THE ITO INTEGRAL WITH RESPECT TO AN INFINITE
DIMENSIONAL LEVY PROCESS: A SERIES APPROACH

STEFAN TAPPE

ABSTRACT. We present an alternative construction of the infinite dimensional
1t6 integral with respect to a Hilbert space valued Lévy process. This approach
is based on the well-known theory of real-valued stochastic integration, and
the respective It6 integral is given by a series of 1t integrals with respect to
standard Lévy processes. We also prove that this stochastic integral coincides
with the It0 integral that has been developed in the literature.

1. INTRODUCTION

The It6 integral with respect to an infinite dimensional Wiener process has been
developed in [4, 17, 10], and for the more general case of an infinite dimensional
square-integrable martingale it has been defined in [13, 16]. In these references, one
first constructs the It6 integral for elementary processes, and then extends it via
the It6 isometry to a larger space, in which the space of elementary processes is
dense.

For stochastic integrals with respect to a Wiener process, series expansions of
the It6 integral have been considered, e.g., in [11, 7, 3]. Moreover, in the article [14],
series expansions have been used in order to define the It6 integral with respect to
a Wiener process for deterministic integrands with values in a Banach space. Later,
in [15] this theory has been extended to general integrands with values in UMD
Banach spaces.

Best to the author’s knowledge, a series approach for the construction of the Itd
integral with respect to an infinite dimensional Lévy process does not exist in the
literature so far. The goal of the present paper is to provide such a construction,
which is based on the real-valued Itd integral, see, e.g., [1, 12, 18], and where the
Ito integral is given by a series of It6 integrals with respect to real-valued Lévy
processes. This approach has the advantage that we can use results from the finite
dimensional case, and it might also be beneficial for lecturers teaching students
who are already aware of the real-valued It6 integral and have some background in
Functional Analysis. In particular, it avoids the tedious procedure of proving that
elementary processes are dense in the space of integrable processes.

In [8], the stochastic integral with respect to an infinite dimensional Lévy process
is defined as a limit of Riemannian sums, and a series expansion is provided. A
particular feature of [8] is that stochastic integrals are considered as L2-curves.
The connection to the usual 1t6 integral for a finite dimensional Lévy process has
been established in [23], see also Appendix B in [6]. Furthermore, we point out the
articles [21] and [9], where the theory of stochastic integration with respect to Lévy
processes has been extended to Banach spaces.
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The idea to use series expansions for the definition of the stochastic integral has
also been utilized in the context of cylindrical processes, see [19] for cylindrical
Wiener processes and [2] for cylindrical Lévy processes.

The construction of the It6 integral, which we present in this paper, is divided
into the following steps:

e For a H-valued process X (with H denoting a separable Hilbert space) and
a real-valued square-integrable martingale M we define the It6 integral

XeoeM:= Z (X, fx)rr ® M) fr,

keN

where (fi)ren denotes an orthonormal basis of H, and (X, fx)n ¢ M de-
notes the real-valued It6 integral. We will show that this definition does
not depend on the choice of the orthonormal basis.

e Based on the just defined integral, for a ¢2(H)-valued process X and a
sequence (M7);en of standard Lévy processes we define the It integral as

ZonMj.

jEN

For this, we will ensure convergence of the series.

e In the next step, let L denote a €§—valued Lévy process, where E?\ is a
weighted space of sequences (cf. [5]). From the Lévy process L we can
construct a sequence (M7) ey of standard Lévy processes, and for a ¢2(H)-
valued process X we define the It6 integral

XoL::ZonMj.
jeN

e Finally, let L be a general Lévy process on some separable Hilbert space
U with covariance operator ). Then, there exist sequences of eigenvalues
(A\j)jen and eigenvectors, which diagonalize the operator (). Denoting by
L3(H) an appropriate space of Hilbert Schmidt operators from U to H, our
idea is to utilize the integral from the previous step, and to define the It
integral for a L9(H)-valued process X as

XeoL:=U(X)ed(L),

where @ : U — ¢3 and U : LY(H) — ¢*(H) are isometric isomorphisms such
that ®(L) is a £3-valued Lévy process. We will show that this definition does
not depend on the choice of the eigenvalues and eigenvectors.

The remainder of this text is organized as follows: In Section 2 we provide the
required preliminaries and notation. After that, we start with the construction of
the It6 integral as outlined above. In Section 3 we define the It6 integral for H-
valued processes with respect to a real-valued square-integrable martingale, and in
Section 4 we define the Ito integral for ¢?(H)-valued processes with respect to a
sequence of standard Lévy processes. Section 5 gives a brief overview about Lévy
processes in Hilbert spaces, together with the required results. Then, in Section 6 we
define the It6 integral for £2(H )-valued processes with respect to a ¢3-valued Lévy
process, and in Section 7 we define the 1t6 integral in the general case, where the
integrand is a L9(H)-valued process and the integrator a general Lévy process on
some separable Hilbert space U. We also prove the mentioned series representation
of the stochastic integral, and show that it coincides with the usual It6 integral,
which has been developed in [16].
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2. PRELIMINARIES AND NOTATION

In this section, we provide the required preliminary results and some basic no-
tation. Throughout this text, let (€2, F, (F;)i>0,P) be a filtered probability space
satisfying the usual conditions. For the upcoming results, let E be a separable
Banach space, and let T > 0 be a finite time horizon.

