INFINITE DIMENSIONAL AFFINE PROCESSES

THORSTEN SCHMIDT, STEFAN TAPPE, AND WEILJUN YU

ABSTRACT. The goal of this article is to investigate infinite dimensional affine diffusion
processes on the canonical state space. This includes a derivation of the corresponding
system of Riccati differential equations and an existence proof for such processes, which
has been missing in the literature so far. For the existence proof, we will regard affine
processes as solutions to infinite dimensional stochastic differential equations with values
in Hilbert spaces. This requires a suitable version of the Yamada-Watanabe theorem,
which we will provide in this paper. Several examples of infinite dimensional affine
processes accompany our results.

1. INTRODUCTION

Affine processes constitute an important model class due to their analytical tractability; in
particular regarding applications in the field of mathematical finance. There is a substantial
literature about affine processes in finite dimension. We refer, for example, to [13, 16, 19,
28, 20] for affine processes on the canonical state space, and to [6, 35, 29, 11, 27, 7] for
affine processes on more general state spaces. Some recent and related developments are
affine processes with stochastic discontinuities (see [30]), affine processes under parameter
uncertainty (see [15]) and polynomial processes (see [8, 18, 5, 9]).

Only recently, increasing interest evolved in infinite dimensional affine processes: the
theory of probability measure-valued processes has been utilized in [10] for the study of
polynomial diffusions. We also mention the works [25], [38] and [24], where some exam-
ples, such as infinite dimensional square-root processes and infinite dimensional Heston type
processes, are treated within the framework of probability measure-valued stochastic pro-
cesses. Another recent approach to polynomial processes in infinite dimension is the paper
[1], where the notion of a polynomial process — in the sense that polynomials are preserved
under conditional expectations — is extended to a Banach space.

The general study in [23] deals with affine processes in infinite dimension on general state
spaces; more precisely affine processes are understood as processes with an exponential affine
structure of the characteristic exponent, and they are studied on topological vector spaces,
which do not need to be separable or metrizable. The work [43], of which the present
paper constitutes a further development in certain aspects, studies the special case of affine
processes with values in separable Hilbert spaces; with a special focus to applications in
finance. Some recent articles deal with particular examples of affine processes with values in
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Hilbert spaces, such as Ornstein-Uhlenbeck processes with stochastic volatility and tensor
Heston type processes; see, for example [2] and [3].

The paper [37] is between the finite and the infinite dimensional setting. More precisely,
therein it has been investigated when the solutions to a (infinite dimensional) stochastic
partial differential equation admit a finite dimensional realization with (finite dimensional)
affine state processes.

The goal of the present paper is to explore infinite dimensional affine diffusion processes on
the canonical state space. This includes a derivation of the corresponding system of Riccati
differential equations and an existence proof for infinite dimensional affine processes, which
has been missing in the literature so far. For the existence proof, we regard affine processes
as solutions to infinite dimensional stochastic differential equations (SDEs) with values in
Hilbert spaces. This requires a suitable version of the Yamada-Watanabe theorem, and —
in order to apply the Yamada-Watanabe theorem — sufficient conditions for the existence
of weak solutions, and for pathwise uniqueness of solutions. Infinite dimensional versions of
the Yamada-Watanabe theorem can be found in [31], [34] and [36]. However, none of these
results can directly be applied in our setting, and for this reason we provide a self-contained
version in this paper. In order to ensure the existence of weak solutions, we establish a
refined version of a result from [22], where the main idea is to consider starting points from
an appropriate retracted subspace with compact embedding, and for this reason we need
a suitably adjusted version of the Yamada-Watanabe theorem. The pathwise uniqueness
follows from a version of the uniqueness result from [42] in infinite dimension.

The remainder of this paper is organized as follows. In Section 2 we introduce affine
processes, and derive a general Riccati system for the functions appearing in the character-
istic exponent. In Section 3 we provide the existence result for affine processes in the spirit
of strong solutions to infinite dimensional SDEs. In Section 4 we present examples, where
our existence result applies; this includes infinite dimensional processes of Cox-Ingersoll-
Ross type and infinite dimensional processes of Heston type. For convenience of the reader,
some auxiliary results are deferred to Appendix A. Moreover, Appendix B contains the
required results about SDEs in Hilbert spaces; in particular the adjusted version of the
Yamada-Watanabe theorem, and the mentioned results about existence of weak solutions
and pathwise uniqueness. Finally, in Appendix C we provide the required results about
linear operators in Hilbert spaces.

