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ABSTRACT. In the spirit of [3], we investigate term structure models driven by
Wiener processes and Poisson measures with forward curve dependent volatil-
ities. This includes a full existence and uniqueness proof for the corresponding
Heath-Jarrow-Morton type term structure equation. Furthermore, we charac-
terize positivity preserving models by means of the characteristic coefficients,
which was open for jump-diffusions. A key role in our investigation is played
by the method of the moving frame, which allows to transform term structure
equations to time-dependent SDEs.
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1. INTRODUCTION

Interest rate theory is dealing with zero-coupon bonds, which are subject to a
stochastic evolution due to daily trading of related products like coupon bearing
bonds, swaps, caps, floors, swaptions, etc. Zero-coupon bonds, which are financial
assets paying the holder one unit of cash at maturity time 7', are conceptually
important products, since one can easily write all other products as derivatives on
them. We always assume default-free bonds, i.e. there are no counterparty risks
in the considered markets. The Heath-Jarrow-Morton methodology takes the bond
market as a whole as today’s aggregation of information on interest rates and one
tries to model future flows of information by a stochastic evolution equation on the
set of possible scenarios of bond prices. For the set of possible scenarios of bond
prices the forward rate proved to be a flexible and useful parametrization, since
it maps possible states of the bond market to open subsets of (Hilbert) spaces of
forward rate curves. Under some regularity assumptions the price of a zero coupon
bond at ¢t < T can be written as

P(t,T) = exp ( - /tT f(t,u)du)

where f(¢,T) is the forward rate for date T. We usually assume the forward rate
to be continuous in maturity time 7. The classical continuous framework for the
evolution of the forward rates goes back to Heath, Jarrow and Morton (HIM) [23].
They assume that, for every date T, the forward rates f(¢,T) follow an Itd process
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of the form

d
(1.1) df(t,T) = a(t,T)dt + Y o’ (t, T)dAW{, t€ [0,
j=1
where W = (W!,..., W4%) is a standard Brownian motion in R%.

There are several reasons for generalizing the HIM framework (1.1) by introduc-
ing jumps. Namely, this allows us to model the impact of unexpected news about
the economy, such as interventions by central banks, credit events, or (natural)
disasters. Indeed, there is strong statistical evidence in the finance literature that
empirical features of the data cannot be captured by continuous models. We also
mention that for the particular case of deterministic integrands « and o in (1.1),
as it is for the Vasicek model, the log returns for discounted zero coupon bonds
are normally distributed, which, however, is not true for empirically observed log
returns, see the discussion in [37, Chap. 5].

Bjork et al. [3, 4], Eberlein et al. [10, 11, 12, 13, 14, 15] and others ([38, 26, 24])
thus proposed to replace the classical Brownian motion W in (1.1) by a more
general driving noise, also taking into account the occurrence of jumps. Carmona
and Tehranchi [6] proposed models based on infinite dimensional Wiener processes,
see also [16]. In the spirit of Bjork et al. [3] and Carmona and Tehranchi [6], we
focus on term structure models of the type

(1.2)  df@t,T)=a(t,T)dt + o(t, T)dW; + / (¢, z, T)(p(dt,dx) — F(dz)dt),

where W denotes a (possibly infinite dimensional) Wiener process and, in addition,
1 is a homogeneous Poisson random measure on Ry x E with compensator dt ®
F(dx), where E denotes the mark space.

For what follows, it will be convenient to switch to the alternative parametriza-
tion

Tt(g) = f(t,t—i—f), £>0

which is due to Musiela [32]. Then, we may regard (r):;>0 as one stochastic process
with values in H, that is

TIQXR+—>H,

where H denotes a Hilbert space of forward curves h : Ry — R to be specified later.
Recall that we always assume that forward rate curves are continuous. Denoting by
(St)t>0 the shift semigroup on H, that is Sh = h(t + -), equation (1.2) becomes in
integrated form

t t
(€)= Siho(©) + | Sewalss+ Qds+ [ Siiols.s+ aw,
(1.3) 0 0

+ /Ot /E Si—sv(s, 2,8 + &) (u(ds, dx) — F(dx)ds), t>0

where hg € H denotes the initial forward curve and S;_; operates on the functions
€ as,5+6), £ 05,5+ £) and £ = y(s,2,5+€).
From a financial modeling point of view, one would rather consider drift and
volatilities to be functions of the prevailing forward curve, that is
a:H— H,
o/ :H— H, forallj
v:HxFE— H.
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For example, the volatilities could be of the form o7 (h) = ¢;(¢1(h),...,¢,(h)) for
some p € N with ¢; : R® — H and ¢, : H — R. We may think of ¢;(h) =
é Jo" h(n)dn (benchmark yields) or £;(h) = h(&;) (benchmark forward rates).

The implied bond market

(1.4) P, T) = exp (— /0 T_trt(g)a%)

is free of arbitrage if we can find an equivalent (local) martingale measure Q ~ P
such that the discounted bond prices

(1.5) exp ( _ /0 t rs(O)ds> P, T), tel0,T]

are local Q-martingales for all maturities T'. In the sequel, we will directly specify
the HJIM equation under a martingale measure. More precisely, we will assume that
the drift « = agym : H — H is given by

(1.6) anna(h) = 3 o7 (W) () — / ~(h, ) (e“haw) - 1) F(dz)
- E
J

for all h € H, where we have set

| ¢
(1.7) S (h)(€) 1= /O o7 (h)()dn, for all j

13
(18) T (h,a)(€) = / y(hy ) (7).

According to [3] (if the Brownian motion is infinite dimensional, see also [16]),
condition (1.6) guarantees that the discounted zero coupon bond prices (1.5) are
local martingales for all maturities 7', whence the bond market (1.4) is free of
arbitrage. In the classical situation, where the model is driven by a finite dimensional
standard Brownian motion, (1.6) is the well-known HJM drift condition derived in
[23].

Our requirements lead to the forward rates (r;);>0 in (1.3) being a solution of
the stochastic equation

t t
ry = Siho —|—/ Si—samgm(rs)ds —|—/ Si_so(rs)dWy
(1.9) 0 0

+/0 /E Si—sy(rs—,z)(p(ds,dx) — F(dx)ds), t>0

and it arises the question whether this equation possesses a solution. To our knowl-
edge, there has not yet been an explicit proof for the ezistence of a solution to
the Poisson measure driven equation (1.9). We thus provide such a proof in our
paper, see Theorem 3.4. For term structure models driven by a Brownian motion,
the existence proof has been provided in [16] and for the Lévy case in [19]. We also
refer to the related papers [36] and [28].

In the spirit of [8] and [35], an H-valued stochastic process (r;);>o satisfying
(1.9) is a so-called mild solution for the (semi-linear) stochastic partial differential
equation

(1.10)
{ dry = (d%rt + amm(re))dt + o (r)dWy + [ y(re—, ) (p(dt, dz) — F(dz)dt)
ro = ho,

where % becomes the infinitesimal generator of the strongly continuous semigroup
of shifts (St)t20~
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Asin [20], we understand stochastic partial differential equations as time-dependent
transformations of time-dependent stochastic differential equations with infinite di-
mensional state space. More precisely, on an enlarged space H of forward curves
h : R — R, which are indexed by the whole real line, equipped with the strongly
continuous group (Uyp)ier of shifts, we solve the stochastic differential equation

dft = U_tEOéHJM (TFUtft)dt + U_téa(ﬂ'Utft)th
(1.11) + [p U—tby(nU foo, ) (u(dt, dz) — F(dx)dt)
fO = £h07

where ¢ : H — H is an isometric embedding and 7 : H — H is the orthogonal
projection on H, and afterwards, we transform the solution process (f;)i>0 by
ry := U f¢ in order to obtain a mild solution for (1.10). Notice that (1.11) just
corresponds to the original HIM dynamics in (1.2), where, of course, the forward
rate fi(7T') has no economic interpretation for T < t. Thus, we will henceforth refer
to (1.11) as the HIM (Heath-Jarrow-Morton) equation.

We emphasize that knowledge about the HIM equation (1.11) is not necessary
in order to deduce existence and uniqueness for the forward curve evolution (1.10).
The only thing we require in order to apply the existence result from [20] is that we
can embed the space H of forward curves into a larger Hilbert space J, on which
the shift semigroup extends to a group. The point of the “method of the moving
frame” from [20] is to transform an SPDE into a time-dependent SDE on 3, but
we do not need the particular structure of this extension.

Our existence result of this paper generalizes that for pure diffusion models
from [16] and for term structure models driven by Lévy processes from [19] (we
also mention the papers [36] and [28] concerning Lévy term structure models), see
Corollary 3.6. As described above, in order to establish the proof we apply a result
from [20], which contains existence and uniqueness results for general SPDEs on
Hilbert spaces. Other references for SPDEs on Hilbert spaces are [1] and [29]. Since
the HIM drift term agpyy is of the particular form (1.6), we have to work out
sufficient conditions which permit an application of this existence result.

