WONG-ZAKAI APPROXIMATIONS WITH CONVERGENCE
RATE FOR STOCHASTIC PARTIAL DIFFERENTIAL
EQUATIONS

TOSHIYUKI NAKAYAMA AND STEFAN TAPPE

ABsTracT. The goal of this paper is to prove a convergence rate for Wong-
Zakai approximations of semilinear stochastic partial differential equations
driven by a finite dimensional Brownian motion. Several examples, including
the HIMM equation from mathematical finance, illustrate our result.

1. INTRODUCTION
Consider a semilinear stochastic partial differential equation (SPDE) of the form

{ dX(t) = (AX(6)+b(X(8))dt + Y5, 0y (X())dBI (1)
(1.1)
X(O) = X

on a separable Hilbert space (H,| - ||) driven by a finite dimensional Brownian
motion B = (B!,..., B") for some positive integer r € N.

A natural method in order to approximate the SPDE (1.1) by a sequence of
partial differential equations (PDEs) is to use the so-called Wong-Zakai approx-
imations. More precisely, on a fixed time interval [0,7] we replace the Brownian
motions B by their polygonal approximations (B, )men with step size . For each
m € N the Wong-Zakai approximation &,,(-) = &,,(-,w) : [0,7] — H is the mild
solution to the deterministic PDE

Enlt) = A& () +b(En (D) — § 57, Doy (6m(1)0;(Em(1))
(1.2) + 20521 05 (&m (1) B, (¢)

&n(0) = zo
for each w € . Under appropriate regularity conditions, the Wong-Zakai approx-

imations (&,,)men converge to the solution X of the SPDE (1.1). More precisely,
for every p > 1 we have the convergence

(1.3) lim E| sup [[&n(t) — X(6)]*| =0,
m—roo t€[07T]
see [23, Thm. 2.1].

Such a convergence result has first been proven, in the case of finite dimen-
sional SDEs, by Wong and Zakai, see [37, 38]. Their approximation result has been
generalized into several directions; namely, to the infinite dimensional case, e.g. in
(2, 3,7,8, 13,17, 18, 19, 20, 23, 29] and [31]-[35], with a view to support theorems,
e.g. in [3, 4, 15, 16, 22, 23] (we also mention the related viability result from [24]),
with a view to the theory of rough paths, e.g. in [12], for driving processes with
jumps, e.g. in [20, 27], and with a driving fractional Brownian motion, e.g. in [30].
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However, there are only very few reference dealing with convergence rates for the
Wong-Zakai approximations. In [17] and [18] the authors consider the particular
situation where the SPDE (1.1) is a second-order SPDE of parabolic type, and
in [20] it is assumed that the operator A appearing in (1.1) is the infinitesimal
generator of a compact and analytic semigroup.

Our goal in the present paper is to establish a convergence rate for (1.3) without
imposing restrictions on the generator A appearing in (1.1), that is, A is allowed
to be the infinitesimal generator of an arbitrary strongly continuous semigroup.

In order to present our main result, let us briefly outline the assumptions on the
drift b : H — H and the volatilities o4, ...,0, : H — H; the precise mathematical
framework is stated in Section 2. First, we assume that these coeflicients satisfy
standard regularity conditions:

1.1. Assumption. We suppose that the following conditions are fulfilled:

(1) The drift b is Lipschitz continuous and bounded.
2) We have o; € C2(H) for each j =1,...,r.
J b

Here CZ(H) denotes the space of all ¢ € C?(H) such that o, Do and D?c are

bounded. Then the volatilities o1,...,0, are Lipschitz continuous and bounded,
and the mapping
(1.4) p:H—H, p(x):=)_ Doj(z)o;(x)

j=1

appearing in the PDE (1.2) is Lipschitz continuous and bounded, too, which ensures
existence and uniqueness of mild solutions to the SPDE (1.1) and the PDE (1.2).

Furthermore, we assume that the conditions stated above are also fulfilled when
we consider the coefficients as mappings on the domain D(A) of the generator with
respect to the graph norm

(1.5) [2llpeay = Viel* + |Az]]2, @ € D(A).
More precisely:

1.2. Assumption. We suppose that the following conditions are fulfilled:
(1) We have b(D(A)) C D(A) and 0;(D(A)) C D(A) for each j =1,...,7.
(2) The drift blp(ay is Lipschitz continuous and bounded with respect to the

graph norm || - || pcay-
(3) We have o5|p(ay € CZ(D(A)) for each j =1,...,r with respect to the graph
norm || - ||lpcay-

Then our main result reads as follows:

1.3. Theorem. Suppose that Assumptions 1.1 and 1.2 are fulfilled, and let T > 0,
p > 1 and zo € D(A) be arbitrary. Then there is a constant C' > 0 such that for
each m € N we have

C
te[0,1] mp

where X denotes the mild solution to the SPDE (1.1) with X(0) = xo, and the
(&m)men denote the mild solutions to the PDEs (1.2) with &, (0) = .

E| sup [[&n(t) — X(1)]*"| <

The proof of Theorem 1.3 will be a consequence of the following two results:
(1) First, we will prove the stated convergence rate for the Euler-Maruyama
approximations; see Theorem 3.1.
(2) Then, we will prove the stated convergence rate for the difference between
the Euler-Maruyama approximations and the Wong-Zakai approximations;
see Theorem 4.1.
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For both steps, we will use and extend some results from [23].

The remainder of this text is organized as follows. In Section 2 we introduce
the mathematical framework and present some preliminary results. In Section 3
we provide the stated convergence rate for the Euler-Maruyama approximations,
and in Section 4 we provide the stated convergence rate for the difference between
the Euler-Maruyama approximations and the Wong-Zakai approximations. In the
remaining sections we present examples of SPDEs where our main result (The-
orem 1.3) applies. These are the HIMM equation from mathematical finance in
Section 5, and two further examples arising from natural sciences in Section 6.

