point of ®". Since the mapping ®" has exactly one fixed
point, we obtain x = y. O

An indispensable tool for proving uniqueness of mild solutions to (5.1) will be
the following version of Gronwall’s inequality, see, e.g., [6, Theorem 5.1].

7.4. Lemma (Gronwall’s inequality). Let T > 0 be fized, let f : [0,T] — Ry be a
nonnegative continuous mapping, and let B > 0 be a constant such that

fit) < B/Ot f(s)ds forallt € [0,T].

Then we have f = 0.

The following result shows that local Lipschitz continuity of o and o ensures the
uniqueness of mild solutions to the SPDE (5.1).

7.5. Theorem. We suppose that for every n € N there exists a constant L, > 0
such that

(7.1) lee(t, ha) = e(t, ho)l| < Ln|[hy — hal|,
(7.2) llo(t,h1) = o(t; ho)ll gy < Lnllhy — hal

for allt > 0 and all hy, ha € H with ||h]], ||he|| < n. Let ho,go : @ — H be two Fy-
measurable random variables, let T > 0 be a strictly positive stopping time, and let
X,Y be two local mild solutions to (5.1) with initial conditions hg, go and lifetime
7. Then we have up to indistinguishability"
XT]l{hoZgo} = YT]l{hozgo}'
Proof. Defining the stopping times (7, )nen as
Tp =T AInf{t > 0: || X¢|| > n} Adnf{t > 0: ||Y]| > n},
we have P(7, = 7) = 1. Let n € N and T > 0 be arbitrary, and set
I':= {ho = go} € Fo.

The mapping

f:00,T] =R, f(t):=E[1lr]|Xirr, — Yinr|?]

ITwo processes X and Y are called indistinguishable if the set {w € Q : Xi(w) #
Yi(w) for some ¢t € Ry} is a P-nullset.
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is nonnegative, and it is continuous by Lebesgue’s dominated convergence theorem.
For all t € [0,T] we have

f(t) = E[1r]| Xiar, — Yiar, 7] < 3E[1r[|Siar, (ho — g0)[1°]

=0
tATh 2
+3E|1r / Sttnr,)—s (a(s7XS) — a(s,YS))ds
0
tATy 2
3B (1| [ S (o5, X,) - ol Vo)
0
tATh 2
=3E H / IrSinr,)-s (a(s,Xs) — a(s,Ys))ds
0
tATh 2
+ 3E H/ ]]-FS(t/\T,,L)fs(U(SaXS) _0(57)/8))dW3 ’
0

and hence, by the Cauchy-Schwarz inequality, the It6 isometry (4.2), the growth
estimate (3.1) from Lemma 3.2 and the local Lipschitz conditions (7.1), (7.2) we
obtain

f(#) < 3TIE[/O " 1rSunr—s(as, X.) - a(s,y;))Hst]

tATh
+ 3EUO 110 Snr)—s (0(s, X) — J(S,Ys))”ig(mds}

tAT,
<ar(uen)’s] [ lats.x) — als. Yo s
0
9 tAT,
+ 3(MeT) E{/ Irflo(s, Xs) U(SaYs)ng(H)dS]
0

t
< 3(T + 1)(Me“T)>12 / E[Lr | Xonr, — Yorr, |[2]ds
0

= 3(T + 1) (MeT)’ L2 /O £(5)ds.

Using Gronwall’s inequality (see Lemma 7.4) we deduce that f = 0. Thus, by the
continuity of the sample paths of X and Y, we obtain

IP( ﬂ{Xt/\m]lp = Yt/\m]lp}> =1 forallneN,
£>0

and hence, by the continuity of the probability measure P, we conclude that

Pt = Yinr1r)) = () () Xinr I = Yinr, 113 )

>0 neNt>0

= lim P( n{Xt/\Tn]]‘F = Y;&/\Tn ]].F}) =1,

n—oo
t>0
which completes the proof. O

The local Lipschitz conditions (7.1), (7.2) are, in general, not sufficient in order
to ensure the existence of mild solutions to the SPDE (5.1). Now, we will prove
that the existence of mild solutions follows from global Lipschitz and linear growth
conditions on « and o. For this, we recall an auxiliary result which extends the It6
isometry (4.2).
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7.6. Lemma. Let T > 0 be arbitrary and let X = (Xy)se0,r) be a LY(H)-valued,
predictable process such that

T
]E{A ||Xs||2Lg(H)d5] < oo0.