In practice, we are interested in term structure models producing positive for-
ward curves, since negative forward rates are very rarely observed. After estab-
lishing the existence issue, we shall therefore focus on positivity preserving term
structure models, and give a characterization of such models. The HJM equation
(1.11) on the enlarged function space will be the key for analyzing positivity of
forward curves. Indeed, the “method of the moving frame”, see [20], allows us to
use standard stochastic analysis (see [25]) for our investigations. It will turn out
that the conditions

ad(h)(€) =0, for all £ € (0,00), h € OP and all j
h+~(h,z) € P, for all h € P and F-almost all z € F
Y(h,z)(&) =0, for all £ € (0,00), h € OP¢ and F-almost all z € E

where P denotes the convex cone of all nonnegative forward curves, and 0F% is the
“edge” consisting of all nonnegative forward curves h with h(§) = 0, are necessary
and sufficient for the positivity preserving property, see Theorem 4.24. For this pur-
pose, we provide a general positivity preserving result, see Theorem 4.20, which is
of independent interest and can also be applied on other function spaces. Positivity
results for the diffusion case have been worked out in [27] and [30]. In particular,
we would like to mention the important and beautiful work [34], where, through an
application of a general support theorem, positivity is proved. We shall also apply
this general argument for our reasonings.
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The remainder of this text is organized as follows. In Section 2 we introduce
the space Hg of forward curves. Using this space, we prove in Section 3, under ap-
propriate regularity assumptions, the existence of a unique solution for the HJMM
equation (1.10). The positivity issue of term structure models is treated in Section
4. There, we show first the necessary conditions with a general semimartingale ar-
gument. The sufficient conditions are proved to hold true by switching on the jumps
“slowly”. This allows for a reduction to results from [34]. For the sake of lucidity,
we postpone the proofs of some auxiliary results to Appendix A.

2. THE SPACE OF FORWARD CURVES

In this section, we introduce the space of forward curves, on which we will solve
the HIMM equation (1.10) in Section 3.

We fix an arbitrary constant 3 > 0. Let Hg be the space of all absolutely
continuous functions h : Ry — R such that

1/2
nhw=@wW+A|mmw%Q <.

Let (S¢)i>0 be the shift semigroup on Hg defined by Sih := h(t + -) for t € R;.
Since forward curves should flatten for large time to maturity £, the choice of
Hpg is reasonable from an economic point of view.
Moreover, let Hg be the space of all absolutely continuous functions A : R — R
such that

1/2
IWW@WW+AW@%W%) <o

Let (Ut)ter be the shift group on Hg defined by Uzh := h(t + -) for t € R.
The linear operator ¢ : Hg — JHp defined by

am&wz{ﬁg’fig he Hy

is an isometric embedding with adjoint operator 7 := £* : Hg — Hpg given by
7T(h) = h|R+, h e fH:g.

2.1. Theorem. Let > 0 be arbitrary.

(1) The space (Hg,| - |Ig) is a separable Hilbert space.

(2) For each € € Ry, the point evaluation h — h(§) : Hg — R is a continuous
linear functional.

(3) (St)e>0 is a Co-semigroup on Hg with infinitesimal generator d% : D(d%) -
Hg — Hg, d%h =1, and domain

D(dif) = {h S H5|h/ (S Hﬁ}.

(4) Each h € Hpg is continuous, bounded and the limit h(co) := limg_,o0 h(§)
exists.

(5) HY:={h € Hg|h(cc) =0} is a closed subspace of Hyg.

(6) There are universal constants Cy,Ca, C3,Cy > 0, only depending on 3, such
that for all h € Hg we have the estimates

(2.1) 7| L1,y < Chllh|s,
(2.2) [l ooy ) < Collhllg,
(2.3) [h = h(co)[[Lr ) < Csllhlls,
(2.4) [(h = h(o0))*e”® || L1 (m,) < Callh][3-
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(7) For each ' > B, we have Hg: C Hpg, the relation
(2.5) 1hlls < l[hllgr,  h € Hg

and there is a universal constant Cs > 0, only depending on 8 and (', such
that for all h € Hg: we have the estimate

(2.6) I(h = h(o0))2e* |l L1e, ) < Cs|Il3 -
(8) The space (Hg, || - |lg) is a separable Hilbert space, (Up)ier is a Co-group
on Hg and, for each & € R, the point evaluation h — h(§), Hg — R is a
continuous linear functional.
(9) The diagram
He —— Hg

[

Hg L) Hg
commutes for every t € Ry, that is
(27) 7rUt€ = St fO’f' allt € R+.

Proof. See Appendix A. O

3. EXISTENCE OF TERM STRUCTURE MODELS DRIVEN BY WIENER PROCESSES
AND POISSON MEASURES

In this section, we establish existence and uniqueness of the HIMM equation
(1.10) with diffusive and jump components on the Hilbert spaces introduced in the
last section.

Let 0 < B < ' be arbitrary real numbers. We denote by Hg and Hpg: the Hilbert
spaces of the previous section, equipped with the strongly continuous semigroup
(St)¢>0 of shifts, which has the infinitesimal generator d%.

In the sequel, (2, F, (F1)i>0, P) denotes a filtered probability space satisfying the
usual conditions.

Let U be another separable Hilbert space and let @ € L(U) be a compact, self-
adjoint, strictly positive linear operator. Then there exist an orthonormal basis {e; }
of U and a bounded sequence A; of strictly positive real numbers such that

Qu = Z)\j<u,ej>ej, uelU
J
namely, the A; are the eigenvalues of ), and each e; is an eigenvector corresponding
to \j, see, e.g., [41, Thm. VL.3.2].
The space Uy := Q'/?(U), equipped with the inner product

<’U,, U>Uo = <Q_1/2’LL, Q_1/2U>U7

is another separable Hilbert space and {y/A;je;} is an orthonormal basis.

Let W be a Q-Wiener process [8, p. 86,87]. We assume that tr(Q) = Zj Aj < oo.
Otherwise, which is the case if W is a cylindrical Wiener process, there always exists
a separable Hilbert space U; O U on which W has a realization as a finite trace
class Wiener process, see [8, Chap. 4.3].

We denote by L3(Hg) := Lo(Up, Hg) the space of Hilbert-Schmidt operators
from Uy into Hg, which, endowed with the Hilbert-Schmidt norm

1@l gy =, [ D Ailles|2, @ € LY(Hp)
i

itself is a separable Hilbert space.
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According to [8, Prop. 4.1], the sequence of stochastic processes {37} defined as
B = ﬁ(VV, e;) is a sequence of real-valued independent (J;)-Brownian motions
j

and we have the expansion
(31) W:Z\/)\jﬁjej,
J

where the series is convergent in the space M?2(U) of U-valued square-integrable
martingales. Let ® : QxR — L(Hpg) be an integrable process, i.e. @ is predictable
and satisfies

T
IP’(/O ||(I)t||ig(Hﬁ)dt < oo> =1 forall T e R,.

Setting ®7 := |/\;Pe; for each j, we have

t t
(3.2) / AW, = / dIdpl, teRy
0 j 0

where the convergence is uniform on compact time intervals in probability, see [8,
Thm. 4.3].

Let (E, &) be a measurable space which we assume to be a Blackwell space (see
[9, 22]). We remark that every Polish space with its Borel o-field is a Blackwell
space.

Furthermore, let ;& be a homogeneous Poisson random measure on Ry x E, see
[25, Def. I1.1.20]. Then its compensator is of the form dt ® F(dz), where F is a
o-finite measure on (E, ).

Let measurable vector fields o : Hg — L5(Hg) and v : Hg x E — Hp, be
given, where the subspace Hg was defined in Theorem 2.1. For each j we define
o : Hg — Hj as 07 (h) := \/A;o(h)e;. We shall now focus on the HIMM equation
(1.10).

3.1. Assumption. We assume there exists a measurable function ® : E — Ry
satisfying

(3.3) IT'(h,z)(€)] < ®(x), heHg, zxecFE and{ Ry

a constant L > 0 such that

(3.4) lo(h1) = o(h2)llLgm,) < Lllh1 — h2llp
1/2

(3.5) (/Eeq’(“’lv(hhw) —’V(hzw)%'F(dw)) / < Li[hy = halls

for all hy,hy € Hg, and a constant M > 0 such that

(3.6) lo Mg, < M

(3.7) /E€¢(z)(||7(h7x)||%/ Vv (h,2) |5 ) F(de) < M

for all h € Hg. Furthermore, we assume that for each h € Hg the map

(3.8) ag(h) = —/E'y(h,:r) (er(h’x) - 1) F(dx)

is absolutely continuous with weak derivative

d d
(3.9) —as(h) = / ~(h, ) 2" 5 F(dz) — / 2 y(h, ) (eWw) - 1) F(dz).

dg Jo pdg
3.2. Remark. The proof of Proposition 3.3 below gives rise to the following remarks
concerning conditions (3.8), (3.9) from Assumption 3.1.
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e For each h € Hg the map as(h) is well-defined (that is, for every £ € Ry
the integral in (3.8) exists) and continuous (but not necessarily absolutely
continuous) with as(h)(0) =0 and limg_,o a2 (h)(€) = 0.

o If aa(h) is absolutely continuous for some h € Hg, then we have as(h) €
HY.