2.1. Definition. Let p > 1 be arbitrary.
(1) We define the Lebesgue space

L5 (E) = LP(Q, Fr,P;D([0, T}; B)),

where D([0,T]; E) denotes the Skorokhod space consisting of all cadlag func-
tions from [0,T] to E, equipped with the supremum norm.

(2) We denote by AY%(E) the space of all E-valued adapted processes X €
LY(E).

(3) We denote by ME.(E) the space of all E-valued martingales M € LY.(E).

(4) We define the factor spaces

My (E) := My(E)/N,  Ap(E) := Ap(E)/N,  Lp(E) = Lp(E)/N,

where N C MY.(E) denotes the subspace consisting of all M € MY.(E)
with M = 0 up to indistinguishability.

2.2. Remark. Let us emphasize the following:

(1) Since the Skorokhod space D([0,T]; E) equipped with the supremum norm
is a Banach space, the Lebesgue space LY.(E) equipped with the standard
norm

1/
X2 m) = E[IX)1%] 7

is a Banach space, too.

(2) By the completeness of the filtration (Fi)i>0, adaptedness of an element
X € LY.(FE) does not depend on the choice of the representative. This en-
sures that the factor space A%.(E) of adapted processes is well-defined.

(3) The definition of E-valued martingales relies on the existence of conditional
expectation in Banach spaces, which has been established in [4, Prop. 1.10].

Note that we have the inclusions
MY (E) c A%(E) C LE(E).
The following auxiliary result shows that these inclusions are closed.

2.3. Lemma. Let p > 1 be arbitrary. Then, the following statements are true:
(1) ME(E) is closed in A%(E).
(2) AL(E) is closed in LY.(E).
Proof. Let (M™)p,en C ME(E) be a sequence and let M € A%.(E) be such that

M"™ — M in LY.(E). Furthermore, let 7 < T be a bounded stopping time. Then we
have

{104 1] <E| sw |al] < o,
t€[0,T]
showing that M, € LP(Q, F.,P; E). Furthermore, we have

E[IM — M, 2] < n«:[ sup [[A — Mtl%] o,
t€[0,T)
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By Doob’s optional stopping theorem (which also holds true for E-valued martin-
gales, see [17, Remark 2.2.5]), it follows that

E[M,] = lim E[M?] = lim E[Mg] = E[M,].

n—oo n—r oo

Using Doob’s optional stopping theorem again, we conclude that M € MZL(E),
proving the first statement.

Now, let (X™)nen C A%(E) be a sequence and let X € LI(E) be such that
X™ — X in L%.(E). Then, for each t € [0,7] we have

E[IIX} — X:llp] <E| sup [ X7 — X[l =0,
s€1[0,T
and hence P-almost surely X;"* — X; for some subsequence (nj)ren, showing that

X is Fy-measurable. This proves X € A7 (E), providing the second statement. [

Note that, by Doob’s martingale inequality [17, Thm. 2.2.7], for p > 1 an equiv-
alent norm on MZ2.(E) is given by

1/
IM | a2y = E[I|Mr|5] "

Furthermore, if E = H is a separable Hilbert space, then MZ(H) is a separable
Hilbert space equipped with the inner product

(M, N) 2 (ay = E[(Mr, Nr)p].

Finally, we recall the following result about series of pairwise orthogonal vectors in
Hilbert spaces.

2.4. Lemma. Let H be a separable Hilbert space and let (hy,)nen C H be a sequence
with (hp, hm)g = 0 for n #£ m. Then, the following statements are equivalent:

(1) The series Y .- hy, converges in H.
(2) The series ), hn converges unconditionally in H.
(3) We have Y07, ||hnll?3 < oo

If the previous conditions are satisfied, then we have

00 2 00
Yol =D Ml
n=1 H n=1
Proof. This follows from [20, Thm. 12.6] and [24, Satz V.4.8]. O

3. THE ITO INTEGRAL WITH RESPECT TO A REAL-VALUED SQUARE-INTEGRABLE
MARTINGALE

In this section, we define the It6 integral for Hilbert space valued processes with
respect to a real-valued, square-integrable martingale, which is based on the real-
valued Ito integral.

In what follows, let H be s separable Hilbert space, and let T' > 0 be a finite time
horizon. Furthermore, let M € MZ(R) be a square-integrable martingale. Recall
that the quadratic variation (M, M) is the (up to indistinguishability) unique real-
valued, non-decreasing, predictable process with (M, M), = 0 such that M? —
(M, M) is a martingale.

3.1. Proposition. Let X be a H-valued, predictable process with

T
(3.1) E[ | il an.) <o
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Then, for every orthonormal basis (fi)ren of H the series
(3:2) > (X, fi)m o M) fi
keN

converges unconditionally in M2(H), and its value does not depend on the choice
of the orthonormal basis (f)ren-

Proof. Let (fr)ren be an orthonormal basis of H. For j, k € N with j # k we have
(X, fiyr e M) f;, (X, fr)m o M)fk>M%(H)

sy =Bl o) s ([ on g ),
E[( / T<Xs,fj>HdMs) ( / T<Xs,fk>HdMs><fj,fk>H] o

Moreover, by the It6 isometry for the real-valued It6 integral and the monotone
convergence theorem we obtain

2

H‘|

SO, fibir o M) fullys gy = S F
k=1 =1
e 2 oo
(3.4) = ZEU ‘| = Z]E|:/o |<X57fk>H|2d<M, M>s:|