2. GENERAL FRAMEWORK AND NOTATION

In this section, we introduce the mathematical framework and present some
preliminary results. Let (2, F, (F)ier, . P) be a filtered probability space satisfying
the usual conditions. Let B, ..., B" be independent standard Brownian motions for
some positive integer € N. Let H be a separable Hilbert space and let (S;);>0 be a
Co-semigroup on H with infinitesimal generator A : D(A) C H — H. Furthermore,
letb: H— H and o01,...,0,: H— H be measurable mappings.

2.1. Lemma. Suppose that o1,...,0, € CZ(H). Then the mapping p : H — H
defined in (1.4) is Lipschitz continuous and bounded.

Proof. By assumption, there exists a constant C' > 0 such that
max{ o (@) [ Doy @), [ D205 (2)]|} < C for all 2 € H and j = 1,...,7.

Therefore, for each € H we obtain
lp@)[l <> 1Doj(@)o; (@) <> Do) [loj(2)|| < rC?,
=1 j=1
proving that p is bounded. Now, let x1,z2 € H be arbitrary. Then we have

lo(z1) = pla2)ll < Y 1 Doj(@1)oj (1) — Doj(a2)o(22)]

j=1
T T
<Y Do (@)l loj (1) = oj(x2)l| + Y lloj(x2)l| || Doj(w1) — Doy ()|
j=1 j=1
< 2rC? ||y — o,
showing that p is Lipschitz continuous. O

We fix a finite time horizon T' > 0, and define the quantities

T
Om = —, meEN,
m

[t = kb, Kkom <t < (k+1)0m, k=0,...,m—1,

[th = (k+1)6m, kém <t<(k+1)6m, k=0,....m—1,
and the real-valued processes (B}, (t))¢cpo,r] for m e Nand j=1...,r as

BL0) = B + 5o (B () — B0, t€ 0.7

Note that for all m € N we have
], <t <[, telo,T],
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and that for all m € Nand all j =1...,r we have

(2.1) ) = 20 - B W)y o7

For what follows, we suppose that Assumptions 1.1 and 1.2 are fulfilled, and consider
the SPDE

{ dX(t) = (AX(t)+b(X(t)))dt + > i1 045(X(t))dB (t)
(2.2)
X(0) = o,

where the mapping b: H — His given by bi=b+ £ with p : H — H being
defined in (1.4), and for each m € N we consider the Wong-Zakai approximation
Em(:) =&m(-,w) : [0,T) — H given by the PDE

{ En(t) = AGn(t) +b(Em (1) + X5y 05 (Em (1) B, (1)
fm(o) = 2o
for each w € Q.

(2.3)

2.2. Remark. From now on, we consider the SPDE (2.2) and the PDFEs (2.3)
instead of (1.1) and (1.2). For our purposes, this is more convenient, as then we
are directly in the framework of [23, Sec. 2|, and it does not mean a restriction by
virtue of Lemma 2.1.

For each m € N we define the Euler-Maruyama approximation Y,,, inductively
as follows. We set Y,,(0) := g, and, provided that Y,, is defined on the interval
[0, kd,,] for some k € {0,...,m — 1}, we set

t

Yo (t) == Sy ks, Yo (k0p) + / Sy sb(Yo (kb)) ds
(2.4) Ko

+i k; Si-s05 (Yo (kOm))AB? (5), 1 € [kdpn, (K + 1)0m].

Note that for A = 0 (that is S; = Id for each ¢ > 0) the processes (Y,,)men coincide
with the well-known Euler-Maruyama approximations with step sizes 9,,, for SDEs.
2.3. Remark. As pointed out in [5], the naive implementation

Yo (t) 1= Y (k) + / t (A (k) + b(Yra (K6,)) ) ds

(2.5) Co
+Z/ 0 (Yo (k6))dBI (), t € [kdpm, (k+ 1)d,,].

of the Euler-Maruyama method does not work, because it might immediately lead
to some Yy, (ko) ¢ D(A). Even in our situation, where we have a well-defined
strong solution (see Proposition 2.8 below), there is no reason why the discrete
approximation (2.5) should always stay in D(A).

2.4. Lemma. For each m € N we have
t
Yo (t) = Sixg +/ St—sb(Yn([8],,))ds
0

(2.6) . |
+3 /0 Si—s0; (Yo ([s)7))dBI (), t € [0,T].
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Proof. We prove identity (2.6) inductively on each interval [0, k,,] for k =0,...,m
The identity (2.6) holds true for k = 0, because Y,,,(0) = xo. For the induction step
k — k + 1 note that for ¢ = kd,, identity (2.6) yields

kdm
Yo (KBun) = Sis.. 20 + / Stomsb(Von [s]7))ds
(2.7) ’
+Z / S50y (Vi [5]7))dBY (5).

Therefore, by (2.4) and (2.7), and noting that
(8] = kOm, 8 € [kOm, (K +1)dm),
for each ¢ € [kd, (k + 1)d,,] we obtain

Koo

Ym(t) = St_ks,, (Sk(;ml’o + A Sk57”,SlA)<Ym([S]7_n))d8
+Z /
" /k S oV ds+2 / Sims0, (Vo (5] B (5),

Om

kdm
St a0y (Vi ([5]22)) B (s >)

proving (2.6). O

2.5. Remark. With the terminology from 9], the Euler-Maruyama approzimations
(2.6) are so-called accelerated exponential Euler approximations, whereas the so-
called exponential Euler approximations would be given by

Yon(t) = Sio + /0 Sy bV ([s1,0)) ds
3 [ SprsWnlsh)aB o), el

The domain D(A) equipped with the graph norm (1.5) is a separable Hilbert
space, too, and the restriction (S¢|p(a))i>0 is a Co-semigroup on (D(A), || - [|pca))
with infinitesimal generator A on the domain D(A42). In the upcoming results, the
notation (D(A)-) fg indicates that we consider the respective integral on the state
space (D(A), | - [|pa)); see, for example, the right-hand sides of (2.10) and (2.13).
Otherwise, the integral is considered on the state space (H, || - ||), as usual; see, for
example, the left-hand sides of (2.10) and (2.13).