. Foﬁr Lévy driven term structure models we can verify conditions (3.8) and
(8.9) directly, see Corollary 3.6 below.

e Let h € Hg be such that y(h,x) € CY(Ry) for all x € E. Suppose for each
& € Ry there exist 6 = §(h,&) > 0 and C = C(h,&) > 0 such that

d
‘dnv(h,x)(n)‘ < Clly(ha)lls for allz € E and g € (€ — 8, +6) N R,

Then, we even have as(h) € CH(Ry) with derivative (3.9).

3.3. Proposition. Suppose Assumption 3.1 is fulfilled. Then we have apym(Hg) C
Hg and there is a constant K > 0 such that

(3.10) o (h) — angm(he)|ls < Kl|h1 — ha|lg
for all hi,ho € Hp.

Proof. Note that agyjy = a1 + g, where

o (h) == Zaﬂ'(h)zj(h), h € Hyg

and ao is given by (3.8). By [16, Cor. 5.1.2] we have o7 (h)¥?(h) € HY, h € Hg for
all j. For an arbitrary h € Hg we obtain, by using [16, Cor. 5.1.2] again,

Z o7 ()27 (R) |5 < 1/3(CF +2C4) Z lo? (M) 15 = 1/3(C5 + 2Ca)llo (M) |2y s1,)

and hence, we deduce a1 (Hg) C Hg.

Let h € Hg be arbitrary. For all z € E and £ € Ry we have by (2.2) and (2.5)
(3.11) (B, 2) ()] < Cally(h, 2)llg < Cally(h, z)lls,
and for all z € E and £ € Ry we have by (3.3), (2.3) and (2.5)

(3.12)
| © — 1] <P 0(h, 2)(€)] < €™ |ly(h, 2) || L1 (ry) < Coe®@ly(h, 2)|p-

Estimates (3.11), (3.12) and (3.7) show that lim¢ o0 a2(h)(§) = 0. From (3.3),
(3.11), (3.7) and (2.6) it follows that

/R+ ( [E W(h,96)(6)26F(“><5>F(dgc))2 % dg

<CiM ( / v(h,w)(&)ge“h’x”f)F(dx)) ePdg
Ry \JE
<cim [ ) [ aa)ereasan)

< C2MCs / @ ||y (h, 2) |3 F(d) < C2M2Cs.
E
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We obtain by (3.12), Hélder’s inequality, (3.7) and (2.5)

/ (/ jg (h, z)(€) (eF(h,z)(E) _1> F(dx))zeﬁgdg

d , ?
<t ([l IR 1,0 Flds) ) e

<C2M/ P(x) /
Ry

< C’3M/ e |y (h, 2)|[3 F(dz) < C2 M2,
E

v(h,z)(E) e

ﬂ’fdgF(d:c)

dfhx)

In view of (3.9), we conclude that as(Hg) C Hg, and hence ap(Hg) C Hg.

Let hq,he € Hg be arbitrary. By [16, Cor. 5.1.2], Hélder’s inequality, (3.4) and
(3.6) we have

a1 (h1) — ai(h2)llp

< /(G +200) S (107 ()| + o7 () [)]07 (k) = (ko)
< V3 + 2c4>\/Z<|oj<h1>||ﬁ * ||0j(h2)||ﬁ)2\/z I3 () = 09 (ha)1

< \/6(C3 +2C1)(lo(h)ll gy + llo(h2) | Lgaapy) o (h) — o (h2)ll Ly ()
< 2ML7/6(C2 + 2Cy)||h1 — hol| -

Furthermore, by (3.9),

ao(hy) — aa(ho)||3 < 4(11 + Io + I3 + 1),

where we have put

2
I = / (/ v(hy,z)(€)? (er(hl’w)(g) - er(h””)(g)) F(dx)) ePede,
Ry \JE

I := /]R+ (/E eF(h?’l)(f)(v(hlaw)(§)2—W(hzw)(ﬁ)z)F(dw))zeﬂ{d&
I = / ( / jg (h, 2)(8) (0O = (Pt (©)) (dm>)2eﬁfdf,
-/ + ([ (w0 1) (ferthn,a)(©) - rthaa)(©)) F(dz))zeﬁida.

We get for all z € E and £ € Ry by (3.3), (2.3) and (2.5)

1

S

et )€ — H O] < @D (R, 2) () — T(ha, 2)(6))]

(3.13)
< Ol (@) = bz, @)1 ey < Coe™@ 9k, ) = (o, ) |
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Relations (3.13), Holder’s inequality, (3.5), (2.4), (2.5) and (3.7) give us
2
=0 [ ([ Ao ©2eH A s 2) (a0 Flde) ) e
R, \JE
< C2L2(hy — b3 / £?(@) / (b, ) (€)3e e de P (dx)
E R,

< C3L2Cu|hn — th%/ e*@|ly(hy, )| F(da) < CFLACaM by — ho3.
E

For every £ € Ry we obtain by (3.11) and (3.7)
(3.14)

/E @) (y(hy, 2) () + Y(ha, ) (€))2 F(da)
<9 / @ (y(hy, 2)(€) + (ha, )(€)?) F (da)
E

<263( [ Ol P + [ Ol Fan) ) < acir
E E
Using (3.3), Holder’s inequality, (3.14), (2.6) and (3.5) we get

T 2, T e22(@)
IQg/&(/Ew(hl, )(€) + 7 (ha, 2)())
2
x 32 (y (R, 2)(€) - v(hm)(é))F(dﬂf)) e
<4C2M [E £?®) / (V(h1, 2)(€) — 7 (ha, 2)(€))2e* dEF (da)

<ACEMCs [ ¥ (b, 0)€) ~ (R, 2)(€) I} Flde)
B
<4C3MC5L||hy — hal[3.
Using (3.13), Holder’s inequality, (3.5), (2.5) and (3.7) gives us

e (/&

x ePedg

d
< C§L2Hh1 _h2||%ée¢(w)4 dig
+

< C3L2||hy — hall} / e*@|ly(h, 2)||3 F(da) < C3L*M||hy — hall3-
E

2
(h1,)(€)|e2®@e3®@)||y(hy, z) 7<h2,z>|ﬂ/F<dos>)

2

(hy,2)(€)| e’ dEF (dz)

We obtain by (3.12), Holder’s inequality, (3.7)7 (2.5) and (3.5)

2
1= 0 [ ([ It o)l et 00| L, 2)(6) - 0 (0Pl )
x ePedg
d 2
<M [ @ [ |20 — frtha )] *acF(ae)

<CiM / e® @y (hy,z) — v(h2,2) |3 F(dx) < C5ML?||hy — hol|3.
E

Summing up, we deduce that there is a constant K > 0 such that (3.10) is satisfied
for all hy, he € Hg. O
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3.4. Theorem. Suppose Assumption 3.1 is fulfilled. Then, for each initial curve
ho € L*(Q, Fo,P; Hg) there exists a unique adapted, cadlag, mean-square continuous
Hs-valued solution (fi)i>o for the HIM equation (1.11) with fy = Lhy satisfying

(3.15) IE[ sup ||ft|/23} <oo foralTeRy,
te[0,T]

and there exists a unique adapted, cadlag, mean-square continuous mild and weak
Hpg-valued solution (ri)¢>o for the HIMM equation (1.10) with ro = ho satisfying

(3.16) ]E{ sup ||7't||?3} < oo foralTeRy,
t€[0,T)

which is given by ry = wU fy, t > 0. Moreover, the implied bond market (1.4) is

free of arbitrage.

Proof. By virtue of Theorem 2.1, Proposition 3.3 and (3.4), (3.5), (3.7), (2.5), all
assumptions from [20, Cor. 10.9] are fulfilled, which therefore applies and establishes
the claimed existence and uniqueness result.

For all h € Hg, x € E and £ € R} we have by (3.3), (2.3) and (2.5)

P o)) _ 1 — T(h, 2)(¢)] < 1.e‘D(““)F(h,ac)(ﬁ)2
(3.17) ;

xT 02 x
< 5e®@ly(h, )13 g, < 736¢(“)||V(h,x)||%f-

N =

Integrating (1.6) we obtain, by using [16, Lemma 4.3.2] and (3.17), (3.7)
. 1 )
| asmaiman =5 32007 + [ (0 <1< 2(h0)) Fld)
0 ; E

for all h € Hg. Combining [3, Prop. 5.3] and [16, Lemma 4.3.3] (the latter result
is only required if W is infinite dimensional), the probability measure P is a local
martingale measure, and hence the bond market (1.4) is free of arbitrage. O

The case of Lévy-driven HJMM models is now a special case. We assume that
the mark space is £ = R® for some positive integer e € N, equipped with its Borel
o-algebra & = B(R®). The measure F' is given by

e
(3.18) F(B) = Z/ 1p(zer)Fr(dz), B e B(RY)
k=17R
where Fi,. .., F. are Lévy measures on (R, B(R)) satisfying
(3.19) F,({0}) =0, k=1,...,e
(3.20) /(|x\2/\1)Fk(dx) <oo, k=1,...,e
R

and where the (ex)g=1,... . denote the unit vectors in R®. Note that Definition (3.18)
implies

(321) [ st@Pian) =" [ gee)Fuldo)
¢ k=1"R
for any nonnegative measurable function g : R® — R. In particular, the support of

F is contained in |J;_, span{es}, the union of the coordinate axes in R®. For each
k=1,...,elet 6" : Hg — HJ, be a vector field. We define v : Hg x R® — Hj, as

(3.22) v(h,z) = Z 5k (h)xy.
k=1
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Then, equation (1.10) corresponds to the situation where the term structure model
is driven by several real-valued, independent Lévy processes with Lévy measures
Fy. For all h € Hg and £ € R} we set

k e ¢ k _
AK(h)(€) == /6<h><n>dn, F=1,....c.