Then, for every p > 1 we have

T 2p T D
2
E H/O X, aw,| | < CPEUO |Xs||Lg(H)ds] ,
where the constant C, > 0 is given by
2;02
- P 2p
Cp, = (p(2p—1)) <2p — .
Proof. See [13, Lemma 3.1]. O
7.7. Theorem. Suppose there exists a constant L > 0 such that
(7.3) la(t,hn) — a(t, ko)l < Liiky - hall
(7.4) lo(t, h1) = o(t, ha)llLycay < Lllh1 — hel|

for all t > 0 and all hy,hy € H, and suppose there exists a constant K > 0 such
that

(7.5) leu(t, )| < K(L+ [|A]]),
(7.6) llo(t, h) Ly < K (1 + [[R]])

for allt > 0 and all h € H. Then, for every Fo-measurable random variable hg :
O — H there exists a (up to indistinguishability) unique mild solution X to (5.1).

Proof. The uniqueness of mild solutions to (5.1) is a direct consequence of Theo-
rem 7.5, and hence, we may concentrate on the existence proof, which we divide
into several steps:

Step 1: First, we suppose that the initial condition hg satisfies E[||h¢l|??] < oo for
some p > 1. Let T' > 0 be arbitrary. We define the Banach space

L(H) := L*(2 x [0,T], Pr, P @ dt; H)

and prove that the variation of constants equation
t t
(77 Xy = Siho+ / S, .als, Xa)ds + / Sy so(s, X,)dW,, t€[0,T]
0 0

has a unique solution in the space L%p (H). This is done in the following three steps:
Step 1A: For X € LQTP(H) we define the process ®X by

¢ t
(X)) = Siho +/ Si_sa(s, Xs)ds —l—/ Si_so(s, Xs)dWs, te€0,T).
0 0

Then the process ®X is well-defined. Indeed, by the growth estimate (3.1), the
linear growth condition (7.5) and Holder’s inequality we have

| | ' 151 X)las| < v | ' s X5
< MewTKE[/OT(l + ||Xs||)ds} = Me*TK (T + JEUOT ||Xs||dsD

L T 1/2p
< Me‘”TK<T+T1_2PE[/ ||XS||2pds] > < 00.
0



STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS 23

Furthermore, by the growth estimate (3.1), the linear growth condition (7.6) and
Holder’s inequality we have

] [ 1isoto, Xolgons] < (reT] [ loto, X gonyts]
< (e[ [0 1]
< Q(Me“’TK)zE[/OT(l + |Xs2)ds} = 2(Me“TK)2(T+IE[/OT |Xs2dsD

) . T 1/p
<2(Me“TK) <T+T1—pEU ||X5||2p] ) < oo.
0

The previous two estimates show that ® is a well-defined mapping on L%p (H).
Step 1B: Next, we show that the mapping & maps L%p(H) into itself, that is, we
have ® : L3P(H) — L3(H). Indeed, let X € L2’(H) be arbitrary. Defining the
process ¢, X and &, X as

t
((I)QX)t I:/ St_sa(s,Xs)ds, t e [0771}7
0
t
(®,X); ;:/ Sy_so(s, X)dW,, te[0,T],
0

we have
(PX)y = Stho + (PoX): + (P, X)¢, t€][0,T].

By the growth estimate (3.1) we have
r 2
EU ||Stho||2”dt] < (Me*T)TE||ho*?] < 0.
0

By Hoélder’s inequality and the growth estimate (3.1) we have

E[/OT ||(<I>QX)t||2pdt} _]EUOT /Ot Sy_sa(s, Xs)ds

T t
< t2p11EU / |St_so<(s,Xs)||2”dsdt}
0 0

T t
< T2p—1(Me“’T)2pIE{ / / a(s,Xs)HQPdsdt],
0 0

2p
dt]

and hence, by the linear growth condition (7.5) and Holder’s inequality we obtain
T ) T
]E{/ ||(<I>aX)t||2pdt} < T (MeTK) ”E{/ /(1+ ||XS||)2pdsdt}
0 o Jo
) T
<7 Y (Me*TK) ”221711@{ / / (1+ ||Xs||2p)dsdt}
o Jo

T2 T
< (2T)2p1(MewTK)2”(2 +TEU ||XS||2pds]> < 0.
0
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Furthermore, by Lemma 7.6 and the growth estimate (3.1) we have