2.6. Lemma. Let ® :[0,7] — D(A) be a function such that

T
23) | 12 lcds < <.
0
Then the following statements are true:
(1) We have

T

(2.9) / 19(s)|ds < oc.
0

(2) For each t € [0,T] we have

(2.10) /O B(s)ds = (D(A) ) /0 B(s)ds.
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Proof. Relation (2.9) is an immediate consequence of (2.8). There is a sequence
(®")nen of simple functions " : [0, T] — D(A) such that [|® — " |pay < [|®[p(a)
for each n € N, and we have ||® — ®"|p4) — 0 for n — oo. Let t € [0,T] be
arbitrary. By Lebesgue’s dominated convergence theorem we obtain

— 0 asn— oo.
D(A)

H (D(4)-) /Ot ®(s)ds — (D(A)-) /Ot " (s)ds

We have [|® — @"|| < ||®[|p(4) for each n € N, and [|® — &"|| — 0 for n — oco.
Therefore, by Lebesgue’s dominated convergence theorem we also have

H /Ot O(s)ds — /Ot 3" (s)ds

/75 " (s)ds = (D(A)-) /75 ®"(s)ds for each n € N,
0 0

—0 asn— oo.

Noting that

we arrive at (2.10). O

2.7. Lemma. Let U be a D(A)-valued predictable process such that P-almost surely

T
(2.11) /0 H\I/(s)||2D(A)ds < 00.
Then the following statements are true:
(1) We have
T
(2.12) / [ (s)||?ds < oo.
0

(2) For eacht €[0,T] and each j =1,...,r we have

t t
(2.13) / U(s)dB’(s) = (D(A) -) / W(s)dB(s).
0 0
Proof. The proof is similar to that of Lemma 2.6, and therefore omitted. (|

The following three results show that for each starting point zy € D(A) the
mild solution X to the SPDE (2.2) with X(0) = xo, the Wong-Zakai approxima-
tions (&,)men given by the PDEs (2.3) with &,,(0) = x¢ and the Euler-Maruyama
approximations (Y,,)men given by Y,,(0) = x¢ and (2.4) take their values in D(A).

2.8. Proposition. For each xo € D(A) there exists a unique mild solution X to
the SPDE (2.2) on the state space (D(A), | - [Ipa)), and it is a strong solution to
the SPDE (2.2) on the state space H.

Proof. By a standard result (see, for example, [10, Thm. 7.2]), there is a a unique
mild solution X to the SPDE (2.2) on the state space (D(A),|| - [|p(a)); that is, a
continuous adapted process such that P-almost surely

X(t) = Syxo + (D(A)-) /O Sy_sb(X(s))ds

+) (D(4) 7)/ Si—s0j(X(s))dB7(s), te€Ry.
j=1 0
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This implies that X is also continuous in H, and by Lemmas 2.6 and 2.7 we obtain
P-almost surely

X(t) = Syzo + /O 6, b (5))ds

+2_;/0 Si—s0;(X(s))dB’(s), te€Ry,

showing that X is also a mild solution to the SPDE (2.2) on the state space H.
Furthermore, since X is continuous in (D(A), || - [[p(a)) we have P-almost surely

t t
1AX (s)ds < / 1X () lp(ayds < 0o for each ¢ € R,
0 0

Therefore X is also a strong solution to the SPDE (2.2) on the state space H. O

2.9. Proposition. For each xg € D(A) and each m € N there exists a unique
mild solution &, to the PDE (2.3) on the state space (D(A),| - |lpcay), and it
is a strong solution to the PDE (2.3) on the state space H. Moreover, for each
ke{0,...,m— 1} we have

t

fm(t) = Stfktimgm(kém) + s Stfsb(gm(s))ds

Tt
+)° / S50 (Em(8)) Bl (5)ds, t € [kdpm, (k+ 1)d,).
=1 ko
Proof. The proof is similar to that of Proposition 2.8 and Lemma 2.4, and therefore
omitted. O

2.10. Proposition. For each xo € D(A) and each m € N we have Y,,, € D(A).

Proof. Noting that Y,,,(0) = z¢ and (2.4), this is an immediate consequence of
Lemmas 2.6 and 2.7. O

2.11. Lemma. Let ¥ be an H -valued predictable process, and let p > 1 be such that

| | ' (s) P < o

Then there is a constant C > 0 such that for each j =1,...,r we have
T ) 2p T
E| sup / Si—sU(s)dB’(s) < CE[/ |\I/(s)||2pds} .
tefo, 7] I Jo 0
Proof. This follows, for example, from [14, Lemma 3.3]. O

2.12. Lemma. There is a constant C > 0 such that for all ty,ts € [0,T] witht; < to
and all x € D(A) we have

(2.14) Stz — Sty x|| < Cllz|lpayltz — tal.

Proof. According to [25, Thm. 2.2] there are constants M > 1 and w € R such that
||Se]] < Me*"  for all t > 0.

Therefore, by [25, Thm. 2.4] we obtain

tz t2
IStz — S, x| = H SsAxds|| < / |SsAx||ds
ty

t1

ta
< [ ISul I Aelds < MeT el 2 ~ 1],
ty
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proving (2.14) with C = Me*T. O

3. CONVERGENCE RATE FOR THE EULER-MARUYAMA APPROXIMATIONS

In this section, we prove the stated convergence rate for the Euler-Maruyama
approximations. The general mathematical framework is that of Section 2.

3.1. Theorem. Suppose that Assumptions 1.1 and 1.2 are fulfilled, and let T > 0,
p > 1 and xg € D(A) be arbitrary. Then there is a constant C' > 0 such that for
each m € N we have

c

E| sup |Yi(t) —X()|?"] < ,
s 1Y (2) Ol )

where X denotes the mild solution to the SPDE (2.2) with X(0) = xo, and the
(Yin)men denote Euler-Maruyama approzimations given by Yy, (0) = xo and (2.4).

We will provide the proof of Theorem 3.1 at the end of this section. For each
m € N we introduce the processes Y;, and X,, as

Vnlt) = S, Yul[ll;), € Ry,
Xn(t) =8, - X (), teRy.