0

3.5. Assumption. We assume there exist constants N,e > 0 such that for all
k=1,...,e we have

(3.23) /{| . e Fi(dz) < oo, zé€[—(14+¢€)N,(1+¢)N]
z|>
(3.24) AEB)OI SN, he Hy € eR,
a constant L > 0 such that (8.4) and
(3.25) 6% (h1) = 6%(ha)llpr < L||h1 — halls, k=1,...,e
are satisfied for all h1,he € Hg, and a constant M > 0 such that (3.6) and
(3.26) |6 (M)|lgr < M, k=1,...e

are satisfied for all h € Hg.
Now, we obtain the statement of [19, Thm. 4.6] as a corollary.

3.6. Corollary. Suppose Assumption 3.5 is fulfilled. Then, for each initial curve
ho € L?(Q, Fo,P; Hg) there exists a unique adapted, cadlag, mean-square continuous
Hp-valued solution (fi)i>o for the HIM equation (1.11) with fo = Lho satisfying
(3.15), and there exists a unique adapted, cadlag, mean-square continuous mild
and weak Hg-valued solution (r);>o for the HIMM equation (1.10) with ro = hg
satisfying (3.16), which is given by ry := wU ft, t > 0. Moreover, the implied bond
market (1.4) is free of arbitrage.

Proof. Using (3.24), the measurable function ® : R® — R defined as
O(z) = Ni: |z, x€R®
k=1
satisfies (3.3). For each k =1,..., e and every m € N with m > 2 we have
(3.27) /R |z|™el*® Fy,(dx) < 0o, z€ (—(1+4€)N,(1+€)N).

Indeed, let z € (—(14+¢€)N, (14 €)N) be arbitrary. There exists 1 € (0, €) such that
|z| < (14 n)N. By (3.20), (3.23) and the basic inequality ™ < mle® for x > 0 we
obtain

/R|x|me‘m‘Fk(dx) §/}R|x\me(1+")N‘w|Fk(dx)

|
< 2/ || Fy (dx) + Lm/ NI B (d) < oo,
(o< 722 1) ((e=m)N)™ J{ju)>

proving (3.27). Taking into account (3.21), (3.27), relations (3.25), (3.26) imply
(3.5), (3.7). Furthermore, (3.27), the elementary inequalities

In 2
(1+n)N}

1
e —1—xz| < §z26|x|, zeR
le? —1| < |z]el®l, zeR

and Lebesgue’s theorem show that the cumulant generating functions

\Ilk(z)z/R(ez”“'—l—zx)Fk(de k=1,...,e
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belong to class C*° on the open interval (—(1 + €)N, (1 + ¢)N) with derivatives
W) = [ (e = )il
\Ilém)(z) = /Rmme”Fk(dx), m > 2.

Therefore, and because of (3.21), we can, for an arbitrary h € Hpg, write as(h),
which is defined in (3.8), as

aalh) = —};mh)%(— [ 5t wan).

Hence, as(h) is absolutely continuous with weak derivative (3.9). Consequently,
Assumption 3.1 is fulfilled and Theorem 3.4 applies. O

Note that the boundedness assumptions (3.6), (3.7) of Theorem 3.4 resp. (3.6),
(3.26) of Corollary 3.6 cannot be weakened substantially. For example, for arbitrage
free term structure models driven by a single Brownian motion, it was shown in
[31, Sec. 4.7] that for the simple case of proportional volatility, that is o(h) = ogh
for some constant oy > 0, solutions necessarily explode. We mention, however, that
[36, Sec. 6] contains some existence results for Lévy term structure models with
linear volatility.

4. POSITIVITY PRESERVING TERM STRUCTURE MODELS DRIVEN BY WIENER
PROCESSES AND POISSON MEASURES

In applications, we are often interested in term structure models producing posi-
tive forward curves. In this section, we characterize HIMM forward curve evolutions
of the type (1.10), which preserve positivity, by means of the characteristics of the
SPDE. In the case of short rate models this can be characterized by the positivity
of the short rate, a one-dimensional Markov process. In case of an infinite-factor
evolution, as described by a generic HIMM equation (see for instance [2]), this
problem is much more delicate. Indeed, one has to find conditions such that a
Markov process defined by the HIMM equation (on a Hilbert space of forward rate
curves) stays in a “small” set of curves, namely the convex cone of positive curves
bounded by a non-smooth set. Our strategy to solve this problem is the following:
First we show by general semimartingale methods necessary conditions for posi-
tivity. These necessary conditions are basically described by the facts that the Itd
drift is inward pointing and that the volatilities are parallel at the boundary of
the set of non-negative functions. Taking those conditions we can also prove that
the Stratonovich drift is inward pointing, since parallel volatilities produce parallel
Stratonovich corrections (a fact which is not true for general closed convex sets, but
holds true for the set of non-negative functions P). Then we reduce the sufficiency
proof to two steps: First we essentially apply results from [34] in order to solve the
pure diffusion case and then we “slowly” switch on the jumps to see the general
result.

Let Hg be the space of forward curves introduced in Section 2 for some fixed
B > 0. We introduce the half spaces

HY = {he Hy |h(§) =0}, €eRy
and define the closed, convex cone

pP:= () H
SO
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consisting of all nonnegative forward curves from Hg. In what follows, we shall use
that, by the continuity of the functions from Hg, we can write P as

_ +
P= ﬂ H.
£€(0,00)

Furthermore, we define the edges
OP; == {h € P|h(€) =0}, €€ (0,00).

First, we consider the positivity problem for general forward curve evolutions, where
the HIJM drift condition (1.6) is not necessarily satisfied, and afterwards we apply
our results to the arbitrage free situation.

We emphasize that, in the sequel, we assume the existence of solutions. Sufficient
conditions for existence and uniqueness are provided in [20] (we also mention the
related articles [1] and [29]) for general stochastic partial differential equations and
in the previous Section 3 for the HIMM term structure equation (1.10).

As in the previous section, we work on the space Hg of forward curves from
Section 2 for some g > 0. At first glance, it looks reasonable to treat the positivity
problem by working with weak solutions on Hg. However, this is unfeasible, because
the point evaluations at { € (0,00), i.e., a linear functional ( € Hp such that
h(§) = (¢, h) for all h € Hg, do never belong to the domain D((d%)*) of the adjoint
operator. Indeed, a well-known mollifying technique shows that for each £ € (0, c0)
the linear functional h — h/(€) : D(f£) — R is unbounded.

Therefore treating the positivity problem with weak solutions does not bring an
immediate advantage, hence we shall work with mild solutions on Hpg.

Let measurable vector fields o : Hs — Hp, 0 : Hg — LY(Hg) and v : Hg x E —
Hpg be given. Currently, we do not assume that the drift term «a is given by the HJM
drift condition (1.6). For each j we define 07 : Hg — Hpg as o7 (h) :== \/Ajo(h)e;.
We assume that for each hg € P the HJM equation

dft = U_téa(ﬂ'Utft)dt + U_tKO'(TFUtft)th
(4.1) + [ U=ty (7Us fio, @) (p(dt, dx) — F(dz)dt)
fO = Eh’O)

has at least one Hg-valued solution (f);>o. Then, because of (2.7), the transfor-
mation r; := wUy.f¢, t > 0 is a mild Hg-valued solution of the HJMM equation
(4.2)

{ dry = (d%rt + a(ry))dt + o (re)dWe + [ v(re—, x)(p(dt, dz) — F(dx)dt)

ro = ho.

4.1. Definition. The HIMM equation (4.2) is said to be positivity preserving if
for all hg € L*(Q,F0,P; Hg) with P(hg € P) = 1 there exists a solution (fi)i>o0 of
(4.1) with fo = lho such that P((\,er, {re € P}) =1, where ry := U fy, t > 0.

4.2. Remark. Note that the seemingly weaker condition P(ry € P) = 1 for all
t € Ry is equivalent to the condition of the previous definition due to the cadlag
property of the trajectories.