2. INFINITE DIMENSIONAL AFFINE PROCESSES

Affine models and their applications to dynamic term structure modelling have been
intensively studied, mostly focusing on finite-dimensional affine models where the dimension,
or the number of factors, is known and fixed. Here, we do not restrict the number of factors to
be known or finite but rather study affine processes from an infinite-dimensional perspective.
For practical applications, this allows to treat the number of factors as unknown parameter
which has to be estimated. For the construction of infinite dimensional affine processes we
follow the approaches in [13, 28]. The used techniques for Hilbert-space valued stochastic
analysis is taken from [12].

Let (H, (-,-)) be an infinite-dimensional and separable Hilbert space with scalar product
(+,-) and associated norm || - ||. The adjoint of a linear operator T' € L(H) is denoted by
T*. By #(H) we denote the associated Borel o-algebra. We fix throughout an orthonormal
basis (e;)52, of H.

Affine processes are characterized by the convenient property that their Fourier transforms
have exponential affine form. For the study of Fourier transform we introduce the following
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complexification of H: set

He={z+iy:z,yc H}
and equip it with the inner product (z+iy, u+iv) g, = (x,u)+{y, v) +i{y, u) —i{x,v). Then
Hc is a complex Hilbert space. For z = z + iy € Hc we call = Re(z) and y = Im(z) the
real and imaginary part of z. Furthermore, we denote by Z := Re(z) — i Im(z) the complex
conjugate of z and the imaginary subspace of H by iH = {z € H¢ : Re(z) = 0}. The space
of complex numbers with non-positive real part is denoted by C_ = {c € C : Re(c) < 0}.

2.1. Affine processes. We are interested in homogeneous infinite-dimensional continuous
affine processes and introduce the following definition. While we do not aim at the greatest
level of generality, we use a standard definition of affine processes. For a slightly more general
approach (in finite dimensions) see [28]. The time-inhomogeneous case can be treated as in
[16] and [30].

Consider a closed subset X C H which will serve as state space of our affine process
and assume that the closure of the affine hull of X' is the full space H. Let (2, F,F) be a
filtered space on which a family of probability measures (P,).cx is given. The filtration F
is right-continuous and P,-complete for all x € X'. Finally, consider a continuous process X
with values in X and denote its transition kernel by

pt(l‘,A) = Pz(Xt S A>7

fort > 0,2 € X, A € (H). We assume that the transition kernel is a Markov transition
kernel, i.e. it satisfies the following properties (cf. [14])
(i) z— pi(z, A) is B(H)-measurable for each (¢, A) € R>o x B(H),
(ii) po(z,{z})=1forall z € X,
(ii) pe(z, X) =1 for all (t,2) € R>g x H,
iv) p satisfies the Chapman-Kolmogorov equation, i.e. for each t,s > 0 and (z,A4) €
H x %(H), it holds that

(iv
Proa(z, 4) = / Py, A)ps(, dy). (1)

The affine property of the Markov process X is characterized via its Fourier transform.
The convex cone where the Fourier transform is defined by

U :={u € Hc : sup Re({u, z)pr.) < 0o}
rEX

Then the function X 3 z — e{“®) is bounded if and only if z € U. Moreover, iH C U.

For a function ¢ : R>¢ — H the concepts of Fréchet and Gateaux differentiability coincide
and we call ¢ differentiable with derivative Dy¢,t > 0 being a bounded linear operator
D.¢p : R>9 — H, if for every ¢ > 0 it holds that

o L6 +2) = 6(t) = Do) |

= 0.
e—0 ‘€|

Definition 2.1. An H-valued continuous process X with transition kernel p;(x, A) is called
affine with state space &, if there exist C and Hc-valued functions ¢ and i such that
(i) &(-,u) and ¥(-,u) are differentiable for each u € U,
(ii) the derivatives Dy¢ (¢, w) and Dytp(t,u) are jointly continuous, and
(iii) the Fourier-transform has exponential affine dependence on the initial value, i.e. for
allt > 0,z € X, and u € U it holds that

/e(u,y)HCpt(x’ dy) = exp ((;S(t, u) + (W(t, u), x>HC). (2)
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Uniqueness of ¢ and 9 holds under the normalization ¢(0,u) = 0 and ¥(0, u) = u. Finite-
dimensional affine processes can be viewed as a special case when H = R". In this case,
Definition 2.1 coincides with the affine class studied in [28].