Then, for each m € N we have

(3.1) Yin =X = Yo = Yi) + (Yo — X)) + (X — X).

In the upcoming proofs, we will denote by C a suitable positive constant, possibly
different from line to line, but only depending on T, p, x¢ and the parameters
(A,b,0) of the SPDE (2.2).

3.2. Proposition. There is a constant C > 0 such that for each m € N we have

E[ sup ||V (t) — Ym(t)||2p] < C(Sg;l.
€[0T

Proof. We have

V) = Fon®) = [ St bVl s + 3 /[ s (o))

H /{; St ob (Yo ([s]5))ds|| < O,

m

applying [23, Lemma 2.4] completes the proof. O

3.3. Proposition. There is a constant C > 0 such that for each m € N we have

IE{ sup || X, (t) — X(t)||2p} < Cort,
t€[0,T)

Proof. See [23, Lemma 2.5]. O

3.4. Lemma. There is a constant C > 0 such that for each m € N we have

E[ sup [Von(t) — Ym<[t1m>|2p} < o8,
t€[0,T
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Proof. Note that
Vilt) = Youl[t15) = (S — 1)Yin([1]7).
Therefore, by Lemma 2.12 we obtain

B[ sup [0~ Vo) | < CO2E| sup 1ol |
t€[0,T7] t€[0,77]

which, by virtue of Lemma 2.11 — applied with the separable Hilbert space (D(A), ||-
| pcay) — and Assumption 1.2 completes the proof. O

3.5. Proposition. There is a constant C' > 0 such that for each m € N and each
v € [0,T] we have

E[ sup ||Yon(t) — Xm(t)Qp} < C’(/ E[ sup ||V, (t) — X(t)||2p] du + 5,’;1_1>.
te[0,v] 0 te[0,u]

Proof. Note that

_ _ [t .
V(1) — Xom(t) = / Sus (b(Y ([8])) — B(X(5)))ds

[t

+Z [ s Gl — X E)aB ), e 0.7)

We have
[t . R 2p
E| sup / Se_o (b(Y (8)7)) — (X (5)))ds ]
te[0,v] 0
<c / Y (1s]) — X (s)[7)ds

Furthermore, by Lemma 2.11 we have

E| sup

te[0,v]
<c / Y ([s)5) — X (s)[27)ds

Therefore, we obtain

[t A
/0 St—s (o5 (Y ([s],n)) — 05(X(s)))dB (s)

)

E{ sup IYm(t)—Xm(t)||2p] < C(L(v) + I2(v) + I3(v)),

te[0,v]

where we have set

= ’ su e % 2P | du
he = [ 5| s V() - Ful0) ]d,

I (v) ::/ E| sup Ym(t)—Ym(t)||2p]du,
0 Lte[ou

By = [ B[ s 0 - X0

Lte[0,u]

Therefore, applying Proposition 3.2 and Lemma 3.4 completes the proof. U

Now, the proof of Theorem 3.1 is an immediate consequence of the decomposition
(3.1), Propositions 3.2, 3.3, 3.5 and Gronwall’s inequality.
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4. DISTANCE BETWEEN THE EULER-MARUYAMA APPROXIMATIONS AND THE
WONG-ZAKAI APPROXIMATIONS

In this section, we prove the stated convergence rate for the difference between
the Euler-Maruyama approximations and the Wong-Zakai approximations. The
general mathematical framework is that of Section 2.

4.1. Theorem. Suppose that Assumptions 1.1 and 1.2 are fulfilled, and let T > 0,
p > 1 and o € D(A) be arbitrary. Then there is a constant C > 0 such that for
each m € N we have

C
E| sup [|&,(t) — Y (D)]?F| < )
e = V01| < 5

where the (§m)men denote the mild solutions to the PDEs (2.3) with &,,(0) = xo,
and the (Y )men denote the Euler-Maruyama approzimations given by Y,,(0) = xg

and (2.4).

We will provide the proof of Theorem 4.1 at the end of this section. For each
m € N we introduce the processes &, and Y, as

Em(t) = tf[t]:ngm([t];z)a teRy,

Vi (t) =8, - Ym([tlm), t€Ry.
Then, for each m € N we have
(4'1) fm - Ym = (gm - Em) + (ém - Ym) + (Ym - Ym)-

4.2. Proposition. There is a constant C' > 0 such that for each m € N we have

E| sup ||§mf§_m||2p §C(5;”n*1.

t€(0,T]
Proof. See [23, Lemma 2.2]. O

We have the identity
Em(t) - Ym(t) = St_[f,],;L (gm([t]r_n) - Ym([t]r_n))a

and hence
(4.2)
_ [t]:
En(t) = Yin(t) = S, _py2 (/0 St—sb(&m(s))ds

+Z/

_“,23/° St D3 (Vo ([1))73 (Vo ([5]:2)) s

[t]n o (t],,
&s%@xm%@@—/ 8o ob(Yn([5]))ds

0

[t .
—Z/ Si-s, V(1)) )
j=1"0
Fix an arbitrary j € {1,...,7}. By equation (2.6) in [23], for each m € N we have

(4.3) 5 (&m (1) =75, 4 (t +27 t) + v s(t), t€0,T],

where the quantity fym’l(t) is given by
Vi () 1= 05(En(t)),
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the quantities 'yf;;l72(t) fori=1,...,r are given by
. — t — .
7Ly (8) = Doy (En(t)) /[ S uonEn () Bl (),
and the quantity 7#’3(15) is given by
} - t
Toalt) = Doy(Enlt)) [ Si-blEm(uw)du
[t]m
r ~ t 1 ~
Do;i(&Em —u Do (§m
#3000 En) [ 5 ([ Doty
+ 0(Em (1) = En () (Em(u) — f_m(u))dv> B}, (u)du
1 U1 _ _
[ 0060 + alent) - o)
(60 (1) = £0(0):80(0) = En(0))doa ).
We introduce the quantity Cz%l(t) as
) (t]m . .
ha®i= [ S (9B ),
0

the quantity ¢’ (t) as

m,2
) (] ) - [t],n }
ha®i= [ Sl 0B — [ S0y (Vin(ls)0)dB ),
0 0
the quantities Cf;;l’3(t) forl=1,...,r as
. [t . .
a0 = [ Sl B (o)
0