E{/OT(CDUX)tHQ”dt} E[/OT /Ot S;_ 5o (s, X5)dW,

T t 2p
:/ E H/ S yo(s, X,)dW, ]dt
0 0

T t D

T t p
Scp(MewT)Qp/O ]E[/O ||0(37Xs)||ig(H)d3} dt

2p
dt}

and hence, by the linear growth condition (7.6) and Holder’s inequality we obtain

r T t

w 2p ,p— 2

E[/O ||(¢’UX)t|2Pdt] < Oy (M) 1]1«:{/0 /O |a(s,XS)||L”g(H)dsdt]
wT 77\ 2Pp—1 Tt 9
< Gp(Me K) VTR (1 + |1, )2 dsdt
0 0
T rt

SCP(Mff“TK)QpT”_QZp_lE[/ / (1+|X52p)dsdt}

0 0

2 T
< Cp(Me“TK)2p2p(2T)p_1 <T2 +TE[/ ||XS||2PdsD < oo.
0

The previous three estimates show that ®X € L??(H). Consequently, the mapping
® maps L2’ (H) into itself.
Step 1C: Now, we show that for some index n € N the mapping ®" is a contraction
on L2P(H). Let X,Y € L2’(H) and t € [0, T] be arbitrary. By Holder’s inequality,
the growth estimate (3.1) and the Lipschitz condition (7.3) we have

2p]

t t
E[[[(®aX): — (oY )||*’] =E / St,sa(&Xs)ds—/ Si_sal(s, Yy)ds
0 0

.

< tQP‘lE[/Ot S (a(s, X,) — (s, 7)) HzpdS]

—E [H / S5 (als, X,) — a(s, V1)) ds

t
< T2p—1(MewT)2pE|:/ Ha(&Xs) - a(S7YS)|2pdS:|
0

t
< T2p—1(MewTL)2”/0 E[|| X, — Ys|*"]ds.
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Furthermore, by Lemma 7.6, the growth estimate (3.1), the Lipschitz condition
(7.4) and Holder’s inequality we obtain
Zp]

E[l(@,X), — (@,Y),]?] =E U\ / St (s, X)W, / St Y)W,

t P
< C’pE[ /O 15— (0 (s, X.) ~ o(s,Ys))llig(H)ds}

=K /0 Si_s (a(s, Xs) —o(s, Ys))dWS

" p
< Cp(Me‘“T)sz[/o lo(s, Xs) — U(S,Ys)HQLg(H)dS]

t
<cC, (Me‘“TL)Qp/ E[|| X, — Ys|?]ds.
0

Therefore, defining the constant
C = 227112~ (ML) + O, (Me“TL)™),
by Hoélder’s inequality we get
E[[[(®X), — (DY ).]*"]
< 2PTHE[[(@aX)e — (PaY)el*] + E[[[(@oX): — (2oY):*?])
: C/otE[nXs ~YilPr]ds.

Thus, by induction for every n € N we obtain

T 1/2p
19 = 0"Vl = ([ EIN@ X0 - @) )a )

T t1 1/2p
< (e[ ([ e x. - @y ) )
0 0
T rty tn—1 tn 1/2p
<..< (cn / / (/ E[|XS—Y5||2”]ds)dtn...dt2dt1>
0 0 0 0
T rt1 tn—1 T 1/2p
< (O" </ / / ldtn...dtgdtl) IE[/ |1 X —Ys||2pdsD
0 0 0 0

n!

(CT)n 1/2p
(n! 1X =Yl L2 a1y

—0 for n—oo
Consequently, there exists an index n € N such that ®” is a contraction, and hence,
according to the extension of the Banach fixed point theorem (see Corollary 7.3) the
mapping ® has a unique fixed point X € Lsz (H). This fixed point X is a solution
to the variation of constants equation (7.7). Since T' > 0 was arbitrary, there exists
a process X which is a solution of the variation of constants equation

t t
Xt = Sth() +/ St,SOé(S,XS)dS +/ StfsJ(S,XS)dWS, t Z 0.
0 0
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Step 1D: In order to prove that X is a mild solution to (5.1), it remains to show
that X has a continuous version. By Lemma 3.4, the process

tHStho, tZO

is continuous, and, by Proposition 6.2, the process

t
/St,sa(&Xs)ds, t>0
0

is continuous, too. Moreover, for every 7' > 0 we have, by the linear growth condition
(7.6), Holder’s inequality, and since X € L2Tp (H), the estimate

T T
]E{/o o(s,XS)Hi’é(H)ds} SK%E{/{) (1+ ||Xs||)2pds]

T
< K?pQ?Pl]EU (1+ ||Xs||2”)ds]
0

= K@2K)»! (T HEUOT ||Xs||2pdsD < 0.

Thus, by Proposition 6.4 the stochastic convolution o x W given by
t
(0% W), = / Sy ao(s, X)dWa, 130
0

has a continuous version, and consequently, the process X has a continuous version,
too. This continuous version is a mild solution to (5.1).