- [/0 Z| X, fu)uPd{M, M), } {/OT|XS||§1d(M,M>S}

Therefore, by (3.1) and Lemma 2.4, the series (3.2) converges unconditionally in
Now, let (gx)ren be another orthonormal basis of H. We define J/,J9 € M2(H)
by

H( (X, fr) HdM)fk

S

o0 oo

gl ;:Z(<X7fk>HoM)fk and J? Z=Z(<X79k>H°M)gk

k=1 k=1
Let h € H be arbitrary. Then we have
<h’ Jf>H7 <h7 JQ>H € M%(R)
and the identity
1R 37) it = (B X) o1 @ M3z gy
2

:H<h§: kaHoM)fk> (X geM
k=1

M3 (R)

> 2
= > (e ) (e X o M) — (B, X)pr ¢ M
=1 Q(R)
i 2
= JYim Z (h feyu (frs X))@ M) — (h,X)p o M
=1 M2 (R)
n 2
= lim ”(thk (fr, X)m —<h,X>H)oM

For all x € H we have
2

— 0 asn— oo,

n

> a fau(fo ) — (@ h) g

k=1
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and, by the Cauchy-Schwarz inequality,

n 2 o5} 2
D @ ) u(feohyu = (@ hu| =] Y (@ fi)ulfe ke
k=1 k=n+1

< (Z|<x, fk>H2) (Z|<fk,h>H|2) — el k% for each n € .
k=1 k=1

Therefore, by the Ito isometry for the real-valued Ito integral and Lebesgue’s do-
minated convergence theorem together with (3.1) we obtain
21

[¢h, 35Vl — (hy X) s o MH?M%(R)
aor.m).| =o.

= lim E

n— oo

T
= lim E|:/
n—oo 0

Analogously, we prove that

1 3% — (1, X @ M2 gy = 0.

’/OT (é(h, ) u{fr, Xs)u — <haXs>H>dMs

2

i(h,ko(fk,X)H = (h, X)u

k=1

Therefore, denoting by jf,jg € M2(H) representatives of I/, 19, we obtain
(h,J0 i = (h, 3%V for all h € H, P-almost surely.
By separability of H, we deduce that
(h,jé)H = (h,J%)n P-almost surely, for all h € H.
Consequently, we have
jgw =J% P-almost surely,

implying J7 = J9. This proves that the value of the series (3.2) does not depend on
the choice of the orthonormal basis. O

Now, Proposition 3.1 gives rise to the following definition:

3.2. Definition. For every H-valued, predictable process X satisfying (3.1) we de-
fine the It6 integral X ¢ M = (fot XodMy) o) as

(3.5) XeM:= Z (X, fr)er @ M) fi,

keN

where (fr)ren denotes an orthonormal basis of H.

According to Proposition 3.1, the Definition (3.5) of the Ité integral is indepen-
dent of the choice of the orthonormal basis (fx)ken, and the integral process X o M
belongs to M2(H).

3.3. Remark. As the proof of Proposition 3.1 shows, the components of the Ité
integral X ® M are pairwise orthogonal elements of the Hilbert space M2 (H).

3.4. Proposition. For every H-valued, predictable process X satisfying (5.1) we
have the 1t6 isometry

T
E ‘/ XodM,
0

T
=E[ | 1l an, |

2
H
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Proof. Let (fx)ren be an orthonormal basis of H. According to (3.3) we have
<(<X, fj>H ] M)fj, (<X, fk>H [ M)‘fk>M,12,(H) =0 for j 7é k.

Thus, by Lemma 2.4 and (3.4) we obtain

2

2 oo
EH ‘|:||X.M||§\/[%(H): Z kaH'M)f
! b= M3 (H)
3 2
_ ; 14X S o M) il ) = E[/O X2 (M, M>s}
finishing the proof. -

3.5. Proposition. Let X be a H-valued simple process of the form

X = Xo]].{o} + ZXi]]-(ti,tHl]

=1

with 0 =t < ... < tpy1 =T and Fi,-measurable random variables X; : Q& — H
fori=0,...,n. Then, we have

X oM =Y X;(M'+ —M").

i=1

Proof. Let (fx)ren be an orthonormal basis of H. Then, for each k£ € N the process
(X, fr) is a real-valued simple process with representation

(X, fi)m = (Xo, fiy oy + Y (Xi, fi) L, n,)

i=1

Thus, by the definition of the real-valued It6 integral for simple processes we obtain

X o0 = 3 (X b o 0) = 3 (SO0 (017 =309 ) o

keN keN i=1
Z(Z Xz>fk Hf/lx.;)(]\ftiJrl _Mti):ZXi(MtH] _Mti,),
i=1 “keN =1
finishing the proof. 0

3.6. Lemma. Let X be a H-valued, predictable process satisfying (3.1). Then, for
every orthonormal basis (fi)ren of H we have

(X, fu)ul* o (M, M) = || X||3; o (M, M),
k=1

where the convergence takes place in AL(R).
Proof. We define the integral process
(3.6) L:= || X3 e (M, M)

and the sequence (I"), ey of partial sums by

n

(3.7) " := > (X, fi)ul* o (M, M).

k=1
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By (3.1) we have I € AL(R) and (I"),eny C AL(R). Furthermore, by Lebesgue’s
dominated convergence theorem we have

IT—T"| 1 ) = ]E{ sup |I; — I} @ =E| sup / (X, fr)|Pd(M, M),
te[0,T) tefo,711Jo 5
_]E{/ Xs,fk>|2d<M,M>s} —0 forn — oo,
0 k=n-+1
which concludes the proof. O

3.7. Remark. As a consequence of the Doob-Meyer decomposition theorem, for two
square-integrable martingales X,Y € M2 (H) there exists a (up to indistinguisha-
bility) unique real-valued, predictable process (X,Y) with finite variation paths and
(X,Y)o =0 such that (X,Y)y — (X,Y) is a martingale.