_ i /O[t]m Si—sDo; (f_m(s))(/[s; SS‘“Uj(EM(u))du> o

and

) [t]n ) L
() = / 81wy (3) B (s)ds for L # J,
0

the quantity Cf;“l(t) as

J - . s ) o u))du ) ds
bty i= 5 [ Do @) ([ SecuoEntipn)a
[t
5 [ Do (Yal[5h)os (Yol [5))s.
0
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Then we obtain

f_m(t) - Ym(t) = Stf[t]

(X a0+ a3 Y G0+ 3 6+ Gnslt))

j=11=1

m

(4.4)

4.3. Proposition. There is a constant C > 0 such that for each m € N we have
B[ suw (k.01 < oo,
te[0,T] ’

Proof. This follows from [23, Lemma 2.6]. O

4.4. Proposition. There is a constant C' > 0 such that for each m € N and each
v € [0,T] we have

| s 16017] < ["2] s 16,0 - Vu0] au+52).

te(0,v] te(0,u]

Proof. An analogous calculation as in the proof of [23, Lemma 2.9] shows that

) W
E[ sup ||<3n,2<t>||2p} SCE[ / ||m<u>||2pdu] ve 0,7,
] 0

tel0,v

where

and hence, we obtain

. 1 [U]wtb _
a0 = g [ S alosSa b)) = (S
1 [u], _ _ -
+ 5 e S[u];fa (Jj(Saf[u];LYm([u]m)) - Uj(Ym([u]m))>du

1 [ul o

[ulm

Therefore, and by Lemma 2.12 and Assumption 1.2 we obtain

1V (w)]| < Cllém([ulm) = Yo ([ul)l
+ Caes[lollg | [(Sa —1d)Yon([ul,,)

£O s (S, Sy Vi ()]
ut ~ | <om

< Cllgm([uln) = Yo ([ul) [l + Cm (1Yo ([l ) D) +1)-
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By Lemma 2.11 — applied with the separable Hilbert space (D(A), || - [|p(a)) — and
Assumption 1.2 we obtain

| s 1¢a017] < [ e (1w a

[0,0]

< C [ (Blhenul) — Yol 7]+ 62 (B [ () ] +1) )

sc( / { sup |5m<t>Ym<t>||2p}du+6$f),
0 te(0,u]

finishing the proof. o

4.5. Lemma. Let X ~ N(0,02) be a normally distributed random wvariable with
variance o2 > 0. Then, for each positive real number ¢ > 0 we have

L(g+3)
I'(3)
Proof. We have X = oY with a random variable Y ~ N(0,1). Therefore, we have

Y2 ~ x2, and by [36, Sec. 7.8.1] we obtain

E [|X[*] = 2¢ 0%,

E[IX|*] =E[loY "] = ¢*E [(Y?)!] = gr 1+ 3)
completing the proof. O

4.6. Corollary. Let g > 0 be a positive real number. Then there is a constant C > 0
such that for each m € N we have

E[\Bj((k T 1)6) — Bﬂ‘(kém)IQQ] <05

Proof. Since B’ ((k +1)8,,) — B’ (ké,,) ~ N(0,6,,) for each k = 0,...,m — 1, this
is an immediate consequence of Lemma 4.5. O

The proof of the following auxiliary result is similar to that of Lemma 2.2 in [23].

4.7. Lemma. Let ¢ > 0 be a positive real number. Then there is a constant C' > 0
such that for each m € N we have

E[ sup |Bg;1(t)2q] < Colath),
t€[0,T)
Proof. Taking into account (2.1), by Corollary 4.6 we obtain

EL:[%%]BW'%} =5§5EL§;1>T]|BJ<H )~ B ()

< o ZE[W (k4 1)6) — BY (k6,)2] < ot = 5@+,
m k} 0 m

completing the proof. O

4.8. Corollary. Let q > 0 be a positive real number. Then there is a constant C > 0
such that for each m € N we have

E[ sup ||&m(t )||D A)] < O lath),

t€[0,T]
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Proof. By Proposition 2.9, for each m € N the process £, is a solution to the
D(A)-valued integral equation

6(0) = Set + (D)) [ Siea (466D + X oD B9 ) st 0,71

Therefore, taking into account Assumption 1.2, the stated estimate is an immediate
consequence of Lemma 4.7. ]

The following result contributes to [23, Lemma 2.11], where it was shown that

merely under Assumption 1.1 (that is, without imposing Assumption 1.2) for each

each a € (%, 1) there is a constant C' > 0 such that for each [ € {1,...,r} and

each m € N we have

E[ sup |<£;;l3<t>2p} < o502,
te[0,T ’

4.9. Proposition. For each k € (0,p) there is a constant C > 0 such that for each
le{l,...,r} and each m € N we have

| sup (G201 < €35,
te[0,T] ’
Proof. Let

[tl:n B s B
Ln(t) := 6,72 /0 Si—sDoj(Em(s)) Ss—uo1(Em(u))duK,, (s)ds,

[s]m

where

) = BI([s];,)(B'(Isl) — B'([s];)),  if g #1.

Then we have drll,?)(t) = I,,(t), and hence, it has to be shown that

Kop(s) = {(Bj([s@) = BI([8]))* = O, =1,

E[ sup Im(t)||2p} < Cor.
te[0,7]

Note that
Ln(t) = 6,2 (I (8) + I3, (1) + I, (1)),

where the quantity I} (t) is defined as

[t _
IL(t) = / St Doy (Eml())

/[ S (01(En () — 01 (Em(u])) duK (),

Slm

the quantity I2(t) is defined as

[t _
(1) t=/0 Si—s(Doj(€m(s)) = Doj(&m([s],)))

Ss_u0 (fm([u];z))dUKm(S)dsv

[s]m
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and the quantity I3 (t) is defined as

[t
(1) = / S« Doy (Em([s]m)

Ss—u01(&m([ul;n))duKm(s)ds.