Step 2: Now let hg : @ — H be an arbitrary Fy-measurable random variable. We
define the sequence (h,)nen of Fo-measurable random variables as

hg := hol{jnoli<ny, n €N

Let n € N be arbitrary. Then, as h} is bounded, we have E[||h%||*] < oo for all
p > 1. By Step 1 the SPDE

dXp = (AX] +a(t, X]))dt + o(t, X)dW,
{ Xy = hg
has a mild solution X”. We define the sequence (£2,,)nen C Fo as
Qn :={]|ho]| £n}, neN.
Then we have Q,, C Q,,, for n < m, we have ) = UneN Q,, and we have
Q, C{hg =hg'} C {hy = ho} foralln <m.

Thus, by Theorem 7.5 we have (up to indistinguishability)

X"lg, =XMlg, foraln<m.
Consequently, the process

X := lim X"1qg,

n—oo

is a well-defined, continuous and adapted process, and we have

X"lg, = XMlg, = X1g, foralln<m.
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Furthermore, we obtain P-almost surely
X, = lim X]'1q,

n— oo

n— o0

t t
= lim ]lQn (Sthg + / St,SO((& X;L)ds =+ / St,SO'(S, Xg)dWs>
0 0

t t
= lim (St(]lgnhg)—i—/ ]lQnSt,Sa(s,X;’)ds—&—/ ]lQnStSJ(S,Xg)dWS>
0 0

n—00
t

t
= hm (St(:ﬂ.(znho)-f—/ ]].QnStst[(S,XS)dS—F/
0 0

n— oo

Lo, Si_so(s, Xs)dm)

n— oo

t t
= lim 1g, (Sth0+/ St_sa(s,XS)der/ St_sa(s,Xs)dWs>
0 0

t

t
= Stho —|—/ St_sa(s,Xs)ds—F/ Si—so(s, Xs)dWs, t>0,
0 0

proving that X is a mild solution to (5.1). O

7.8. Remark. For the proof of Theorem 7.7 we have used Corollary 7.3, which is a
slight extension of the Banach fized point theorem. Such an idea has been applied,
e.g., in [14].

7.9. Remark. A recent method for proving existence and uniqueness of mild so-
lutions to the SPDE (5.1) is the “method of the moving frame” presented in [9],
see also [23]. It allows to reduce SPDE problems to the study of SDEs in infinite
dimension. In order to apply this method, we need that the semigroup (S¢)i>0 s a
semigroup of pseudo-contractions.

We close this section with a consequence about the existence of weak solutions.

7.10. Corollary. Suppose that conditions (7.3)—(7.6) are fulfilled. Let ho : Q@ — H
be a Fo-measurable random variable such that E[||ho||?] < oo for some p > 1. Then
there exists a (up to indistinguishability) unique weak solution X to (5.1).

Proof. According to Proposition 5.9, every weak solution X to (5.1) is also a mild
solution to (5.1). Therefore, the uniqueness of weak solutions to (5.1) is a conse-
quence of Theorem 7.5.

It remains to prove the existence of a weak solution to (5.1). Let T > 0 be
arbitrary. By Theorem 7.7 and its proof there exists a mild solution X € L2Tp (H)
to (5.1). By the linear growth condition (7.6) and Hélder’s inequality we obtain

| [ ) o5, X By | < K72 | s . <2xe| [ s 1. 25

T . T 1/p
=2K° (THE[/ IIXSIIstD <2K? <T+T1PE[/ IIXSIIQ’”ds] ) < oo,
0 0

showing that condition (5.6) is fulfilled. Thus, by Proposition 5.11 the process X
is also a weak solution to (5.1). O

8. INVARIANT MANIFOLDS FOR WEAK SOLUTIONS TO SPDES

In this section, we deal with invariant manifolds for time-homogeneous SPDEs
of the type (5.1). This topic arises from the natural desire to express the solutions
of the SPDE (5.1), which generally live in the infinite dimensional Hilbert space H,
by means of a finite dimensional state process, and thus, to ensure larger analytical
tractability. Our goal is to find conditions on the generator A and the coefficients «,
o such that for every starting point of a finite dimensional submanifold the solution
process stays on the submanifold.
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We start with the required preliminaries about finite dimensional submanifolds
in Hilbert spaces. In the sequel, let H be a separable Hilbert space.