3.8. Proposition. For every H-valued, predictable process X satisfying (5.1) we
have

(XoeM,XeM)= ||X||%10<M,M>

Proof. Let (fi)ren be an orthonormal basis of H. We define the process J := X e M
and the sequence (J™)nen of partial sums by

n

"= Z (X, fr)r © M) fi.

k=1
By Proposition 3.1 we have
(3.8) J" =T in M2(H).

Defining the integral process I by (3.6) and the sequence (I"),¢cn of partial sums
by (3.7), using Lemma 3.6 we have

(3.9) " -1 in AL(R).
Furthermore, we define the process M € AL(R) and the sequence (M"),en C
AL(R) as
M= I)1% -
M™ ="} -1I", neN.
Then we have (M™"),eny C MA(R). Indeed, for each n € N we have

n 2

=Y UX, fi)ul o (M, M)

M™ = | (X, fr) o M) fi
k=1 H  p—
—ZH (X, fiym o M) i[5, — Z|kaH| o (M, M)
k=1
=Z(\<X,fk>H-M|2—|<X,fk>H|2-<M7M>).
k=1

For every k € N the quadratic variation of the real-valued process (X, fi)y ® M is
given by

<<X7fk>H 'Ma <Xafk>H .M> = |<Xa fk>H‘2 L4 <M5M>7

see, e.g. [12, Thm. 1.4.40.d], which shows that M™ is a martingale. Since M™ €
AL(R), we deduce that M™ € M} (R).
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Next, we prove that M™ — M in AL(R). Indeed, since
HINZ = 1™ 1% [ < 13 = 317 + 203z 1|7 = 3",

by the Cauchy-Schwarz inequality and (3.8) we obtain
1IN = 1™ 1 1|2y = ]E[ sup | |3l 3 — 19113 @
t€[0,T]

< E[ sup ||J: —J?H%{] +2E[ sup || Jellm]|J _J?||H:|
t€[0,T te(0,T]

1/2 1/2
<[ sup 18- 3713] + 28] sup (00] [ sup 13- 3715
te[0,T] te[0,T te[0,T]
0= 37125 gy + 2002 a1 — Iy > O
Therefore, together with (3.9) we get
M =M1 w) < || 1302 = 13" 1@ + 1T —I"| L ®) — O,

showing that M™ — M in AL(R). Now, Lemma 2.3 yields that M € MJ.(R), which
concludes the proof. O

3.9. Theorem. Let N € M2 (R) be another square-integrable martingale, and let
X,Y be two H-valued, predictable processes satisfying (3.1) and

T
(3.10) Bl [ Wl ) < o
0
Then we have
(3.11) (XeMYeN)=(X,Y)ye(M,N).
Proof. Using Proposition 3.8 and the identities
1
<x7y>H:Z(||x+y”?ﬁ1_||x_y”%1)7 z,y € H,
1
(M,N) = Z(<M+N’M+N> — (M = N,M - N)),
identity (3.11) follows from a straightforward calculation. O

3.10. Proposition. Let N € M2 (R) be another square-integrable martingale such
that (M,N) = 0, and let X,Y be two H-valued, predictable processes satisfying
(3.1) and (3.10). Then we have

<X.M,Y.N>M%(H) =0.

Proof. Using Remark 3.7, Theorem 3.9 and the hypothesis (M, N) = 0 we obtain
T T
(X o MY o N) sz 1) = IEK/ Xdes,/ stNs>H}
0 0

- E[</OTXSdMS,/OTYSdNS>} =JEUOT<XS,YS>Hd<M7 N>s} —o,

completing the proof. O
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4. THE ITO INTEGRAL WITH RESPECT TO A SEQUENCE OF STANDARD LEVY
PROCESSES

In this section, we introduce the Ito integral for ¢2(H)-valued processes with
respect to a sequence of standard Lévy processes, which is based on the It6 integral
(3.5) from the previous section. We define the space of sequences

A = {(hﬂm CH:S W < oo},

j=1
which, equipped with the inner product

oo

<h7 g>€2(H) = Z<hja gj>H
=1

is a separable Hilbert space.

4.1. Definition. A sequence (M7);jen of real-valued Lévy processes is called a se-
quence of standard Lévy processes if it consists of square-integrable martingales
with (M7, M*), = 6;;, - t for all j,k € N. Here §;;, denotes the Kronecker delta

L, ifj=kF,
Ok = oo
0, ifj#k.
For the rest of this section, let (M7) jen be a sequence of standard Lévy processes.

4.2. Proposition. For every (?(H)-valued, predictable process X with

T
0
the series
(4.2) > X7 e M
jEN

converges unconditionally in M#(H).

Proof. For j,k € N with j # k we have (M7, M*) = 0, and hence, by Proposi-
tion 3.10 we obtain

(4.3) (X7 o M7, X" 0 M) 12 (1) = 0.