[s]m
Next, we define
% . (BJ((k + 1)6171) - Bj(kém))z - 5ma lf] = l>
- (BI((k +1)8m) — B (kén)) (B'((k +1)0m) — B'(k6m)), i j #1,
and we choose constants 7,6 € (1,00) such that

1 1 1
p——>kKk and —+4+-=1.
T T 60

Noting that B7 and B! are independent for j # I, by Corollary 4.6 (applied with
q = 2pf in case j = [, and applied twice with ¢ = pf in case j # ) we have

- 1/6
E [|Km(k)|2pﬂ <08 forallk=0,...,m— 1.

Now, we set

Un(t) == sup [|(Su = Id)&m@)]-
0<u<dm

By Lemma 2.12, for each ¢ € [0,T] we have

Un(t)" = sup [[(Su =1d)en ()" < C sup  u"[|&m(6)] 5%,
0<u<sm, 0<u<s

< CO|Em (D)1 50

m

Therefore, by Corollary 4.8 (applied with ¢ = pm) we obtain

E | max U,,(kd,, 2””] < E[ sup Upn(t 2””] < Céf,f“E[ sup ||&m(8)||1227
02, U (0m) 1e[0,7] ) 1€[0,7] 1em Ol
< Copms, Pt = oopr

Now we have

T s
I < C / /[ S~ T () el 5
T

<c / (5 = [8]7) U ()7 | Ko (5)]ds

O
2

—1

3

—C U (k6 m) | Ko ()|

>
Il
=)

Hence we obtain

2p m—1
Zp=1 Upn (k6,2 | K ()P
k=0

m

1L @)% < c(

2p

m? max U, (kdp)?P| K (k)|?P.

<’
0<k<m

R
M‘gof’o 1\3‘30&
— —
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By Hélder’s inequality we conclude that
| s (0] ]
t€[0,7]
/6
0<k<

52 2p 1/m B 1
o8 ] e

< CSWE2hTT 52 < Ot

Now we have
117 @) < C/O 105515z = I)Em [ (s = [s]m) [ K (s)|ds

<c / Unn([315) (5 — [8]5) | Eom () ds.

0

So by the same argument as above, we also have

E[ sup |Li<t>|ﬂ < oot
te[0,7]

Next we have

S

O (=1 L (k+1)0m,
Bio= Y /k S k8)) [ e (8 ()
k_o m m

Let us consider the process M™ = (M} )n=0,1,... m defined by

n

n

n—1 (k+1)8,, s

My = Z/ St—sDo-j(Em(k(Sm)) Ss—ual(gm(kém))dUKm(s)dS
0/ kom kSm

for n = 1,2,...,m with MJ® = 0. Then M™ is a (F,s,, )-martingale, because

E[K,,(s)] = 0 for all s € [0,T], and &,,(kd,,) is Fs,,-measurable and K,, (k) is

independent of Fys,, for all k =0,...,m — 1. Furthermore, by the Lemma 2.10 in

the paper [23], we have

m—1 p
(z g, - Mw> ]

k=0

E [ sup ||1?n<t>|ﬂ — 8 | max 02201 < 6E

t€[0,T]
( m—1
2) p]
where C), is depending only on p, and hence

k=0
m—1 (k+1)8m 2\ P
2 </k5 (S’“%)Km(s)ds)

k=0
2

52\
<C (M) mP§2 < C55P.

(k+1)m
_OE / St s D3 (€ (k1)
k

Sm

’ Ss—001(Em (kOm))duKp, (s)ds
kS

E | sup [[I5,(®)II*

t€[0,T]

<CE

2
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Combining above results, we have

E | sup [[In(®)*| < Co (6,007, + 6,7) = C(6y, + 6h,) < OO,
t€[0,T]
completing the proof. O

4.10. Proposition. There is a constant C' > 0 such that for each m € N and each
v € [0,T] we have

| swp 16.017] <0 ["E] s 16,0 - Vo] au+52).

te(0,v] tel0,u]
Proof. The proof is similar to that of [23, Lemma 2.12|. Note that
7jn,4(t) = Irjn,l(t) + I7jn,2(t) + Igﬁ,g(t) + Iil,zx(t)v

where the quantity I, J 1(t) is given by

. [t]:n
Ivjml 5 / Si— SDUJ gm (/ Ss— uUj(fm( ))du)ds

7$ /O e St_SDoj(Ym(s))< /[Sm S u0; (Von(u ))du)ds,

the quantity 1%72@) is given by

Balt) = 5 / 0 S Doy (s ))( S0 (Vi >>du)ds

m [S]m
1 [tln

. Si—sDa;(Y, Im </ Ss—u0 i (Y ([ul ))du)ds,
m Jo

the quantity I%’B(t) is given by
j 1 [t];, B s
B =5 [ D010
1 (t]m
Om

S5 (Vi [u]) ) s

[s]m
(s = [s]n)Sy (4, Do (Y ([8):)) 5 (Y ([8],) ) ds,

and the quantity I, J 4(t) is given by

(t]:m
Foa®) = 5 |76 = B8, Doy Vi[5 V(o] s

-3 / S sDo; (Y ([8;))5 (Vi ([s]5) ) ds.

We have i
ol 5| [ " S0, 6nts)
([ 5ealosténtu) - oy(Ttu)au )

[s]m

+§an /0 O S (Doy(En(s)) = Doy (Fn(s)

( " Suuoy (Y, <>>du)ds7

[S] m
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and hence

imaol<c|s | " ( /[ (1) = V() ) s

Im
[t _
+ [ 1nts) - Ym<s>ds]
[0l m
<0 [ enltdn) ~ Yalslas <€ [ (6 = Vol

for all 0 <t < wv < T. Therefore, we get

| sw 12, 00] <0 [ "B s () - (01 du

te[0,v] te[0,u]

Furthermore, we have

) [t _
IOl = 5| [ SiesDo Vo)
( [j Su (0 (Vonlu >>—oj<Ym<[u1m>>)du>ds
[t B
+5}n] [ Siee (D, (o))~ Doy Vi12)

( [S Ss-u"j(Ym([u]mdu)ds ,

slm

and hence

o< el [T [ S = ¥l s

Im

[t],.
[T, gy~ 10T s

<C sup  |[|(S,_ gz — 1) Y ([u],)[|ds.