8.1. Definition. Let m,k € N be positive integers. A subset M C H 1is called
a m-dimensional C*-submanifold of H, if for every h € M there exist an open
neighborhood U C H of h, an open set V.C R™ and a mapping ¢ € C*(V; H) such
that:

(1) The mapping ¢ : V — U N M is a homeomorphism.
(2) For ally € V the mapping Do(y) is injective.

The mapping ¢ is called a parametrization of M around h.

In what follows, let M be a m-dimensional C*-submanifold of H.

8.2. Lemma. Let ¢; : V; - U;N M, i = 1,2 be two parametrizations with W :=
UNUsNM # 0. Then the mapping

o1t oda: gy (W) = 61 (W)
is a C*-diffeomorphism.
Proof. See [8, Lemma 6.1.1]. O

8.3. Corollary. Let h € M be arbitrary and let ¢; : V; = U; N M, i =1,2 be two
parametrizations of M around h. Then we have

Dor(y1)(R™) = Da(y2) (R™),
where y; = ¢; H(h) fori=1,2.

Proof. Since Uy and Us are open neighborhoods of h, we have W := UNU;NM # ().
Thus, by Lemma 8.2 the mapping

o1 oda iy (W) = ¢ (W)
is a C*-diffeomorphism. Using the chain rule, we obtain
Da(y2)(R™) = D(¢1 0 (67 0 62))(y2) (R™) = D1 (y1) D(¢7 ' © ¢2) (y2) (R™)
C D1 (y1)(R™),
and, analogously, we prove that D¢1(y1)(R™) C Dga(y2)(R™). O

8.4. Definition. Let h € M be arbitrary. The tangent space of M to h is the
subspace

Ty M = Do(y)(R™),
where y = ¢~(h) and ¢ : V. — U N M denotes a parametrization of M around h.

8.5. Remark. Note that, according to Corollary 8.3, the Definition 8.4 of the tan-
gent space TpM does not depend on the choice of the parametrization ¢ : V. —
UnM.

8.6. Proposition. Let h € M be arbitrary, and let ¢ : V — UNM be a parametriza-
tion of M around h. Then there exist an open set Vo C V, an open neighbor-
hood Uy C U of h, and a mapping ¢ € CER™; H) with ¢|y, = (;B‘VO such that
dlvy : Vo = Uy N M is a parametrization of M around h, too.

Proof. See [8, Remark 6.1.1]. O

8.7. Remark. By Proposition 8.6 we may assume that any parametrization ¢ :
V — UNM has an extension ¢ € CF(R™; H).
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8.8. Proposition. Let D C H be a dense subset. For every hy € M there exist
(1,---,Cm € D and a parametrization ¢ : V — U N M around hy such that

S((C,B)) =h forallheUNM,
where we use the notation (¢, h) := ({C1,h),...,{Cm, h)) € R™.
Proof. See [8, Proposition 6.1.2]. O

8.9. Proposition. Let ¢ : V — U NM be a parametrization as in Proposition 8.8.
Then the following statements are true:

(1) The elements (1, ..., Cm are linearly independent in H.
2) For every h € U N M we have the direct sum decomposition

(

(8.1) H=TM®(,...,Cm)"
(3) For every h € UN M the mapping

I, = Dp(y)({C,®)) : H— Tp M, wherey = {((,h),

is the corresponding projection according to (8.1) from H onto T M, that
18, we have

O, € L(H), T =1, ran(ll)=T,M and ker(Il;) = (C1,...,Cm)".
Proof. See [8, Lemma 6.1.3]. O

From now on, we assume that M is a m-dimensional C2-submanifold of H.

8.10. Proposition. Let ¢ : V — UNM be a parametrization as in Proposition 8.8.
Furthermore, let o € C1(H) be a mapping such that

(8.2) o(h) e TpM  for allh € UN M.

Then, for every h € U N M the direct sum decomposition of Do(h)o(h) according
to (8.1) is given by

(8.3)  Da(h)o(h) = De(y)((¢, Da(h)a(h))) + D*é(y) (¢, o (h)), (¢, a(h))),
where y = ¢~ 1(h).
Proof. Since V is an open subset of R, there exists ¢ > 0 such that
y+tDo(y) to(h) €V forall t € (—¢,e).
Therefore, the curve
Ci(—e ) S UNM,  cft) = o(y +tDo(y) o (k)
is well-defined, and we have ¢ € C'((—e¢,€); H) with ¢(0) = h and ¢/(0) = o(h).