Moreover, by the Ito isometry (Proposition 3.4) and the monotone convergence
theorem we have

oo oo T
> 17 o 495 :ZEM [ xuan
i=1 j

oo T
]zzE[ / ||Xz;||%1ds}
= = 0
T oo T
—E[ / sz&ds] —E[ / ||Xs||?2(H)ds]
j=1

Thus, by (4.1) and Lemma 2.4, the series (4.2) converges unconditionally in M2 (H).
O

2
H

(4.4)

Therefore, for a ¢?(H)-valued, predictable process X satisfying (4.1) we can
define the It6 integral as the series (4.2).

4.3. Remark. As the proof of Proposition 4.2 shows, the components of the Ito
integral ) ;e XTeMJ are pairwise orthogonal elements of the Hilbert space M2 (H).
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4.4. Proposition. For each (*(H)-valued, predictable process X satisfying (4.1) we

have the 1t6 isometry
27 T
— [ [ 1]
H | 0

Proof. Using (4.3), Lemma 2.4 and identity (4.4) we obtain

E Z/OTngMg

L' jEN

[e's) T 2 00 2
E Z/ Xlami| | =1 X7 e M/
L'l j=170 H | j=1 MZ(H)
oo ] ] T
= S o MRy = | [ 1],
j=1 0
completing the proof. O

4.5. Proposition. Let X be a (*(H)-valued simple process of the form

X = Xo]].{o} + ZXi]]-(ti,tHl]

=1

with0 =t; < ... <ty41 =T and F;,-measurable random variables X; : Q — (*(H)
fori=0,...,n. Then we have

XeM=3 % X]((MI)+ — (MI)").
i=1 jEN

Proof. For each j € N the process X7 is a H-valued simple process having the
representation

X7 = Xgl{o} + ZXz‘j]l(tthl]'
i=1

Hence, by Proposition 3.5 we obtain

XeM= ZXj o M = ZZXg((Mj)tiJrl — (M)

JEN jeNi=1
=22 Xy - @),
i=1 jeN
which finishes the proof. O

5. LEVY PROCESSES IN HILBERT SPACES

In this section, we provide the required results about Lévy processes in Hilbert
spaces. Let U be a separable Hilbert space.

5.1. Definition. An U-valued cadlag, adapted process L is called a Lévy process if
the following conditions are satisfied:

(1) We have Lo = 0.
(2) Ly — Ly is independent of Fy for all s <t.

(3) We have Ly — Ly 4 Li_g for all s < t.

5.2. Definition. An U-valued Lévy process L with E[||L:||3;] < co and E[L] = 0
for allt > 0 is called a square-integrable Lévy martingale.
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Note that any square-integrable Lévy martingale L is indeed a martingale, that
is
E[X: | Fs) =X forall s <t,
see [16, Prop. 3.25]. According to [16, Thm. 4.44], for each square-integrable Lévy
martingale L there exists a unique self-adjoint, nonnegative definite trace class

operator Q € L(U), called the covariance operator of L, such that for all ¢,s € Ry
and uy,us € U we have

E[(Lt,u1)u{Ls,u2)v] = (t A 8){(Quy, us)y.
Moreover, for all u1,us € U the angle bracket process is given by
(5.1) (L, ur)u, (L uz)u)e = H{Qua, uz)y, =0,
see [16, Thm. 4.49].

5.3. Lemma. Let L be an U-valued square-integrable Lévy martingale with covari-
ance operator @Q, let V be another separable Hilbert space and let ® : U — V be
an isometric isomorphism. Then the process ®(L) is a V-valued square-integrable
Lévy martingale with covariance operator Qg := ®PQP 1.

Proof. The process ®(L) is a V-valued cadlag, adapted process with ®(Lg) =
®(0) = 0. Let s < t be arbitrary. Then the random variable ®(L;) — ®(L,) =
®(L; — Ly) is independent of Fy, and we have

B(Lr) = D(Ly) = B(Ly — L) < B(Ly),
Moreover, for each ¢t € R, we have

E[|®(Lo)IV] = EllLellf] < 0o and  E[®(L¢)] = PE(L:) = 0,

showing that ®(L) is a V-valued square-integrable Lévy martingale.
Lett,s € R, and v; € V, i = 1,2 be arbitrary, and set u; := ® v, € U, i = 1,2.
Then we have
E{®(Lt), v1)v(®(Ls), v2)v] = E[{D(L¢), D(u1))v (P(Ls), P(u2))v]
= E[(L¢, ur)u (Ls, ug)u] = (E A 8)(Qur,uz)y = (A $)(QP vy, @ Mug)yy
= (t/\8)<‘1)Q‘I) U1,U2>V = (t/\ )<Q¢>1}1,U2>V,

showing that the Lévy martingale ®(L) has the covariance operator Q. O
Now, let @ € L(U) be a self-adjoint, positive definite trace class operator. Then
there exist a sequence (\;)jen C (0,00) with 3372 A; < oo and an orthonormal

basis (e;)‘))jeN of U and such that

Qe (’\)—)\ e( ) for all j € N.
We define the sequence of pairwise orthogonal vectors (e;) en as
ej = /AedV, jeN.

5.4. Proposition. Let L be an U-valued square-integrable Lévy martingale with
covariance operator Q. Then the sequence (M7);en given by

. 1
(5.2) M= ——(LeM)y,, jeN.