0 [s]m<u<s

Therefore, by Lemma 2.12 we obtain
B[ sup 15,,01%7] < CE| sup 105,105 - 102 (1)1

te[0,T] te[0,T

<C53,§’E{ sup |[|Yon ([l )||D(A)]
t€[0,T]

Therefore, by virtue of Lemma 2.11 — applied with the separable Hilbert space
(D(A), || - [Ip(a)y) — and Assumption 1.2 we obtain

E[ sup 1,5 >|ﬂ < o5,

tel0,T



WONG-ZAKAI APPROXIMATIONS WITH CONVERGENCE RATE 19

Furthermore, we have
/Omm St-sD0; (Y ([s];,)

slm

i 1
I < —
501 < 5|

[t]
+ ;n’ /0 (s — [s]fn)(St_s - St_[s];b)
Do (Yin([s]n))o5 (Y ([s],))ds||,
and hence
. [t];, s
117 5@ < CHW/O (/H_ [(Ss—u Id)aj(Ym([S]m))ldU>d8

[t
[T IS = S D) (Yo (Tl |-
Therefore, by Lemma 2.12 and Assumption 1.2, we obtain
B[ s 12, 00| < oo,
te[0,7)

Moreover, we have

[t
5o |6 58 Do Vo[ Vi[5

0

S =1 (ke 1)5
1 m
HEEEY / (5 — k6,0)St—r5,. D (Yo (k1)) (Yim (ki) s
6m k=0 kdm

5 St 1

— kZ:O St—k6,, D (Y (k61)) 0 (Vi (k1))

5 W =1 (k1)60m
> / S s, Do (Yo (k61)) 05 (Y (kO ))ds
k=0 k

1
2 S

[t
=5 [ St Do el Vil .

Therefore, we have

) [tlm
La(t) = %/0 (Si_(s = St—s) Do (Y ([s]7)) 0 (Y ([5]17,)) s

Consequently, by Lemma 2.12 and Assumption 1.2, we obtain

E| sup [15,,01] < co
t€[0,T) ’
completing the proof. O

4.11. Proposition. There is a constant C' > 0 such that for each m € N and each
v € [0,T] we have

| s 16a01] < o ["E] sup 0 - Vo0l au+527).

te[0,v] te[0,u]
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Proof. Since b is Lipschitz continuous, we obtain

[t
E[ sup IICm,5(t)||2p} ZE[ sup /0 St—s (0(&m(5)) = bV ([5],))) ds

te[0,v] te[0,v]

.

< C/OU E[[[ém(s) = Yin([s],)[1P)ds < C(I1(v) + Lo (v) + I3(v)),

where
A = [ 5] swp 60 = V(0] du
0 L te[0,u]
L(v) = / E| sup ||[Vi.(t) — Ym(t)HQP] du,
0 L t€[0,u]
I3(v) = / E| sup ||V,.(t) — Ym([t];l)%} du.
0 L te[0,u]
Therefore, applying Proposition 3.2 and Lemma 3.4 completes the proof. U

Now, the proof of Theorem 4.1 is an immediate consequence of the decompo-
sitions (4.1), (4.4), Propositions 3.2, 4.2, Propositions 4.3-4.11 and Gronwall’s in-
equality.

5. AN EXAMPLE: THE HJMM EQUATION

As an example of our main result, let us consider the HIMM (Heath-Jarrow-
Morton-Musiela) equation from mathematical finance. This is a SPDE which models
the term structure of interest rates in a market of zero coupon bonds.

Let us briefly introduce the model. A zero coupon bond with maturity 7T is a
financial asset that pays the holder one monetary unit at 7. Its price at ¢ < T can
be written as the continuous discounting of one unit of the domestic currency

P(t,T) = exp ( -/ " s)ds),

where f(t,T) is the rate prevailing at time ¢ for instantaneous borrowing at time
T, also called the forward rate for date T.

After transforming the original HIM (Heath-Jarrow-Morton) dynamics of the
forward rates (see [21]) by means of the Musiela parametrization r¢(x) = f(t,t +x)
(see [6]), the instantaneous forward rate r¢(z) with maturity time x from observing
time ¢ can be considered as a mild solution to the HIMM (Heath-Jarrow-Morton-
Musiela) equation

ar(t) = (Zr(t)+alr(®), v(e)dt + Sy 2 (1), o(t)dB 1)
- o) = p(o()d+ X, A 6)dBI ()

r(0) = ro

v(0) = .

Note that we consider the HIMM equation (5.1) with stochastic volatility. More
precisely, the functions (y;);=1,... , are called volatility functions; they represent the
degree of variation of the instantaneous forward rate. If v(t) = ¢, ¢ € R, which
corresponds to 4t = 1 and A\; =0 forall j =1,...,7, then the model is called a local
volatility model. In this case, the volatility of the instantaneous forward rate with
each maturity depends on the observation time and the interest rate curve itself.
If v(t) is not deterministic, then the model is called a stochastic volatility model,
which fits more with the real interest rate market.
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In order to ensure absence of arbitrage in the bond market, we consider the
HJMM equation (5.1) under a martingale measure. Then the drift term is given by
the so-called HJM drift condition

6:2) alh o) = 3 00) [ 3y e)a)ar.

We refer, e.g., to [11] for further details concerning the derivation of the HIMM
equation (5.1) and the HIM drift condition (5.2).