Hence, we have

d
Zo(e(t))li=o = Da(h)o(h)

Moreover, by condition (8.2) and Proposition 8.9 we have

@ o (elt))lemo = e (el®lezo = 5 DH(C NS, (el emo

= Dé(y)((¢, Da(h)o(h))) + D*¢(y)((C. o (h)), (¢, o (R))).
The latter two identities prove the desired decomposition (8.3). O
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After these preliminaries, we shall study invariant manifolds for time-homogeneous
SPDEs of the form

(8 4) dXt = (AXt + Oé(Xt))dt + O'(Xt)th
’ Xo = ho
with measurable mappings « : H — H and o : H — LY(H). As in the previous

sections, the operator A is the infinitesimal generator of a Cy-semigroup (S¢);>0 on

H. Note that, by (4.3), the SPDE (8.4) can be rewritten equivalently as

dXy = (AXi+o(Xy))dt+ Yo 07 (Xe)dp]

(8.5)
Xo = ho,

where (37);en denotes the sequence of real-valued independent standard Wiener
processes defined in (4.1), and where the mappings 0/ : H — H, j € N are given
by 07 = \F oe;.

For the rest of this section, we assume that there exist a constant L > 0 such
that

(8.6) la(hy) — a(ho)]| < L||h1 —hall, hi,ha € H

and a sequence (r;)jen C Ry with 37 K 2 < oo such that for every j € N we have
(8.7) lo? (1) = o7 (h2)|| < Kjllhy — holl, o he € H

(8.8) lo? (M) < i (L + |l D€ H.

8.11. Proposition. For every hg € H there exists a (up to indistinguishability)
unique weak solution to (8.5).

Proof. By (8.7), for all hy, ha € H we have

o) = o) gy = (|3 o ) - af‘<h2>||2)1/2 < (Zmi)mnhl ~ hall

JEN jJEN
Moreover, by (8.6), for every h € H we have
[a(h)|| < lla(h) = a0) ]| + la(0)[| < L[|l + [|a(0) || < max{L, [|(0)[|}(1 + [[]]),
and, by (8.8) we obtain

ol = (X ') ||2)1/2s(Zn§)1/2<1+||hn>.

JEN jEN

Therefore, conditions (7.3)—(7.6) are fulfilled, and hence, applying Corollary 7.10
completes the proof. O

Recall that M denotes a finite dimensional C2-submanifold of H.

8.12. Definition. The submanifold M is called locally invariant for (8.5), if for
every hg € M there ezists a local weak solution X to (8.5) with some lifetime 7 > 0
such that

Xipr €M forallt >0, P-almost surely.

In order to investigate local invariance of M, we will assume, from now on, that

ol € CY(H) for all j € N.

8.13. Lemma. The following statements are true:
(1) For every h € H we have

(8.9) > IDo () (h)|] < oo

jEN
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(2) The mapping
(8.10) H—H, h~Y Dol(h)o(h)
jEN
18 continuous.

Proof. By (8.7) and (8.8), for every h € H we have
D IIDa? (h)a? (W) < > IDa? (W] [lo? (B[] < (1 + (1)) Y &5 < oo,
JEN jEN JEN
showing (8.9). Moreover, for every j € N the mapping
H i H, Do’ (h)d?(h)
is continuous, because for all hi, hs € H we have
|Da (ha)or (1) — Derd (2o (ha)|
< [[Do? (h1)o? (h1) — Do? (h)o? (ha)l| + || Do? (h)o? (ha) — Do’ (hz)o? (he) |
< |IDe? ()| o? (h1) = o (h2) || + [[Do (h1) = Do’ (ha)|| |o? (ha)]].

Let v be the counting measure on (N,B(N)), which is given by v({j}) = 1 for all
7 € N. Then we have

> Do’ (h)o? (h) = / Do’ (h)o? (h)v(dj).
jEN N
Hence, because of the estimate
|Do? (h)o? (h)|| < (1 + ||hl[)x3, he€HandjeN

the continuity of the mapping (8.10) is a consequence of Lebesgue’s dominated
convergence theorem. O

For a mapping ¢ € CZ(R™; H)_ and elements (1, ...,y € D(A*) we define the
mappings ag ¢ : R” — R™ and o, . : R™ = R™, j € N as
apc(y) = (A"C d(y)) + (¢, a(d(y))),
7l (y) = (¢, 07 (8(y)))-

8.14. Proposition. Let ¢ € CZ(R™; H) and (1, . .., Cm € D(A*) be arbitrary. Then,
for every yo € R™ there exists a (up to indistinguishability) unique strong solution
to the SDE

(611) {dYt = apc(Y)dt + X jen o5, (Vo) By
Yo = vo.