As a next step we study infinite-dimensional diffusions and classify the affine ones. First,
we split the state space in the non-negative part and the unrestricted part. Note that in
contrast to the usual procedure in finite dimensions, we gain additional freedom as the basis
can be chosen in a suitable way. For any index set K C N we denote the canonical projection
to the subspace Hy by g : @ = ), o i (x, ex)er and for 2 € H we simply write rx = mx .
Assume that the state space of X is the direct sum

X=HoH, (3)

where I,J C N are two disjoint sets such that U J =N, and H := {3, (z,e;)e; 1w €
H,(x,e;) >0} C H;. Then X is a total set, i.e. the closure of its span is the full space H
and for any = € X we obtain the unique decomposition x = x; + x ;. Using this structural
assumption on the state space X, the set U can be determined precisely as follows: for z € H
we write z < 0 if (z,e) < 0 for all kK € N and similar for <,> or >. It turns out that under

(3),
U = {u € Hc : Re(us) <0 and Re(uy) =0}. (4)

Moreover, the finite-dimensional affine processes studied in [13] can be viewed as special
case with H = R" and X = R, & R/ and i + j = n.

Remark 2.1. Fix ¢t > 0. If X is affine and the state space satisfies (3), then it follows from
Equation (2) that, for all z € X and v € U,

eRe(@(tu)+ (b (tu) @) ne) — |e¢(t7u)+<w(t7u),x)Hc|

< /|e<U7y>Hc|pt(x7dy) < /eRe(uay>Hcpt(x7dy) < 17

since Re{u,y)pg. < 0 for u € U and y € X. Hence, Re(d(t,u) + (¢(t,u), x)g.) < 0 for all
x € X and v € U which is equivalent to (¢(t,u),¥(t,u)) € C_ x U for all u € U.

We are interested in those Markov processes which are strong solutions of stochastic
differential equations with respect to an infinite-dimensional Brownian motion. We follow
the construction of a stochastic integral laid out in [12]. To this end, denote the trace of a
symmetric and non-negative operator Q@ by Tr@Q = Y .2 (Qe;, ;) and call the operator Q
trace-class if Tr QQ < co. Let W be an H-valued F-Brownian motion with covariance operator
Yw, i.e. Xy is a symmetric and non-negative definite operator Xy with Tr Xy < co. Then
there exists Xy such that Ty = %77(S17)*. Denote Hy := % H and by HS(Hy; H)
the space of all Hilbert-Schmidt operators from Hy to H, i.e. linear operators () such that
Z;Zl(QZi,{/zek, E;{fek)z < o0.

We assume, that for each zy € X', X = X*0 is the unique strong solution to the stochastic
differential equation

dXt = M(Xt)dt + O'(Xt)th,
X() = X0

()

where p: H — H and o : H — HS(Hy; H) are continuous; compare Theorem 3.1 for precise
conditions ensuring the existence of a unique strong solution.

By S() := o(-)Zwo(-)* we denote the dispersion operator of X, such that d[X, X]; =
S(Xt)dt. The next result shows that S(z) is a trace-class operator for each z € X and that
x +— TrS(z) is a real-valued and continuous function.
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Lemma 2.1. For each © € X the operator S(x) is non-negative definite and trace-class.
Moreover, the mapping Tr S(-) : H — R is continuous.

Proof. Note that Xy is a symmetric, non-negative definite and trace-class operator. Then,
it follows that for x € X and h € H

hS(x)h* = (ho(x))Zw(ho(z))* >0
such that S(x) is also symmetric and non-negative definite. We denote @ = E;{f such that

Yw = QQ*. From the cyclic property of the trace and the Cauchy-Schwartz inequality it
follows that

Tr S(z) = Tr((0(2)Q) (0 (2)Q)") = Tr((0(2)@)" (0 (2)Q))
< Tr(o(x)o(z)") - Tr(QQ*) = Tr(o(z)o(x)*) TrEw < oo,
because for each x € H, o(z) € HS(Hy; H), and hence Tr(o(x)o(z)*) < oco. The continuity

from S(z) now follows from the continuity of o(z). O

Theorem 2.2. Assume that the process X, given as unique strong solution of (5), is affine.
Then for all x € X it holds that

w(x) =mo+ Mz

6
S(z) =ng+ Nz (©6)
with mg € X, M € L(H), ngo € L(H) and N € L(H,L(H)). Denote n = Nej and
my = Meg, kK = 1,2,.... The coefficients ny are symmetric, non-negative definite and
trace-class operators which satisfy n; =0 for all j € J and
Z(Tr n;)? < oo. (7)
il