Vo

is a sequence of standard Lévy processes.
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Proof. For each j € N the process M7 is a real-valued square-integrable Lévy
martingale. By (5.1), for all j,k € N we obtain

(GRS
: 1 ™ 5 HQej™ e )u
(M7, M*), = (Lyej v, (e )u)e =
A A\ J F N
tA; <e§->‘), e,(j‘)}U
=L Tk T 5t
VA AR
showing that (M7 )jen is a sequence of standard Lévy processes. O

6. THE ITO INTEGRAL WITH RESPECT TO A (3-VALUED LEVY PROCESS

In this section, we introduce the Ito integral for ¢2(H)-valued processes with
respect to a Ki—valued Lévy process, which is based on the Itd integral (4.2) from
Section 4.

Let (Aj)jen C (0,00) be a sequence with 3372 \; < oo and denote by £3 the
weighted space of sequences

o0
;3= {(Uj)jeN CR: Z)\j|vj|2 < oo},
j=1
which, equipped with the inner product
0 . .
(v,w)e = Z Ajvlw?
=1

is a separable Hilbert space. Note that we have the strict inclusion ¢* & /3, where
22 denotes the space of sequences

? = {(Uj)jEN CR:Y /)P < oo}.
j=1
We denote by (g;);jen the standard orthonormal basis of £2, which is given by
g1 =(1,0,...), g2=1(0,1,0,...),

Then the system (gj()‘))jeN defined as

(6.1) W= I jeN

gj - \/A»j’

is an orthonormal basis of £3. Let Q € L(£3) be a linear operator such that
(6.2) Qg'V = x9N forall j e N.

Then @ is a nuclear, self-adjoint, positive definite operator. Let L be a ¢3-valued,
square-integrable Lévy martingale with covariance operator Q). According to Propo-
sition 5.4, the sequence (M7);en given by
j 1 A :
M7 = T<Lag]( )>Z?\a ]EN
J
is a sequence of standard Lévy processes.

6.1. Definition. For every ¢*(H)-valued, predictable process X satisfying (4.1) we
define the 1t6 integral X o L := (fg XsdLs)iepo, 1) a8

(6.3) XeL:=> X oM.
jJEN
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6.2. Remark. Note that LY(H) = (?>(H), where LY(H) denotes the space of Hilbert-
Schmidt operators from (% to H. In [5], the Ité integral for LY(H )-valued processes
with respect to a 03 -valued Wiener process has been constructed in the usual fashion
(first for elementary and afterwards for general processes), and then the series

representation (6.3) has been proven, see [5, Prop. 2.2.1].

Now, let (uk)ren be another sequence with Z;’;l i < oo, and let @ : Ei — Ei
be an isometric isomorphism such that

(6.4) Qq;g,?‘) = ukg,g“) for all k € N.
By Lemma 5.3, the process ®(L) is a Ei—valued, square integrable Lévy martingale

with covariance operator Qg¢, and by Proposition 5.4, the sequence (N k) keN given
by

1
Nk .= m@@),gy% keN

is a sequence of standard Lévy processes.

6.3. Theorem. Let ¥ € L(¢?(H)) be an isometric isomorphism such that
(6.5) (h, U(w)) g = ®({h,w)y) forallh € H and w € (*(H).

Then for every €2(H)-valued, predictable process X satisfying (4.1) we have

T
(6.6) ]EUO IO (X ) (rryds | < o0
and the identity
(6.7) XeoeL=U(X)eD(L).

Proof. Since ¥ is an isometry, by (4.1) we have

T T
B [ 10CE) i ds] = B[ [ 1l nds] <

showing (6.6). Moreover, by (6.4) we have
‘I)Q‘I)_lg;(gﬂ) = Q@Q,(c“) = ukg,(f) for all k € N,
and hence, we get

(6.8) Q((b_lg,(f)) = uk(i’_lgl(f)) for all k € N.

By (6.2) and (6.8), the vectors (g](./\))jeN and (@’1912“));661\; are eigenvectors of
with corresponding eigenvalues (\;)jen and (ur)ren. Therefore, and since @ is an
isometry, for j, k € N with A; # uj we obtain

(6.9) (@g™M, g = (gY@ g2 =0,

J z J
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Let h € H be arbitrary. Then we have

(h,XoL>H:<h,§:onMj>H:§:(h X7 o MYy ihXJHoMJ
Jj=1

7j=1 Jj=1

1 1
(h XD, 9 )2 0
RVoY

(@((h, X)), B9 5 o

A
(L.g)e

Il
1
-5

(@(L), 2giM) e

1
Ve u
T @R X0 05 0= (Y00, ool 05 )

k=1

Il
1
-3

o

1

J

Since (\;)jen and (ug)ken are eigenvalues of @, for each j € N there are only
finitely many k € N such that A\; = . Therefore, by (6.9), and since (q)(gJ(-A)))jeN
is an orthonormal basis of KZ, we obtain

<ha Xe L>H

)3 (ij<<b<<h,x>ﬂ>,<bg§”>

1 V=1

g™, g0) >
(Z 1), 29} a (B9 g0 ) o)

(M

;L

>
Il

7ii
1 Mk
1 (1) () S K
=S (X)), 0" e ¢ ——(B(L), ¢V = S ®((h, X))k @ N
;\//Tk<(< VH): 9 ez M(()gkﬂﬁ ;(( )H)
Thus, taking into account (6.5) gives us
(h,XeL)g=> (h,¥(X)") g e N¥ = (h,U(X)* e N*)y
k=1 k=1

_ <h7z T(X) o Nk>H = (h, U(X) e B(L))p.
k=1

Since h € H was arbitrary, using the separability of H as in the proof of Proposi-
tion 3.1, we arrive at (6.7). O

6.4. Remark. From a geometric point of view, Theorem 6.3 says that the “angle”
measured by the Ito integral is preserved under isometries.