4.3. Definition. The HIMM equation (4.2) is said to be locally positivity preserv-
ing if for all ho € L*(Q,F0,P; Hg) with P(hg € P) = 1 there exists a solution
(fi)i>o of (4.1) with fo = Cho and a strictly positive stopping time T such that
IF’(ﬂteHh {ri~nr € P}) =1, where ry :== wUft, t > 0.

4.4. Lemma. Let hg € P be arbitrary and let (f)i>0 be a solution for (4.1) with
fo =Lhg. Set ry := wUs fr, t > 0. The following two statements are equivalent:
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(1) We have P((;er, {re € P}) = 1.
(2) We have P((;eor{fe(T) = 0}) =1 for all T € (0, 00).

Proof. The claim follows, because the processes (1¢):>0 and (f¢(T))¢ejo,7) for an

arbitrary T € (0, 00) are cadlag, and because the functions from Hg are continuous.
O

4.5. Assumption. We assume that the vector fields o : Hg — Hg and o : Hg —
LY(Hpg) are continuous and that h — [, ~(h,x)F(dx) is continuous on Hg for all
B € & with F(B) < oo.

4.6. Remark. Notice that, by Hélder’s inequality, Assumption 4.5 is implied by
Assumptions 4.10, 4.11 below, and therefore in particular by Assumption 3.1.

4.7. Proposition. Suppose Assumption 4.5 is fulfilled. If equation (4.2) is positivity
preserving, then we have

(4.3) /E’y(h,x)(f)F(da:) < 00, forall € € (0,00), h € OF¢

(14) o)~ [ 2ha)OF(d) 2 0, for all€ € (0.0%), h < OF
E
(4.5) ol (h)(€) =0, for all ¢ € (0,00), h € 0P and all j
(4.6) h+~(h,z) € P, for all h € P and F-almost all x € E.
4.8. Remark. Observe that condition (4.6) implies
(4.7 Y(h,z)(&) >0, for all { € (0,00), h € OP¢ and F-almost all x € E.

Therefore, condition (4.3) is equivalent to
/ [v(h, z)(&)|F(dx) < oo, for all & € (0,00), h € OF%.
E

Consequently, conditions (4.3) and (4.4) can be unified to

/E Iy (hy ) (€)| F(dz) < a()(€)
for all ¢ € (0,00) and h € OP;.

Proof. Let hg € P be arbitrary and let (f¢);>0 be a solution for (4.1) with fo = lho
such that P((,cg, {re € P}) = 1, where ry := nUf;, t = 0. By Lemma 4.4, for

each T € (0,00) and every stopping time 7 < T we have
(48) P(f(T) > 0) = 1.

Let ¢ € U] be a linear functional such that ¢’ := ¢e; # 0 for only finitely many j,
and let 1 : £ — R be a measurable function of the form ¢ = clp with ¢ > —1 and
B € & satisfying F\(B) < co. Let Z be the Doléans-Dade Exponential

Z —8<;¢jﬂj+/()./]5w(x)(u(ds,dx)F(dx)ds)) , t>0.

t

By [25, Thm. 1.4.61] the process Z is a solution of
t t
Zt:1+2¢j/ stﬁg'+/ /Zs,w(x)(u(ds,dx)—F(dx)ds), t>0
j 0 o JE
and, since ¢ > —1, the process Z is a strictly positive local martingale. There

exists a strictly positive stopping time 7, such that Z™ is a martingale. Due to the
method of the moving frame, see [20], we can use standard stochastic analysis, to
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proceed further. For an arbitrary T' € (0, 00), integration by parts yields (see [25,
Thm. 1.4.52])

fi(T) 2, = / fo (T)dZ, + / Zo_dfo(T) + (f(T)", Z°),

+Y Af(T)AZ,, t>0.

s<t

(4.9)

Taking into account the dynamics

fe(T) = Lho(T) + /0 U_sla(nUs f5)(T)ds + Z/o U_olo? (nU, f)(T)dp?
(4.10) J

-l-/o /EU,SEW(WUSfS,,x)(T)(,u(ds,d:v) — F(dx)ds), t>0

we have

(@) 2 = 3 / 2,0 obo? (xU,£.)(T)ds, t>0

(112) S AL(T)AZ, = / [E Zo @)Uy (7U, fo, 2)(T)pu(ds, dz), ¢ >0,

s<t
Incorporating (4.10), (4.11) and (4.12) into (4.9), we obtain

FT)Z, = M, + / Z,_ (U_Séa(wUs F)T) + 3" $U_ b0 (xU, f,-)(T)
(4.13) 0 j

+ /E (@)U oly(7U,s fs,m)(T)F(dx))ds, >0

where M is a local martingale with My = 0. There exists a strictly positive stopping
time 75 such that M7 is a martingale.

By Assumption 4.5 there exist a strictly positive stopping time 73 and a constant
& > 0 such that

|U_tnr) (Ui nrs fione)—)(T)| < &, t>0.

Let B :={x € E : hg + v(ho,z) ¢ P}. In order to prove (4.6), it suffices, since F'
is o-finite, to show that F(BNC) = 0 for all C' € & with F(C) < oo. Suppose,
on the contrary, there exists C' € € with F(C) < oo such that F(BNC) > 0.
By the continuity of the functions from Hpg, there exists T' € (0,00) such that
F(BrnC) >0, where By :={x € E: ho(T) + v(ho,z)(T) < 0}. We obtain

/ (ho, 2)(T)F(dz) < / (ho(T) + 7 (ho, ) (T)) F(dx) < 0.
BrNC

BrNC
By Assumption 4.5 and the left-continuity of the process f._, there exist n > 0 and
a strictly positive stopping time 74 < T such that

/ U_ine) V(U ipry) fFenra)— ) (T) F(dx) < —n, ¢ > 0.
BrnC

Let ¢ := 0, ¢ := %JIBTQC and 7 := /\?:1 7;. Taking expectation in (4.13) we
obtain E[f,(T)Z,] < 0, implying P(f,(T) < 0) > 0, which contradicts (4.8). This
yields (4.6).

From now on, we assume that hg € 9Pr for an arbitrary T € (0, 00).

Suppose that o7 (hg)(T) # 0 for some j. By the continuity of o (see Assumption
4.5) there exist n > 0 and a strictly positive stopping time 74 < T such that

IU_(tnry0? (mUinry fienrny—) (D) =1, ¢ > 0.
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Let ¢ € Ug be the linear functional with ¢/ = —sign(a” (ho)(T'))*E and ¢* = 0
for k # j. Furthermore, let ¢ := 0 and 7 := /\;1:1 7;. Taking expectation in (4.13)
yields E[f-(T)Z;] < 0, implying P(f-(T) < 0) > 0, which contradicts (4.8). This
proves (4.5).

Now suppose [, v(ho,z)(T)F(dx) = oo. Using Assumption 4.5, relation (4.7)
and the o-finiteness of F, there exist B € & with F/(B) < oo and a strictly positive
stopping time 74 < T such that

1 .
—*/ U_ne) Y (mUinr, fiene)— o) (T)F(dx) < —(&+1), t>0.
B

2
Let ¢ :=0, ¢ := —%ILB and 7 := /\?:1 7;. Taking expectation in (4.13) we obtain
E[f-(T)Z;] < 0, implying P(f,(T) < 0) > 0, which contradicts (4.8). This yields
(4.3).
Since F is o-finite, there exists a sequence (Bp)neny C &€ with B, 1T E and
F(B,) < 00, n € N. Next, we show for all n € N the relation

(4.14) a(ho) (T) + /E (@) (ho, ) (T)F(dz) > 0,

where ¢, := —(1 — %)]l B,- Suppose, on the contrary, that (4.14) is not satisfied
for some n € N. Using Assumption 4.5, there exist n > 0 and a strictly positive
stopping time 74 < T such that

U_ (t/\m)ga(FUt f(t/\7'4)— ) (T)

+/ Un (@) U_ (tnr) Y (TUinry fienrs)— @) (T)F(da) < —n,  ©>0.
E

Let ¢ := 0 and 7 := A\;_, 7. Taking expectation in (4.13) we obtain E[f,(T)Z,] < 0,
implying P(f,(T) < 0) > 0, which contradicts (4.8). This yields (4.14). By (4.14),
(4.3) and Lebesgue’s theorem, we conclude (4.4). O

4.9. Remark. The Cox-Ingersoll-Ross (CIR) model [7] is celebrated for its feature
to produce monnegative interest rates. At this point, it is worth pointing out that
the Hull-White extension of the CIR model (HWCIR) is not positivity preserving.
Indeed, in Musiela parametrization its term structure dynamics are given by

{drt = (d%rt+aHJM(rt))dt+a(rt)th

ro = ho,

where W is a one-dimensional Wiener process and the vector fields aynym, o : Hg —
Hg are defined as

angm(h) :== p*|h(0)|\A, h € Hg
o(h) = pv/[h(0)[X, heHg

where p > 0 is a constant, h — h(0) : Hz — R denotes the evaluation of the
short rate, and where A\ € Hg is a function with A(xz) > 0 for all x > 0 such that
A = [ X(n)dn satisfies a certain Riccati equation, see [21, Sec. 6.2] for more details.
Note that Assumption 4.5 is satisfied, because the vector fields amym, o : Hg — Hﬁo
are continuous, but condition (4.5) from Proposition 4.7 does not hold, because o
only depends on the current state of the short rate. Hence, the HWCIR model cannot
be positivity preserving.
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Indeed, we can also verify this directly as follows. According to [21, Sec. 6.2], for
any nitial curve hy € Hg the short rate Ry = r,(0), t > 0 has the dynamics

s AR, = (b(t) — IRt + py/TRAIdW,
Ry = ho(0)

for some constant ¢ € R and a time-dependent function b = b(hg) : R — R. Due

to [40], for each starting point ho(0) € R the stochastic differential equation (4.15)

has a unique strong solution, and, according to [17], this solution is nonnegative if

and only if ho(0) > 0 and b(t) > 0 for all t € Ry. By [18, Prop. 5.2], the forward

rates are given by

T
f@,T)= / b()NT — s)ds + A(T — t) Ry,
t
which implies for the initial forward curve
T
ho(T) = / b()N(T — s)ds + A(T)ho(0), T >0.
0

Having in mind that A(t) > 0 for all t > 0, we see that for certain nonnegative
initial curves hg € P the function b can also reach megative values, which yields
negative short rates. For example, take an initial curve hg € P with ho(0) > 0 and
ho(T) =0 for some T > 0.