The functions ¢ and PYi(t,u) = (Y, u),en)m., k = 1,2,... satisfy the general Riccati
system

016(t,u) = <mo; D) e+ g no(t,w), D) e .
5(0,u) =
atz/)k((tﬂl; <mk7 ( )>Hrc + %<nkw(tvu)7¢(tvu)>Hﬂu k= 1, 2» ce (9)

forallt>0 andueld.

For the proof we need a small result for the interchange of the derivative and the scalar
product. It essentially shows that if ¢ is differentiable then it is also weakly differentiable.

Lemma 2.3. Let ¢ : R>g — H be a Fréchet differentiable function with derivative Dyp.
Then, for all h € H it holds that

Oe(h(t), h) = (Detp(t), hy). (10)
Proof. Fix h € H and denote f(t) := (1(t),h). Using the Cauchy-Schwartz inequality we
obtain that
L E) — F0) — (D). W) Ll 2) —(t) — Da(0). )
e—0 |5‘ e—0 ‘5‘
o 19 +e) —9(t) — eDig(t)

e—0 |5|

I
[ 7 ]l=0
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and the claim follows. O
Proof of Theorem 2.2. When X is an affine process, then the processes
M= exp(d)(T—t,u)—i—<¢(T—t,u),Xt)HC), 0<t<T

are martingales for all u € U since M = Elexp ((u, X1)p.)|F] = E[M#|F]. Next, we
apply the Ito-formula, see Theorem 4.32 in [12], to M} with f(¢,z) = exp (¢(T —t,u) +
(W(T — Lu),x)HC). Note that, by Lemma 2.1,

8tf(t’x) = f(t,.’L‘)( - 8t¢(T - tvu) - <Dt'(/)(T - tvu)’x>Hcc>'

Hence,
dM} = M (Ldt + (Y(T — t,u), o(X)dWi) i), (11)
where the drift computes to
Iy = =0ip(T — t,u) = (Dep(T = t,u), Xo) e + (O(T = t,w), (X)) pe (12)

+ % D (SX)Y(T = t,u), ex) e (W(T = t, 1), ex) pre.
k=1

The infinite sum equals (S(X )Y (T — t,u), (T —t,u))p.. Moreover, the process M" is a
martingale only if I; = 0 dt ® dP-almost surely. By continuity of I it follows even that I =0
P-almost surely. Letting ¢ — 0, continuity of X, u, S, ¢, and 1 implies that

8t¢(t7u) + <Dt¢(tvu)vx>Hrc = <'(/J(t7u)’ /u(x»Hc + %(5(@7#(757 u)7¢(t7u)>Hcc (13)

holds for all z € X’ and all ¢t > 0. The left hand side is an affine function of x, and hence the
right-hand side is affine in . Using that ¢ (0, u) = u we obtain that u as well as S are affine
functions of z, such that representation (6) follows. Continuity of u yields that M € L(H).
Moreover, by Lemma 2.1, S(x) is a symmetric, non-negative definite and trace-class operator
for all x € X. This gives that n; = Ne; = 0 for all j € J. Regarding (7), it follows

Trng + Z(w,eQH Trn, = TrS(z) < oo
iel
for all 2 € &, because S is trace-class. Define T,z := ), ;. (x,e;)g Trn;. Then T, €
L(H,R) and
sup || Thz ||< Z [{z,e;)m| Trn; < oo forall z € H.
neN icl
By the uniform boundedness principle it follows that Y, ;(Trn;)? = sup,ey || Th [|°< o0
such that (7) follows.
Finally, inserting (6) into (13) and separating terms gives (8)-(9) since the affine hull of
X is the full space H, where again Lemma 2.1 was used. O

The converse is solved in two steps. First, we derive some admissibility conditions for the
coefficients of the Riccati equations (8)-(9), which are equivalent to affinity in the canonical
state space. Second, we show that these admissibility conditions are sufficient for existence
and uniqueness of solutions for the Riccati equations.