7. THE ITO INTEGRAL WITH RESPECT TO A GENERAL LEVY PROCESS

In this section, we define the It6 integral with respect to a general Lévy process,
which is based on the It6 integral (6.3) from the previous section.

Let U be a separable Hilbert space and let @ € L(U) be a nuclear, self-adjoint,
positive definite linear operator. Then there exist a sequence (A;);en C (0, 00) with

Zj’;l Aj < 0o and an orthonormal basis (€(A))j€N of U and such that

J

(7.1) Qe; ) — Aj e( ) forall j €N,

namely, the ); are the eigenvalues of @), and each eg.’\) is an eigenvector correspon-
ding to A;. The space Up := 621/2(U)7 equipped with the inner product

<’U,, U>Uo = <Q_1/2’LL7 Q_1/2U>U7
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is another separable Hilbert space and the sequence (e;);en given by

ej = Aj€§A)7 J eN

is an orthonormal basis of Uy. We denote by LY(H) := Lo(Uy, H) the space
of Hilbert-Schmidt operators from Uy into H, which, endowed with the Hilbert-
Schmidt norm

o 1/2
1512y = (ZnSen%I) . e LY(H)
=1

itself is a separable Hilbert space. We define the isometric isomorphisms

7.2 Oy U =02, &ye™ = g™ for j e N,
A J

J

(7.3) Uyt Ly(H) — (2(H), WA(S) := (S¢j) o for S € Ly(H).

Recall that (QEA)) jen denotes the orthonormal basis of Zi, which we have defined
in (6.1). Let L be an U-valued square-integrable Lévy martingale with covariance
operator Q.

7.1. Lemma. The following statements are true:

(1) The process ®\(L) is a {3-valued square-integrable Lévy martingale with
covariance operator Qg, .
(2) We have

(7.4) Q@Agﬁk) = /\jgj(»/\) for all j € N.

Proof. By Lemma 5.3, the process ®,(L) is a f3-valued square-integrable Lévy
martingale with covariance operator Qg,. Furthermore, by (7.2) and (7.1), for all
7 € N we obtain

Q%gj(-” = ‘I’,\Q‘P§lg](-/\) = ‘P,\Qeg-/\) = <I>x(Aje§-”) = Aﬂueﬁ-” = A,jg](-/\),
showing (7.4). O

Now, our idea is to the define the Ito integral for a L9(H)-valued, predictable
process X with

T
(7.5) E[/O ||XS||%3(H)dS:| <00
by setting
(7.6) XeL:=U,(X)ed,(L),

where the right-hand side of (7.6) denotes the It integral (6.3) from Definition 6.1.
One might suspect that this definition depends on the choice of the eigenvalues

(/\))jeN- In order to prove that this is not the case, let

J
() ken C (0,00) be another sequence with Y -, . < oo and let ( ,g“))keN be

another orthonormal basis of U such that
(7.7) QM = pf* for all k € N,
Then the sequence (fi)ren given by

fo= v, keN

is an orthonormal basis of Uy. Analogous to (7.2) and (7.3), we define the isometric
isomorphisms

O,:U =02, &, = g™ for k€N,

w

U, Ly(H) = C(H), ©u(S) = (Sfr), oy for S € Ly(H).

(A\j)jen and eigenvectors (e
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Furthermore, we define the isometric isomorphisms
®:=0,00,': 5 - and V:=V,00 " :(*(H)— (H).

The following diagram illustrates the situation:

(&, () Sl (2, (1))
W W
(U, LY(H))

In order to show that the It6 integral (7.6) is well-defined, we have to show that
(7.8) UA(X) 0 BA(L) = W, (X) 0 B, (L).
For this, we prepare the following auxiliary result:
7.2. Lemma. For all h € H and w € (*(H) we have
(h, O(w))rr = ©((h, w)m).
Proof. By (7.1) and (7.7), the vectors (egA))jEN and ( é”))keN are eigenvectors of @

with corresponding eigenvalues (););jen and (ug)ren. Therefore, for j,k € N with
Aj # p we have <e§.’\), ,5”)>U = 0. For each v € /3 we obtain

2(0) = (@, 0030 = 0, (15 0 A ) = S0 o 1) o)
k=1 k=1
Lot ) LoSyg—t, SO0 ) 40
(e = (e e e
(\/“k A , kEN VI ; A ! 7ok kEN
1 oo
= ( Z(v,gj(-)\)ﬂg <€§-/\)>f]5“)>U)
Mk j=1 keN
VNN iy ) )
= <€ 7f#>Uvj = <€ >f'u>U’UJ
(]Z:; Vi keN ; ! keN
Let w € £2(H) be arbitrary. By (7.3) we have
w = \IIA(\Ing(w)) = (\le(w)ej)jew
and hence
W) = (0,0 %5 )(w) = (050 0) e = (057 0) (Sl ) )
j=1 keN
= <Z<fka€j>Uo\Ij>\1(w)ej> = <Z<fk,€j>Uowj)
j=1 keN j=1 keN
- (T 0w
j=1 keN
Therefore, for all h € H and w € ¢?(H) we obtain
(h, @ (w)) i = (Z<e§”, ,5“>>U<h,wﬂ‘>H) = &((h, w)n),
j=1 keN
finishing the proof. (]

7.3. Proposition. The following statements are true:
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(1) ®x(L) is a £3-valued Lévy process with covariance operator Qs,, and we
have

Q%g](')\) = )\jg](-k) for all j € N.