Proof. By virtue of the assumption ¢ € CZ(R™; H) and (8.6)—(8.8), there exist a
constant L > 0 such that

log.c(v1) — agc(W2)lrm < Lllys — y2llmm,  y1,y2 €R™

and a sequence (R;);eny C Ry with ZjeN /%? < oo such that for every j € N we have

lo%, (1) = 0% c(u2)llem < Rjllyr — vollem,  y1,y2 € R™
”aé,g(y” rm < fij(l + ||y||]Rm)’ y € R™.

Therefore, by Proposition 8.11, for every yo € R™ there exists a (up to indistin-
guishability) unique weak solution to (8.11), which, according to Proposition 5.13
is also a strong solution to (8.11). The uniqueness of strong solutions to (8.11) is a
consequence of Proposition 5.13 and Theorem 7.5. ]
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Now, we are ready to formulate and prove our main result of this section.

8.15. Theorem. The following statements are equivalent:

(1) The submanifold M is locally invariant for (8.5).

(2) We have
(8.12) M C D(A),
(8.13) a’(h) € Th/\/l forallh e M and all j € N,
(8.14) Ah+ a(h) — = Z Do’ (h )€ TpwM  for all h e M.

]EN

(3) The operator A is continuous on M, and for each hg € M there exists a
local strong solution X to (8.5) with some lifetime 7 > 0 such that

Xipr €M forallt >0, P-almost surely.

Proof. (1) = (2): Let h € M be arbitrary. By Proposition 8.8 and Remark 8.7
there exist elements (1,...,(, € D(A*) and a parametrization ¢ : V. — U N M
around h such that the inverse ¢=! : U N M — V is given by ¢~ = ((,e), and
¢ has an extension ¢ € CZ(R™; H). Since the submanifold M is locally invariant
for (8.5), there exists a local weak solution X to (8.5) with initial condition h and
some lifetime ¢ > 0 such that

Xing €M forallt >0, P-almost surely.

Since U is an open neighborhood of h, there exists € > 0 such that B.(h) C U,
where Bc(h) denotes the open ball

B.(h)={ge€ H:|g—h|<e}
We define the stopping time
T:=poAinf{t >0: X; ¢ B.(h)}.

Since the process X has continuous sample paths and satisfies Xq = h, we have
7 > 0 and P-almost surely

Xip,€eUNM forallt > 0.
Defining the R™-valued process Y := (¢, X) we have P-almost surely
Yinr €V forallt>0.

Moreover, since X is a weak solution to (8.5) with initial condition h, setting y :=
(¢, h) € V we have P-almost surely

Yinr = () + [ (A% X) + (¢ a(X0))ds + (o9 (X)) dB
t [ ;N/
tAT tAT
= (¢, h) + o ))ds + ol (¢, X,))dpB?
/0 ¢C %/ ¢<

tAT tAT
:y+/0 ag (Y, dSJrZ/ U¢< j t>0,

jeN
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showing that Y is a local strong solution to (8.11) with initial condition y. By 1t&’s
formula (Theorem 4.2) we obtain P-almost surely

Xt/\‘r = ¢(Yt/\‘r)
tAT -
=h +/ (Df;b( Jag.c (Y ZD% % c( ), J{M(YS)))dS

0 jEN

+Z/ D(Ya)a), (Ya)dBl, t>0.

JEN

Now, let £ € D(A*) be arbitrary. Then we have P—almost surely

(8.15)

<£aXt/\T> = <€7h>
T /0 (& Do(V)ag oV J%DQ 03 (V2). 0%, (¥2)) )ds
+ 3 [ e potva (st to.
JEN

On the other hand, since X is a local weak solution to (8.5) with initial condition
h and lifetime 7, we have P—almost surely for all t > 0 the identity

(8.16)
€ X =6+ [ (e X+ leaXds+ Y [ (6o (X8l

JjEN
Combining (8.15) and (8.16) yields up to indistinguishability
(8.17) B+ M =0,
where the processes B and M are defined as
tAT
B [ (40X + (60X - DoY)ag (v
0
1 , .
-3 ZD2¢(YS)<Uch,C(YS)’Uzjb,C(YS))>>d8’ t>0,
JEN
tAT ) )
M, = Z/ (6,07(Xs) = Do(Ya)o?, (Ya))dpl, t=>0.
jEN

The process B + M is a continuous semimartingale with canonical decomposition
(8.17). Since the canonical decomposition of a continuous semimartingale is unique
up to indistinguishability, we deduce that B = M = 0 up to indistinguishability.
Using the Itd isometry (4.2) we obtain P—almost surely

/OW(<A*5,XS>+<s,a< )~ Do(Ya)ape (Vo)
- 5 X D00, (Vo) (V) Jas =0, t0,

jEN

tAT
| Sl - Do) (i Pas =0, e0,

jeN
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By the continuity of the processes X and Y we obtain for all £ € D(A*) the identities

(A€ 1) + (€ alh) — Doay.(y) — 5 3 D*6()(o (), ) ) =0,

JjEN
(€,07(h) = Do(y)oy () =0, jeN.