Proposition 2.4. Assume that X is a strong solution of (5), u and S are affine in the sense
of (6) and the Riccati system (8)-(9) has a solution (¢, ) such that ¢(t,u) + (P(t,u), ) p,
has a non-negative real part for allt > 0,u € U and x € X. Then X is an affine process.
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Proof. If (6) and (8)-(9) hold such that ¢(t,u) + (¥ (¢, u), z) g. has a non-negative real part
forall t > 0,u € Y and x € X, then it follows as in the proof of Theorem 2.2, that the drift
I of the process M*" given in (11) vanishes, such that

dM* = M (O(T — t,u), 0 (X )dW:) -

Hence, M} is a continuous local martingale. From the assumption that Re(¢(T — t,u) +
(W(T —t,u), X)) <0, it follows that

Mtu = exp(qb(T —t, u) + <'(/}(T —t, u)a Xt>Hc)

is uniformly bounded by 1 and hence M™ is even a true martingale. Consequently, for all
t>0

EletXmme| F) = E[M|F,] = M = exp((T — t,u) + (W(T — t,u), Xe)rre).
Then (2) holds and X is an affine process. O

The next result gives a partial answer to the solvability of the system of Riccati equations
(8)-(9). We start with some notation. First, define

Hi ={z=x+1iy € Hc | (z,e)m <0 for all k € N}.

As previously, (H); denotes the projection to the coordinates from set I, i.e. (Hg)r =
{> icr(z,ei)mcei | z € Hg }. Second, for the two index sets K, L C N and generic A € L(H)
we denote Axy, = T Alg,. Then Agr may be uniquely represented by the 2 x 2 block

operator matrix
Arr Axkr
Arx Arr )’

If the index sets are singletons, we write Ay for Agzyy. Finally, for z € H we understand
x<0as (zep) <OforallkeNandz>0,2<0,2>0,z£0, 2 %0, z=0 in the same
manner.

Proposition 2.5. Assume that (3) and the following admissibility conditions hold:

mg € X, m; € H}"\{i} ® Hjupy fori €I, and mj € Hy for j € J (14)
1Y mulyen)l] < oo (15)
k>1
n, € L(H) is symmetric, non-negative definite and of trace class, k € N, (16)
n; =0 forj e J, (17)
ng,r1 = 0,

*
no,1g =ng g1 =0,
ng,sJ 15 symmetric, non-negative definite and of trace class,

>0 ifi=k=I, ‘
n; =< ori,k,l €l 18
AR {: 0 otherwise, J (18)
ni 1y = n;JI
N .7 15 symmetric, non-negative definite and of trace class,
> Inall* < oo (19)
iel
Then the general Riccati system (8)-(9) has a unique solution (¢p(-,uw),¥(-,u)) : Ry —
C_x (Hg)r @iHy for eachuw € (Hg )y ®iH;.



8 THORSTEN SCHMIDT, STEFAN TAPPE, AND WEIJUN YU

These conditions directly correspond to the well-known conditions in the finite-dimensional
case, see [17], with additional assumptions on summability of certain coefficients, (15),
and (19). Regarding (14), this can be seen as follows: note that for ¢ € I and j € J,
Mipre; = TI'IM|H181' = mTrm; € H;_\{z} D H{l} as well as M]Jej = 7T]M|HJ€]' = Trm; = 0
because m; € H ;. This corresponds to the condition of B;; having nonnegative off-diagonal
elements and Br; = 0 of Theorem 10.2 in [17] (in the notation used there).

Condition (19) is always satisfied in the finite-dimensional case and appears here for the
first time in literature. Denote the eigenvalues of the trace-class operator n by A;,7 > 1. If
n is also symmetric and non-negative definite, then

In < 37 Al = Ten, (20)
i>1

Hence, a sufficient criterion for Y., |ng||* < oo is Y, o, (Trn;)? < oo,

The proof is separated in a number of smaller results. Set f(£) = § > e, (n:&, &) me €.
Then the Riccati equations in (9) are equivalent to the following semilinear evolution equa-~
tion

Op(t,u) = MTop(t,u) + f(W(t,u), weU, t>0 (21)

with initial condition (0, %) = u. Such equations have been studied in [39] and Theorem 1
therein yields the following result.

Lemma 2.6. Assume that (15) and (19) are satisfied. Then, for each uw € U, (21) has a
unique solution (t,u) on some interval [0,T,) with existence time T, € (0, 00].