We shall now present sufficient conditions for positivity preserving term structure
models. In the sequel, we will require the following linear growth and Lipschitz
conditions.

4.10. Assumption. We assume [}, ||7(0,)||3F (dz) < oo and that there is a con-
stant K > 0 such that

1/2
([ 1n.2) = 2(ha. )13 " < Kl ~ hals
for all hy,hy € Hg.
4.11. Assumption. We assume there is a constant L > 0 such that
(1) — eh2)llg < Li[h1 — halls,
o(h1) — o (h2)|lL9(m,) < Llh1 — ha|ls
for all hy,hy € Hg.
This ensures existence and uniqueness of solutions by [20, Cor. 10.9].

4.12. Lemma. Suppose Assumptions 4.10, 4.11 are fulfilled, and for each hg € P
we have P((,er, {re € P}) = 1, where (r)i>0 denotes the mild solution for (4.2)
with 1o = hg. Then, the HIMM equation (4.2) is positivity preserving.

Proof. Let hg € L*(Q, Fo,P; Hg) with P(hg € P) = 1 be arbitrary. There exists a
sequence (h,)nen C L2(Q, Fo,P; Hg) such that h,, — hg in L*(Q,Fo,P; Hz) and
for each n € N we have P(h,, € P) = 1 and h,, has only a finite number of values.
By assumption we have ]P’(ﬂtelR+ {ryr € P}) =1 for all n € N. Applying [20, Prop.
9.1] yields

E| sup |r — TfH% —0 forall T € Ry,
te[0,T]

showing that P((;cp, {re € P}) = 1. O

For the following Lemma 4.14 we prepare an auxiliary result, which is proven in
Appendix A.
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4.13. Lemma. Let 7 be a bounded stopping time. We define the new filtration
(fft)t>0 by F o= Frit, the new U-valued process W by W, = Wiy — Wr and the
new random measure fi on Ry x E by ji(w; B) = p(w; B;,)), B € B(Ry) ® €,
where

B, :={(t+1,2z) eRy x E: (t,z) € B}.

Then W is a Q-Wiener process with respect to (5‘}),520 and [ is a homogeneous

Poisson random measure on Ry x E with respect to (f;tt)tzo having the compensator
dt ® F(dzx). Moreover, we have the expansion

(4.16) W= VaFe,
j

where 37 defined as 3] = ﬂTH B is a sequence of real-valued independent (Fy)-
Brownian motions. Furthermore, if (r,);>0 is a weak solution for (4.2), then the
(F1)-adapted process (7y)i>0 defined by 7y := 14, is a weak solution for

(4.17)

diy = (g7 + a(f))dt + o (F)dWe + [ y(Fe, ) ((dt, da) — F(d)dt)
fo = Tr.
Proof. See Appendix A. O

4.14. Lemma. Suppose Assumptions 4.10, 4.11 are fulfilled. If equation (4.2) is
locally positivity preserving and we have (4.6), then equation (4.2) is positivity
Preserving.

Proof. Let hg € L*(Q, 5y, P; Hg) with P(hg € P) = 1 be arbitrary. Moreover, let
(r¢)e>0 be the mild solution for (4.2) with ro = ho. We define the stopping time

(4.18) 70 := inf{t > 0:r, ¢ P}.

By the closedness of P and (4.6) we have r,, € P almost surely on {7y < oco}. We
claim that P(19 = co) = 1. Assume, on the contrary, that

(4.19) P(ro < N) >0

for some N € N. Let 7 be the bounded stopping time 7 := 79 A N. We define the
new filtration ((th)t>0, the new Q-Wiener process W and the new Poisson random
measure [ as in Lemma 4.13. Note that r, € L2(Q,3"0,]P, Hpg), because, by (3.16),
we have

Elllr |13 SE[ sup ||rt||§} < .
tel0,N]

By Lemma 4.13, the (f;"t)—adapted process Ty := r,4¢ is the unique mild solution
for (4.17). Since equation (4.2) is locally positivity preserving and P(r, € P) = 1,
there exists a strictly positive stopping time 7 such that P(ﬂte]R+ Tinm, € P) = 1.
Since {79 < N} C {m0 = 7}, we obtain
rro+t € P almost surely on [0,71] N {7y < N},

which is a contradiction because of (4.19) and the Definition (4.18) of 7. Conse-
quently, we have P(7p = co) = 1, whence equation (4.2) is positivity preserving. O
4.15. Assumption. We assume o € C*(Hg; L3(Hpg)), and that the vector field

(4.20) h > Do’ (h)o?

1s globally Lipschitz on Hg.
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4.16. Remark. Note that Assumption 4.15 is satisfied if o € CZ(Hpg; LY(Hg)) and
the series (4.20) converges for every h € Hpg.

4.17. Lemma. Suppose Assumption 4.15 and relation (4.5) are fulfilled. Then we
have

(Z Do’ (h)o? (h))(€) = 0, for all £ € (0,00), h € OP%.

Proof. Let £ € (0,00) be arbitrary. It suffices to show (Do’ (h)o?(h))(§) = 0 for
all h € 0P and all j. Therefore let j be fixed and denote o = ¢7. By assumption
for all h > 0 with h(€) = 0 we have that o(h)(£) = 0. In other words the volatility
vector field o is parallel to the boundary at boundary elements of P. We denote
the local flow of the Lipschitz vector field o by FI being defined on a small time
interval | — €, €[ around time 0 and a small neighborhood of each element h € P.
We state first that the flow F1 leaves the set P invariant, i.e., Fl;(h) > 0 if h > 0,
by convexity and closedness of the cone of positive functions due to [39]. Indeed,
P is a closed and convex cone, whose supporting hyperplanes [ (a linear functional
[ is called supporting hyperplane of P at h if {(P) > 0 and I(h) = 0) are given by
appropriate positive measures p on R via

I(h) = / h(E)ulde),

whence condition (4) from [39] is fulfilled due to (4.5). Next we show that even
more holds: the solution Fl;(h) evaluated at & vanishes if h(§) = 0, which we show
directly. Indeed, let us additionally fix h € 9P, i.e., h > 0 and h(€) = 0. Looking
now at the Picard-Lindelo6f approximation scheme

t

() = h —|—/ o (™ (s))ds
0
with ¢(™(0) = h and ¢ (s) = h for s,t €] — ¢,¢[ and n > 0, we see by induction
that under our assumptions

M) =0
for all n > 0 and ¢ €] — ¢, ¢[ for the given fixed element h. Consequently — as n — oo
— we obtain that Fl;(h)(£) = 0, which is the limit of ¢(™ (). Therefore

(D)o (n))(©) = oo (FL(R))(E) =0,

since F1;(h) > 0 by invariance and Fl;(h)(£) = 0 by the previous consideration lead
to o(Fli(h))(€) = 0 for t €] — €, €[. Notice that we did not need the global Lipschitz
property of the Stratonovich correction for the proof of this lemma. O

Before we show sufficiency for the HIMM equation (4.2) with jumps, we consider
the pure diffusion case. Notice that, due to Lemma 4.17, the condition (4.4) is in
fact equivalent to the very same condition formulated with the Stratonovich drift
00, defined in (4.21) below, instead of a, since the Stratonovich correction vanishes
at the boundary of P.

In order to treat the pure diffusion case, we apply [34], which, by using the
support theorem provided in [33], offers a general characterization of stochastic
invariance of closed sets for SPDEs.

Other results for positivity preserving SPDEs, where, in contrast to our frame-
work, the state space is an L2-space, can be found in [27] and [30]. The results from
[30] have been used in [36] in order to derive some positivity results for Lévy term
structure models on L2-spaces.
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4.18. Proposition. Suppose Assumptions 4.11, 4.15 are fulfilled and v = 0. If
conditions (4.4), (4.5) are satisfied, then equation (4.2) is positivity preserving.