Consequently, the mapping ¢ — (A*¢, h) is continuous on D(A*), and hence we
have h € D(A**) by the definition (2.1). By Proposition 2.7 we have A = A**, and
thus we obtain h € D(A), proving (8.12). By Proposition 2.7, the domain D(A*) is
dense in H, and thus

o7 (h) = Dé(y)o’, (y) € TaM, j €N,

showing (8.13). Moreover, for all £ € D(A*) we have

<§,Ah+a(h)—D¢>( Y)agc(y ——ZD2¢ ) (0, (y >ai,<(y))>=0-

JjEN

Since the domain D(A*) is dense in H, together with Proposition 8.10 we obtain

Ah + a(h) - % " Do? (h)or
jJEN
= Ah+a(h) - % > (D) (¢, Do’ (h)a? (B)) + D*(y) (0, (1), % (1))
jeN

= Do()aoc(y) — 5 ZD¢ (¢, Do’ (h)o? (h)))

]EN

1 . )
~ Do) <a¢,<<y> - 5 (D) 1)) € Tub

JEN

which proves (8.14).

(2) = (1): Let hg € M be arbitrary. By Proposition 8.8 and Remark 8.7 there exist
C1y---,Cn € D(A*) and a parametrization ¢ : V. — U N M around hg such that
the inverse ¢=! : UNM — V is given by ¢~! = ((,e), and ¢ has an extension
¢ € C3(R™; H). Let h € U N M be arbitrary and set y := ((,h) € V. By relations
(8.12), (8.14) and Proposition 8.9 we obtain

Ah+a(h) — = ZDJJ = Doy )<<C,Ah +a(h) - ;ZDoj(h)oj(h)>),
]GN JEN

and thus
Ah = Dg(y) (<A*c n + (¢ alh) — 5 3 Dod(h) >)

JEN
+ % Z Do? (h)a? (h)

JjEN

Together with Lemma 8.13, this proves the continuity of A on UNM. Since hg € M
was arbitrary, this proves that A is continuous on M.
Furthermore, by (8.13) and Proposition 8.9 we have

(8.18) ol(h) = D(b(y)aé}c(h) for every j € N.
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Moreover, by (8.12), (8.14) and Propositions 8.9 and 8.10 we obtain

Ah + a(h) — 7ZDUJ — Doy )<<C,Ah+a(h) - ;ZDoj(h)aj(h)>)
jeN jeN
= Do(y) ((A*¢, h) + f—f§jzv¢ )(¢, Do’ (h)o” (h))
jeN
:wa%Aw+§XXD%@ming@@»—Dwmw%my
JEN

This gives us
(8.19) Ah +a(h) = Do(y)agc(y) + % > D260} (v), 0% ()-
JEN

Now, let Y be the strong solution to (8.11) with initial condition yo := (¢, ho) € V.
Since V is open, there exists € > 0 such that Bc(yo) C V. We define the stopping
time

=inf{t >0:Y; ¢ Bc(yo)}-

Since the process Y has continuous sample paths and satisfies Yy = yo, we have
7 > 0 and P-almost surely

Yinr, €V forallt > 0.
Therefore, defining the H-valued process X := ¢(Y) we have P-almost surely
XMTEUI’WM for alltzo

Moreover, using It6’s formula (Theorem 4.2) and incorporating (8.18), (8.19), we
obtain P-almost surely

Xt/\T - ¢(y0)
tAT . .
b [ (Do) + 5 3 DUO)S0) (7 (V). (1) ) s
0 ]EN
tAT
+3 [ Doyl (v.)as]
jenv0
tAT
= ¢(yo) + (Ap(Ys) + ))ds + 5))dpl
0+ | gg,/
tAT
o+ [ ;N/

showing that X is a local strong solution to (5.1) with lifetime 7.
(3) = (1): This implication is a direct consequence of Proposition 5.3. O

The results from this section are closely related to the existence of finite dimen-
sional realizations, that is, the existence of invariant manifolds for each starting
point hg, and we point out the articles [4, 3|, [11, 12] and |21, 22| regarding this
topic. Furthermore, we mention that Theorem 8.15 has been extended in [10] to
SPDEs with jumps.
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