Proof. We will first show that K; := e'M ' f, t > 0 is locally Lipschitz-continuous. To this
end, note that for £ and 7 in the domain of f,

™ f(€) — ™ Fn)lf. < }ﬂ“M”f S [(ni€, & e — (nin, ) e

i€l

2

| 2

2\|M|\t2| & E) e — (nim, € e + (nim, E e — (Mim, M) 1.

i€l
2“M”tZ| (€ +n), (€= )l
i€l
1
< 162”M”t S InallPlE + nll N =l
i€l

Hence, for each t > 0, K} is locally Lipschitz-continuous by (19) and its Lipschitz constant
on U, ={z € H:| z||< a}, @ > 0is bounded by aelMI(3. _,|In;]|?)"2.

Theorem 1 in [39] now yields that, for each u € U, equation (21) possesses a unique
solution ¥ (¢, u) on some interval [0,T,) with 0 < T,, < co and the proof is finished. O

Lemma 2.7. Assume that the admissibility conditions (15) - (19) are satisfied. Then, for
all t € [0,T,) and u € U it holds that the unique solution of (21), ¥(t,u), satisfies that

Y(t,u) €U.

Proof. To begin with, we note that by Lemma 2.6, (21), has, for u € U a unique solution
¥(t,u) on [0,T,). To show that ¥(t,u) € U, we utilize (4), hence, have to show that
Re(¢s(t,u)) = 0 and Re(yr(t,u)) <O0.
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First, for j € J, we obtain by (17), that the projection ¥ ;(t,u) = m9(t, u) satisfies the
autonomous equation
Yy(t,u) = M7y s(tu), t>0, uel,
with ¢ ;(0,u) = uy. The unique solution of this equation is given by
Vy(tu) =eMisuy, t>0.
From (4) it follows Re(uy) = 0 and hence Re(¢5(¢,u)) = 0.

As a second step we show that Re(¢r(¢,u)) < 0 which requires more work. We start with
the observation that, for i € I,

9y Re(¢i(t, u)) = (mi, Re(y(t, u)))

+ 5 e Re(p(t, ), Re((t,0))) — (s Tm(w (2, ), I (1, )

< (s, Re(u(t, ) + iy (Re(W 1,))?, (22)

using (17) and (18).
Next, consider € > 0 and u € U such that Re(u;) < —e for all i € I. Let
=inf{t € [0,T3,) : i € I s.t. Re(¢;(t,u)) > 0} (23)

with the convention that inf ) = co. Since Re(v;(¢, u)) is continuous at ¢ = 0 and Re(¢; (0, u))
bounded away from zero, T, > 0. Hence, for ¢t € [0,T},), it follows that Re(¢ (t,u)) < 0 for
any subset I’ C I.

By Assumption (14), m; € H;'\{i} © H yugsy- Hence, there exist m; € H;'\{i} and m] € H;
such that m; = m] +m;; +m;. Then (m],Re(vn 3 (t,u))) <0, (m},Re(y5(¢,u))) = 0 and
therefore

<mi7Re(¢(t,U))> < (mii, Re(i(t, w))).

Together with (22) and C;
estimate,

we are able to achieve the following

Oy Re(i(t, u)) < (miq, Re(i(t, u))) + lni iy (Re(vi(t, w))?

< Ci((Re(w(t,u))® — 2Re(¥s(t, u))).

where we used Re(v;(t,u)) < 0. By the comparison theorem, [4](Chapter 1, Theorem 7),
Re(¢i(t,u)) < g(t,u;, C;) for all t € [0,T),), where g(t,u,C) =: g(t) solves

dig(t) = C(g(t)* — 29(1)),
9(0) = Re(u),
with C' > 0 and Re(u) < 0. The unique solution of this Riccati equation is given by

g(t) = 2u(2e2°t — u(e2“t — 1))~L. The function g(-,u, C) stays negative on the whole real
line when Re(u) < 0. Moreover, g is increasing in u and C' such that we obtain that