Proof. In view of Lemma 4.12, it suffices to show that for all hg € P we have
P(ier, {re € P}) = 1, where (r;);>0 denotes the mild solution for (4.2) with
ro = hg. Moreover, we may assume that the vector fields «, o and

(4.21) h— o°(h) := a(h) — % Z Do’ (h)o? (h)

are bounded in order to apply Nakayama’s beautiful support theorem from [34].
Indeed, for n € N we choose a bump function v, € C*°(Hg; [0, 1]) such that ¢,, =1

on B, (0) and supp(¢,) C Bp+1(0) and define the vector fields
an(h) = Yp(h)a(h), he Hg
on(h) :=Yn(h)o(h), he Hg.
These vector fields and

he o (h) = an(h) — % >_ Dal(hah(h)

are bounded by the Lipschitz continuity of «, o and ¢°, and Assumptions 4.11, 4.15
as well as conditions (4.4), (4.5) are again satisfied.

Now, we show that the semigroup Nagumo’s condition (3) from [33, Prop. 1.1]
is fulfilled due to conditions (4.4) and (4.5). Introducing the distance dp(h) from
P as minimal distance of h € Hg from P, we can formulate Nagumo’s condition as

1
(4.22) 11% inf de(sth +to®(h) +to(h)u) = 0
for allu € Uy and h € P. Fixnow h € P and u € Uy and introduce the abbreviation
7 = 0" + o(-)u, then we obviously have
FI7(h) — h

Seh + to° () + to(h)u — Sy FIZ ()| 5 = t - H ,
B

5(h) — S,

which means that
1 .
12&)1 ;HSth +to¥(h) + ta(h)u — S; F17 (h)||5 = 0.
Hence, Nagumo’s condition (4.22) can equivalently be formulated as
N o
(4.23) hrg%)nf de(St F17(h)) = 0,

for the particular choice of u € Uy and h € P, since the shortest distance projector
onto P is a Lipschitz continuous map. Due to conditions (4.4), (4.5) and Lemma
4.17, the semiflow FI° leaves P invariant by [39], the semigroup (S;)¢>0 certainly,
too, and therefore we have dp(S, F17(h)) = 0, t > 0 whence Nagumo’s condition
(4.23) is more than satisfied. O

Finally, the next result states the sufficient conditions under which we can con-
clude that equation (4.2) is positivity preserving.

4.19. Proposition. Suppose Assumptions 4.10, 4.11, 4.15 and conditions (4.3)—
(4.6) are fulfilled. Then, equation (4.2) is positivity preserving.

Proof. Since the measure F' is o-finite, there exists a sequence (B, )neny C € with
B, 1 E and F(B,) < oo for all n € N. Let hg € L*(Q,%,,P; Hz) be arbitrary.
Relations (4.4), (4.7), (4.5), Proposition 4.18 and (4.6) together with the closedness
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of P yield that, for each n € N, the mild solution (r);>o of the stochastic partial
differential equation

dri = (gri +alf) =[5 AP e)F(d))dt + o(r})dW,
(4.24) £y v @(dt, da)
rg = h
0 0

satisfies P(ﬂt€R+ ri. € P) =1, where 7 denotes the strictly positive stopping time
7:=1inf{t > 0: u([0,t] x B,) =1}.

By virtue of Lemma 4.14, for each n € N equation (4.24) is positivity preserving.
According to [20, Prop. 9.1] we have

E| sup [re—rpP3| >0 forall T € Ry,
t€[0,T]

proving that equation (4.2) is positivity preserving. O

4.20. Theorem. Suppose Assumptions 4.10, 4.11, 4.15 are fulfilled. Then, for each
initial curve ho € L*(Q,F,P; Hg) there exists a unique adapted, cadlag, mean-
square continuous Hg-valued solution (fi)i>o0 for the HJIM equation (4.1) with
fo = Lhy satisfying (3.15), and there exists a unique adapted, cadlag, mean-square
continuous mild and weak Hg-valued solution (ry)i>o for the HIMM equation (4.2)
with ro = ho satisfying (3.16), which is given by ry := wUfr, t > 0. Moreover,
equation (4.2) is positivity preserving if and only if we have (4.3)-(4.6).

Proof. The statement follows from [20, Cor. 10.9], Proposition 4.7 (see also Remark
4.6) and Proposition 4.19. O

4.21. Remark. Note that Theorem 4.20 is also valid on other state spaces. The
only requirements are that the Hilbert space H consists of real-valued, continuous
functions, on which the point evaluations are continuous linear functionals, and
that the shift semigroup extends to a strongly continuous group on a larger Hilbert
space H.

4.22. Remark. For the particular situation where equation (4.2) has no jumps,
Theorem 4.20 corresponds to the statement of [30, Thm. 3], where positivity on
weighted L?-spaces is investigated. Since point evaluations are discontinuous func-
tionals on L*-spaces, the conditions in [30] are formulated by taking other appro-
priate linear functionals.

We shall now consider the arbitrage free situation. Let o = apym : Hg — Hg in
(4.2) be defined according to the HJM drift condition (1.6).

4.23. Proposition. Conditions (4.3)-(4.6) are satisfied if and only if we have (4.5),
(4.6) and

(4.25) v(h,z)(§) =0, £ €(0,00), h € OP: and F-almost all x € E.

Proof. Provided (4.5), (4.6) are fulfilled, conditions (4.3), (4.4) are satisfied if and
only if we have (4.3) and

@26) = [ A )OI 20, ¢ (0.0, he o,
E

because the drift « is given by (1.6). By (4.7), relations (4.3), (4.26) are fulfilled if
and only if we have (4.25). O

Now let, as in Section 3, measurable vector fields o : Hg — Lg(Hg) and v :
Hg x B — Hg/ be given, where 8’ > 3 is a real number.
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4.24. Theorem. Suppose Assumptions 3.1, 4.15 are fulfilled. Then, the statement
of Theorem 3.4 is valid, and, in addition, the HIMM equation (1.10) is positivity
preserving if and only if we have (4.5), (4.6), (4.25).

Proof. The statement follows from Theorem 3.4, Theorem 4.20 and Proposition
4.23. O

Finally, let us consider the Lévy case, treated at the end of Section 3. In this
framework, the following statement is valid.

4.25. Proposition. Conditions (4.5), (4.6) and (4.25) are satisfied if and only if
we have (4.5) and

(4.27) h+6"h)xecP, heP k=1,...,e and Fy-almost all z € R
(4.28) 6"(h)(€) =0, €£€(0,00), h € AP; and all k = 1,...,e with F},(R) > 0.

Proof. The claim follows from the Definition (3.18) of F' and the Definition (3.22)
of . O

4.26. Corollary. Suppose Assumption 3.5, 4.15 are fulfilled. Then, the statement
of Corollary 3.6 is valid, and, in addition, the HIMM equation (1.10) is positivity
preserving if and only if we have (4.5), (4.27), (4.28).

Proof. The assertion follows from Theorem 4.24 and Proposition 4.25. O

Our above results on arbitrage free, positivity preserving term structure models
apply in particular for local state dependent volatilities. The following two results
are obvious.

4.27. Proposition. Suppose for each j there exists 57 : Ry x R — R, and there
are ¥y : Ry xR x E = R and ¢ : Ry — (0,00) such that

o’ (h)(€) = o([[hlls)a” (&, h(€)),  (h,€) € Hp x Ry,  for all j
’)/(h,l‘)(f) = (b(Hh”ﬁ):Y(g’ h(f),ﬂ?), (h’xaf) € H,@ X B x R-‘r'
Then, conditions (4.5), (4.6), (4.25) are fulfilled if and only if

(4.29) 57(6,0) =0, €€ (0,00), forallj

(4.30) y+ 27 y,2) 20, §€(0,00), y€Ry, 2z € H(Ry)
and F-almost all x € E

(4.31) 4(,0,2) =0, &€ (0,00) and F-almost all x € E.

Lévy term structure models with local state dependent volatilities have been
studied in [36] and [28]. In the framework of Proposition 4.25 we obtain the following
result.

4.28. Proposition. Suppose for each j there is 7 :RyxR =R, forallk=1,...,e
there is 0% : R, x R — R and there exists ¢ : Ry — (0,00) such that

ol (h)(€) = ¢(||hll)a? (& n(€)),  (h,€) € Hy xRy,  for all j
8" (h)(€) = ¢(lInlle)0" (& h(€)),  (h.€) € Hp xRy, k=1,....e.
Then, conditions (4.5), (4.27), (4.28) are fulfilled if and only if we have (4.29) and
(4.32) y+zx5k(f,y) >0, £€(0,00),yeR,z€p(Ry), k=1,... ¢
and Fy-almost all x € R
(4.33) 0% (£,0)=0, €€ (0,00) and allk=1,...,e with F(R) > 0.
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Section 5 in [36] contains some positivity results for Lévy driven term structure
models on weighted L2?-spaces. Using Proposition 4.28, we can derive the analogous
statements of [36, Thm. 4] on our Hg-spaces.