The precise mathematical formulation of our model is as follows. We fix an
arbitrary constant 5 > 0. Let H s be the space of all absolutely continuous functions
h: Ry — R such that

(53) th=OWW+AJW@%“My<w-

This kind of space was introduced in [11, Sec. 5.1], where the following properties
have been proven:
e The space (f{/g, Il - llg) is a separable Hilbert space.
e For each x € Ry the point evaluation h — h(z) : ﬁg — R is a continuous
linear functional.
e The semigroup (S;);>0 of right shifts in Hy defined by Sth( )= h( +1t)is
a Co-semigroup with infinitesimal generator A given by Ah(zx) = b (x) on
the domain Dg( ) = {h S Hg W e Hﬂ}
e For each h € Hp the limit h(co) := lim, o h(z) exists, and

= {h € Hp : h(c0) = 0}

is a closed subspace of Hpg.

Let us fix an additional index 3’ > 3. We have the following additional result.

5.1. Lemma. The following statements are true:

1) The multiplication operator m : Hg x Hg — Hg given by m(h, g) = hg is a

( jZ P s x Hp FX y m(h,g) = hg
continuous bilinear operator. }

(2) We have m(Dg(A) x Dg(A)) C Dg(A), and the restriction of m is a con-
tinuous bilinear operator with respect to the graph norm.

(3) We have Hg C Hg with continuous embedding.

4) The integral operator T : HY, — Hg given by Th := n)dn is a contin-

B B 0 77

uous linear operator. }
(5) We have Z(Dp:(A) N HY,) C Dg(A), and the restriction is a continuous
linear operator with respect to the corresponding graph norms.

Proof. This is a consequence of [28, Thm. 4.1 and Lemmas 4.2, 4.3]. O

Now, let us assume the following.

5.2. Assumption. We suppose that the following conditions are satisfied:
o We have v; € C2(Hg x R; HY,) for each j =1,...,r
o We have v;(Ds(A) x R) C Dgi(A) for each j =1,.
o We have '7j|Dﬁ(A)xR € C(Ds(A) x R; Dg/(A)) for each j=1,...,r with
respect to the corresponding graph norms.

e 1 : R — R is Lipschitz continuous and bounded.
o We have \j € CZ(R) for each j =1,....r
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Now we can consider the HJM model in our SPDE framework, and rewrite the
HJIMM equation (5.1) as

{ dX(t) = (AX(t)+b(X(t))dt+ >y 0i(X(t)dBI(t)
(5.4)
X(O) = X

on the separable Hilbert space H = H, g x R with the notation

= <b2> :H — H, b'(h,v)=a(hv), b*(hv)=u),

1
0j = (?2> :H— H, oj(h,v)=";(h,v), of(hv)=X).

J

Note that the HIM drift term (5.2) has the representation

.
a=7 m(y,I).

j=1

Taking into account the Leibniz rule (see, for example [1, Thm. 2.4.4]), by virtue
of Lemma 5.1 and Assumption 5.2 we obtain that Assumptions 1.1 and 1.2 are
fulfilled. Consequently, Theorem 1.3 applies to the HIMM equation (5.4) and pro-
vides the convergence rate for the corresponding Wong-Zakai approximations. By
Proposition 2.9 and identity (2.1) the Wong-Zakai approximations &, = (0m,Cm)
for m € N are the solutions to the integral equations

t

om(t, ) = 0m (kbpm, x +t — kdp,) —|—/
kS

— Blom(s),Cm(s),z +1 =)

(oz(gm(t)7 Cm(s),z+t—23)

BJ((k + 1)67n) - Bj(k(sm)
Om

vi(om(8),Cm(s),x +t — s)) ds,

Jj=1

r

(1(6n(5) = 5 S A5G (G5

j=1

t

Cm(t) = Cm(kém) +/

kdm

"\ Bi((k+1)d,,) — BI(kd,,
+Z (( )573 (k)

A9 ) s

j=1

for t € [k, (k+1)d,,] and k = 0,...,m — 1. Note that € R in the second argu-
ment of o, (¢, ) denotes the point evaluation of the interest rate curve. Moreover,
we have used the notation

r

/B(Tv U) = 5 Z (DTrYj (’I“, U)’Yj (Tv U) + DU’Yj (’I", U))‘j (U))

j=1
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6. FURTHER EXAMPLES

In this section, we treat two further examples arising from natural sciences.
Before presenting these examples, let us recall an auxiliary result for the infinitesi-
mal generators of strongly continuous semigroups. As in the previous sections, let
A : D(A) C H — H be the infinitesimal generator of a Cy-semigroup (S;)¢>0 on
the separable Hilbert space H.

6.1. Lemma. [25, Thm. 3.1.1] Let R € L(H) be a continuous linear operator,
and let the linear operator B : D(B) C H — H be given by D(B) := D(A) and
B:= A+ R. Then B is the generator of a Cy-semigroup on H.

As our first example of this section, we consider the stochastic quantization of
the free Euclidean quantum field (cf. [26, Ex. 1.0.1])

6.1) dX(t) = (A—m*)X(t)dt +>7_ 0;dB(t)
' X(0) = o,
where m € R, denotes “mass”, and the volatilities o1, ...,0, € D(A) are constant.

Here we choose the state space H = L2(R?), and the Laplace operator A is de-
fined on the domain D(A) = W2(R?). Taking into account Lemma 6.1, we see
that Assumptions 1.1 and 1.2 are fulfilled, and hence Theorem 1.3 applies to the
SPDE (6.1) and provides the convergence rate for the corresponding Wong-Zakai
approximations.

Another example is the stochastic cable equation (cf. [10, Ex. 0.8])

62) { av(t) = L(NAV(t) = V(t)dt+ > ;_, 0;dBI(t)
. V(O) = o,

where A > 0 denotes the length constant, 7 > 0 denotes the time constant of the
electric cable, and the volatilities oy, ...,0, € D(A) are constant. Here we choose
the state space H = L?((0,7)), and the Laplace operator A is defined on the
domain D(A) = W2((0,7)) N HE((0,)). Taking into account Lemma 6.1, we see
that Assumptions 1.1 and 1.2 are fulfilled, and hence Theorem 1.3 applies to the
SPDE (6.2) and provides the convergence rate for the corresponding Wong-Zakai
approximations.
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