Re(¢r(t,u)) < sup g(t,u;, Ci) < g(t,—e,C*) <0
el

for ¢t € [0,T}) where C* = sup,e; C; < gsupic/(|lnill + [mall) < 5((Ces Inal®)* +
[IM]]) < oo by (15) and (19). Using continuity of Re(¢r(¢,u)), we obtain that at t = T,
Re(vr(t,u)) <0, if T), < co. By the very definition of T, in (23), this implies that T}, = oo.
Summarizing, we obtained up to now that for u € U with Re(us) < —¢ it follows that
Re(¢r(t,u)) <0 for all t € [0,7,,). The next step is to extend this result to all u € U.
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In this regard, consider arbitrary u € U, a sequence (g,) | 0 and a sequence u, — u
satisfying Re(uy,) < —e,, for all n > 1. By part (v) of Theorem 1 in [39], (¢, u) is Lipschitz
continuous on some neighborhood of u, uniformly on each compact interval [0, T], T < Ty,.
Therefore, (¢, u,) — ¥(t,u) for each t € [0,T,,). Hence,

Re(wl(t”)) = li)m Re(wl(tvun)) < 07 te [OaTU)
and the claim is proved. O

Lemma 2.8. Assume that the admissibility conditions (15) - (19) are satisfied. Then, for
all t € [0,T,) and u € U it holds that the unique solution of (21), ¥(t,u), satisfies the
following inequality

t
lor(t )l < lurllf, +CQ+ IIUIH?IC)/O ()€€ J2 M g, (24)

where hy () = 1+ (6 W)+l (8 w) | 3r,) with s (tw) = ™ uy and C = 3, || A+
M2 + 3.

The proof of this lemma is relegated to the appendix. Finally, we show that the unique
solution exists on the whole real line, thus completing the proof of Proposition 2.5.

Proof of Proposition 2.5. First, we show that T,, = oco. The proof bases on result (iv) of
Theorem 1 in [39], saying that lim; 7, ||¢1(¢,w)||g. = oo if T,, < co. In this regard, note
that the right hand side of Equation (24) is finite for all ¢ > 0. Hence, the existence time
T, of ¥r(t,u) for u € U must be infinite, i.e. T, = co.

This shows existence and uniqueness regarding 1. Existence and uniqueness for ¢ directly
follow by integration. At last, we show Re ¢(t,u) < 0 for all ¢ > 0 and u € U: integrate the
real part of (8) and consider the admissibility conditions to get

Re ¢(t,u)

= /0 (mg, Re(s,u)) + %(no Rev(s,u),Re(s,u)) — %(no TIm (s, u), Imp(s,u))ds

¢
1
= / (mo,1,Retpr(s,u)) — §<nO’JJ Impy(s,u), Ims(s,u))ds <O0.
0
forallt >0and uecl. O

Proposition 2.9. Assume that X is a strong solution of (5), u and S are affine as in
(6), and that the Riccati system (8)-(9) has a solution (¢(t,u), ¥ (t,u)) € C_ x U for all
t>0,u el and x € X. Then the admissibility conditions in Proposition 3.5 hold.

Proof. First of all, by Lemma 2.1, S(x) is a symmetric, non-negative definite and trace-class
operator for all z € X. This gives that n; = Ne; = 0 for all j € J. Moreover, from the
Riccati equations (8)-(9) we obtain that

0, Re 6(0,w) = (mo, ) + 3 nov,0) — 5 (ngw,w), (25)
8, Re v (0, 1) = (ms, v) + %(nw, vy — %(nﬂu,m), (26)
0t Re;(0,u) = (mj,v), (27)

where v € U, and we set v = Reu, w = Imwu. From (4), together with (9), we obtain from
(27) that Re;(-,u) = 0 for all j € J. This implies that (m;,v) = 0. Again from (4) we
obtain that vy = 0 while v; < 0. Hence, m; € Hy for all j € J.
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Next, we consider (26). As already noted in Remark 2.1, Re;(-,u) < 0 for all ¢ € I,
such that 9; Re;(0,u) < 0 whenever Re 1;(0,u) = Rew; = v; = 0. Choose u = v + iw such
that vy ;3 <0, vyugy = 0 and w = 0. Substituting such u’s into (26) leads to

1
0 > 0: Re;(0, u) = (mi, U]\{i}> + §(niv1\{i},1}1\{i}>. (28)

This implies that (n;vp iy, v\ (i3) = 0: indeed, if (n;vp (i3, v\ (i3) # 0, there would exist a
vr\{i}, such that

(nivn iy, vniy) > 0,
and for v > 0 large enough, (28) would lead to a contradiction that

1
0 > (9t Re 1/)1'(0,’)/’&) = <mi,v1\{i}>’y + §<niv1\{i},v1\{i}>72 > 0.