4.29. Remark. For local state dependent volatilities we can establish sufficient con-
ditions on the mappings 67, 7, ¢ resp. &7, S’“, ¢ such that Assumptions 3.1, 4.15
resp. Assumptions 3.5, 4.15 are fulfilled, which allows us to combine Theorem 4.24
and Proposition 4.27 resp. Corollary 4.26 and Proposition 4.28. We obtain such
sufficient conditions by modifying the conditions from [16, Prop. 5.4.1] in an appro-

priate manner.

APPENDIX A. ATTACHED PROOFS

In this appendix we gather the proofs of results which we have postponed for
the sake of lucidity.

Proof. (of Theorem 2.1) Note that Hs is the space H,, from [16, Sec. 5.1] with
weight function w(¢) = €€, ¢ € R,. Hence, the first six statements follow from [16,
Thm. 5.1.1, Cor. 5.1.1].

For each 3’ > 3, the observation

/ |1 (&)Pe” dg < / W'(€)|%eP€de, he Hy
R

Ry

shows Hg C Hp and (2.5). For an arbitrary h € Hg: we have, by Holder’s inequality,

o) 2
/ |R(€) — h(oo)[2e e de = (/ h’(n)eéﬁ/"e—ﬁﬂ'"dn> ePede
Ry Ry 3

’ o !’ 1
B (m)[2ef d —Bndn ) ePlde < ————||nl|%..
</(/| () n)(/5 c n)e €< o I3

Choosing Cs := 7 (ﬁ/ 7y broves (2.6).

It is clear that || - || is a norm on Hpg. First, we prove that there is a constant
K7 > 0 such that
(A1) 1B N2y < Killhllg, b€ Hp.
Setting K= 2 this is established by Holder’s inequality

/|h’ &)|d¢ = /\h )|e2PlEl =2l gg
< (/th'( &)fe 36d5> v (/R Blﬁldg)l/z \/Z</R|hl(£)|2eﬂgd€>l/2'

As a consequence of (A.1), for each h € Hg the limits h(oco) := limg_,o0 h(§) and
h(—00) := limg_, o h(§) exist. This allows us to the define the new norm

1/2
s = (=00 + [ WP ae) . he st

From (A.2) we also deduce that

(A.3) 17 lLr (=) < Kilhlg, h € Hp.
Setting Ko := 1+ K7, from (A.1) and (A.3) is follows that
(A4) 1Bll oo ) < Kzl|hlls,

(A.5) 1Pl oo ) < K2|hlg
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for all h € Hg. Estimate (A.4) shows that, for each ¢ € R, the point evaluation
h — h(€), Hs — R is a continuous linear functional.
Using (A.4) and (A.5) we conclude that

1 1
—————— g < |hlg < A+ K3)7||hllg, heXH
1+ K2 IRl < hls < ( 2)2|hlls s
which shows that || - ||s and | - |3 are equivalent norms on Hg.

Consider the separable Hilbert space R x L?(R) equipped with the norm (| - |2 +
| I32%))2 - Then the linear operator T': (¥g, | -|s) — R x L*(R) given by

Th := (h(—o0), W'e2?I'),  h e %,
is an isometric isomorphism with inverse
T )@ =ut [ geHlan, (u.g) e Rx L2(®).
Since || - ||g and | - | are equivalent, (Hg, || - ||) is a separable Hilbert space.
Next, we claim that
Do :={g € Hglg' € Hp}

is dense in Hg. Indeed, C°(R) is dense in L*(R), see [5, Cor. IV.23]. Fix h € Hg
and let (g, )nen C C°(R) be an approximating sequence of k'ez?'l in L2(R). Then
we have h,, := T~ (h(—00),gn) € Dy for all n € N and h,, — h in Hz.

For each t € R and h € Hg, the function U;h is again absolutely continuous. We
claim that there exists a constant K3 > 0 such that

(A.6) U3 < (K3 +e”)||R)3,  (th) € R x Hg.
Indeed, using (A.4) we obtain
e’} 0
|U:R|3 = [R(t)]? +/ 1€+ t)[*ePede +/ W (€ +t)|2ePede
0 —00

oS} t
=P+ [P+ [ e Pe s
t —0o0

< (K3 + 1+ n)3,  he g,

Setting K3 := 1+ K3, this establishes (A.6). Hence, we have U;h € Hg for all t € R
and h € Hg and U; € L(Hg), t € R.
It remains to show strong continuity of the group (Uy):ecr. Using the observation

h(E+1t) — h(€) = t/lh’(£+st)ds, (€,6,h) € R x R x Hg
and (A.6), we obtain for each goe Dy the convergence
1Usg — gll3 = l9(t) — g(0)* + /R 19/(6+) — g/ (€)PePlelde
< g(t) — g(O) +¢* /0 1 /R 19" (€ + st)e”Fldeds
< |g(t) — g(0)[? + 12 /0 U245
<o) ~ 9O + 211 [ (0 + s

4
=lg(t) = g(0)]* + <K3t2 - %(eﬂ\tl —~ 1)) g3 =0 ast— 0.
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Hence, (Uy)ier is strongly continuous on Dy. But for any h € Hg and € > 0 there
exists g € Do with ||h — g||s < —=—. Combining this with (A.6) yields

44/ K3+66
1Uth = hllg < |Ui(h = g)llg + [1Ug — glls + llg = hlls

€ €
< VEs+ el ———— 1 ||Uig — gl + —— <
4\/I(31L€ﬁ ’ 4\/K3+6f3

for ¢ € R small enough. We conclude that (Uy).er is a Co-group on Hg.
Finally, relation (2.7) follows from the definitions of £ and . O

Proof. (of Lemma 4.13) Note that W is a continuous (F;)-adapted process with
Wy =0, and f is an integer-valued random measure on Ry x E.
We fix an arbitrary u € U. The process

exp(z?u,WQ) >0
Elexp(i{u, W))]
is a complex-valued martingale, because for all s,¢t € R} with s < t the random

variable W; — W, and the o-algebra F, are independent. The martingale (M}):>0
admits the representation

Mt =

M, = exp <2<u, W) + ;(Qu,w), t>0.

According to the Optional Stopping Theorem, the process (My4r)¢>0 is a nowhere
vanishing complex (JF;)-martingale. Thus, for s,¢ € R} with s < ¢ we obtain

Mt+'r T
E Fs| =1.
[Ms-i-f | ]

For each C € F, we get

t—s

E[1¢ exp(i(u, W, — W,))] = P(C) exp ( -3 (Qu,u>)

Hence, the random variable W, —W, and the o-algebra F, are independent, and W;—
W, has a Gaussian distribution with covariance operator (¢ — s)Q. The expansion
(4.16) follows from (3.1).

Now we fix v € R and B € € with F'(B) < co. The process

esp(ion(0.0x B)
Elexp(ivn([0,] x B)]" ' =
is a complex-valued martingale, because for all s,¢t € R} with s < t the random

variable u((s,t] x B) and the o-algebra Fy are independent. By [25, Thm. I1.4.8]
the martingale (Ny);>0 admits the representation

Nt =

N, = exp (ivu([O,t} x B) — (el — l)F(B)t), t>0.

According to the Optional Stopping Theorem, the process (Ny4-)¢>0 is a nowhere
vanishing complex (F;)-martingale. Thus, for s,t € Ry with s <t we obtain

N, ~
ﬂ«:{ s 3’8} =1.
Ns+'r

For each C € F, we get
E[1c exp(ivi((s, 1] x B))] = P(C) exp ((e“’ —1)F(B)(t - s)).

Hence, the random variable fi((s,t] x B) and the o-algebra F, are independent, and
i((s,t] x B) has a Poisson distribution with mean (¢ — s)F(B).
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Next, we claim that

T+t t ~
(A.7) / O, dW, = / O,y dW,
T 0

for every predictable process ® : Q x Ry — LY(Hp) satisfying

t
IP’(/O ||<I>s||ig(Hﬂ)ds < oo> =1

T+t t
(A.8) / U(s,z)(u(ds,dx) — F(dz)ds) = /0 V(T + s,z)(fi(ds,dz) — F(dx)ds)

for every predictable process ¥ : 2 x Ry x E — Hpg satisfying

P(/Ot/E 19 (s, 2) |2 F(dr)ds < oo> —1

for all t € Ry. If &, U are elementary and 7 a simple stopping time, then (A.7),
(A.8) hold by inspection. The general case follows by localization.
If (r)1>0 is a weak solution to (4.2), for every ¢ € D((d%)*) relations (A.7), (A.8)

yield
e =er [ (((5) e+ ot as+ [ oteam,

T+t !
+ / /E (€1 (rec 2)) (i ds, d) — F(d)ds)

= [ (((5) crreed + Gatmsa i+ [ (Cotrrraart,

+ /O /E<<’ ’y(r(‘r—&-s)_, $)>(/~L(d8, dil?) — F(d(E)dS)

for all t € R4, and

Hence, (7;):>0 is a weak solution for (4.17). O
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