(2) ®u(L) is a Ei-valued Lévy process with covariance operator Qs,, and we
have

ch,l,g;(f) = ng,(f) for all k € N.
(3) For every L(H)-valued, predictable process X with (7.5) we have

T T
@9 B[ [ as| <. B| [ 10,00 s < o0
and the identity (7.8).

Proof. The first two statements follow from Lemma 7.1. Since ¥, and ¥, are
isometries, we obtain

T T T
| [ e onas| =] [ 1% yas| = [ 10000 g

which, together with (7.5), yields (7.9). Now, Theorem 6.3 applies by virtue of
Lemma 7.2, and yields

Uy (X) 0 By(L) = T(W5(X)) 0 B(Dy(L)) = W, (X) 0 @, (L),
proving (7.8). O

7.4. Definition. For every L(H)-valued process X satisfying (7.5) we define the
Ito-Integral X o L = ([ XdLy)ieo.r) by (7.6).

By virtue of Proposition 7.3, the Definition (7.6) of the Itd integral neither
depends on the choice of the eigenvalues (\;) ey nor on the eigenvectors (6§.)\)) JEN-
Now, we shall prove the announced series representation of the It6 integral.
According to Proposition 5.4, the sequences (M7);en and (N7);ey of real-valued

processes given by

i oy, 1 N
M7 .= \/}Tj(L,ej )u and N7 := \/)Tj@))\(L)’gj >@§

are sequences of standard Lévy processes.

7.5. Proposition. For every LY(H)-valued, predictable process X satisfying (7.5)
the process (£7)jen given by

¢ = Xe;, j€EN
is a (?(H)-valued, predictable process, and we have
(7.10) XeL=>Y &eM,
JEN
where the right-hand side of (7.10) converges unconditionally in M2(H).

Proof. Since @, is an isometry, for each j € N we obtain

j 1 ) 1 ) 1
M’ = L,e: = Dy (L), Pye; =
)\j< i )\j< ML), @aes ) y

Thus, by Definitions 7.4 and 6.1 we obtain

XoeL="U\(X)edy\(L)=) Wy(X) o N =) "¢ oM/
JjEN JEN

(@A(L), gM) e = N7

and, by Proposition 4.2, the series converges unconditionally in M2 (H). O
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7.6. Remark. By Remark 4.3 and the proof of Proposition 7.5, the components of
the Ité integral ZjeN &7 o MY are pairwise orthogonal elements of the Hilbert space

MZ(H).

7.7. Proposition. For every L(H)-valued process X satisfying (7.5) we have the

It6 isometry
T 2 T
2
L s | <= ]

Proof. By the It6 isometry (Proposition 4.4), and since ¥ is an isometry, we obtain

T 2 T 2
E H/ XdL, =E H/ U\ (X5)d®y(L)s
0 H 0 H
T T
=E[ / ||wxs>||§2<mds} =E[ / ||Xs||ig(H)ds],
completing the proof. O

We shall now prove that the stochastic integral, which we have defined so far,
coincides with the It6 integral developed in [16]. For this purpose, it suffices to con-
sider elementary processes. Note that for each operator S € L(U, H) the restriction
S|v, belongs to LY(H), because

A
SIS < SIS wmllesll? = 1812w D IVAzel M 17,
j=1 j=1 j=1

=113 0 > A < 0.
j=1

7.8. Proposition. Let X be a L(U, H)-valued simple process of the form
X = Xo]l{o} + ZXi]l(tigti+1]
i=1

with 0 = t; < ... < thy1 = T and Fi,-measurable random variables X; : @ —
L(U,H) fori=0,...,n. Then we have

n
Xlp, @ L=>_ X;(L'+ — L")
i=1
Proof. The process ¥y (X|y,) is a £2(H)-valued simple process having the repre-

sentation

n
‘I’/\(X|U0) = \I/X(X0|Uo)]l{0} + Z\II/\(Xi‘UO)]l(ti,tiJrl]'

i=1
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Thus, by Proposition 4.5, and since ®, is an isometry, we obtain

Xlu, o L=Ux(X]y,) e @a(L) = D> WA(Xify, ) (N7)F+r — (N7)*)

i=1 jEN
(@A(L+ — L), g3

) ZZ VA
= ZZX el \) Ltﬁrl Lt (I) 1 (A) — iZXi6§A)<Lti+1 _ Lti,6§A)>U

i=1 jEN i=1 jEN
_ ZX <Z Lti+1 Lt‘ G(A) (A)> ZX Lti+1 — Lti)’
JEN
completing the proof. O

Therefore, and since the space of simple processes is dense in the space of all
predictable processes satisfying (7.5), see, e.g. [16, Cor. 8.17], the It0 integral (7.6)
coincides with that in [16] for every L3(H)-valued, predictable process X satisfying
(7.5). In particular, for a driving Wiener process, it coincides with the It6 integral
from [4, 17, 10].

By a standard localization argument, we can extend the definition of the Ito
integral to all predictable processes X satisfying

T
(7.11) ]P’(/O 1 [0y ds < oo> =1 forall T >0.

Since the respective spaces of predictable and adapted, measurable processes are
isomorphic (see [22]), proceeding as in the [22, Sec. 3.2], we can further extend
the definition of the It integral to all adapted, measurable processes X satisfying
(7.11).
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