Now that we have shown n; r\ i3\ {5} = 0, it follows from the non-negative definiteness of
n; that

>0 ifi=k=1
ik} =% B 7 fori,k,lel
’ =0 otherwise,

The rest conditions on n;, such as n; 1y = n; ;; and n; ys is symmetric, non-negative definite
and of trace class, can be easily seen from its non-negative definiteness as well. Furthermore,
because of n; 1\ iy (i3 = 0, (28) gives

(mi,vpgay) < 0.

Then we conclude that m; € H;r\{i} @ H ju4y, since v 4} is chosen to be arbitrarily negative.
Finally, we look at (25). Since Re ¢(-,u) < 0 and Re ¢(0,u) = 0, we may employ the same
reason as for (26) to detect 0; Re ¢;(0,u) < 0 for all uw € U. Especially, we choose u = v +iw
with v; <0, v; =0 and w = 0 and get

1
0 > 0:Re ¢;(0,u) = (mg,vr) + §<n0v1,v1>. (29)

An analogous argument applied to (28) shows that ng;; = 0. Besides, the affine form
condition tells that ng is a symmetric, non-negative definite, trace-class operator, which
implies that ng,;; must be such one as well and ngr; = naﬂ = 0 due to ng,;r = 0.
Moreover, such an ng turns (29) to

(mo,vr) = 0y Re ¢;(0,u) <0.

Then mg must be an element in X', because vy < 0 is arbitrary. O

Remark 2.2. Consider the canonical state space X and assume X to be a strong solution
of (5). Then the affinity property of X is equivalent to the admissibility conditions. The
sufficiency is deduced by Theorem 2.2 and Lemma 2.6 and the necessity results from Propo-
sition 2.5 and Proposition 2.4. Both Theorem 2.2 and Proposition 2.5 indicate that the
both equivalent statements imply the existence and uniqueness of solutions of the Riccati
equations (8)-(9).

Remark 2.3. By Theorem 2.2 the parameters mg, M, ng, N in (6) determine the law of
the process X. Indeed, these parameters determine the functions ¢(-,u) : Ry — Hc and
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Ui (-, u) : Ry — He for k € N as solutions of the Riccati equations (8) and (9) for all u € U,
and hence by (2) for all 0 < s < ¢t and u,v € U we have

E[e<u’Xs>Hc+<”7Xt>Hc} :/ / e<“’y>Hc+<vvz>HCpt—s(y7dz)ps(mady)
HJH

:/ (/ e@’z)Hcpts(y,dz)>e<u’y>”cps(w,dy)
H H

- /H (exp (B(t — 5,0) + (W(t — s,0), y>HC))e<“*y>HCps(x, dy)

= exp (¢(t — 5,v)) /Hew(t_s’“)*"’y)”ws(w,dy)

= exp (¢(t -5 U)) eXp (¢(3au + w(t - va)) + <’¢(8, U+ ¢(t - S’U))7 x>Hc)a

and analogously for every finite dimensional family (X, ..., X;,). In particular, the law of
X stays invariant under transformations of the volatility o which provide the same dispersion
operator S.

3. EXISTENCE OF AFFINE PROCESSES

The goal of this section is to provide an existence result for affine processes on Hilbert
spaces. More precisely, we will prove the existence of affine processes in the spirit of strong
solutions to infinite dimensional SDEs. In Subsection 3.1 we will introduce the general frame-
work and formulate the existence result; see Theorem 3.1 below. Afterwards, Subsection 3.2
is devoted to its proof.

3.1. Formulation of the existence result. Recall that H is a separable Hilbert space with
orthonormal basis {ej } ren, and that the state space X is the direct sum X' = HI+ @ H;, where
I,J C N are disjoint index sets such that JUJ =N. Let p: X — H and 0 : X — Lo(Uy, H)
be measurable mappings. Again, starting point is the SDE (see (5))

dXt = M(Xt)dt+0'(Xt)th
(30)

Xo = o,
where W is an U-valued Wiener process on a separable Hilbert space U with some covariance
operator Yy € LT (U), and the space Uy := Z;/VQ(U) is the separable Hilbert space defined

according to Lemma C.2. We define the measurable mapping S : X — L] (H) as
S(x) == a(x)Z;{f (o(m)sz)* for all x € X. (31)

In the light of Theorem 2.2, we assume that g : X — H and S : X — LT (H) are affine
functions: let mg € H and M € L(H) be such that

w(x) =mo+ Mz forall z € X, (32)
and let ng € LT (H) and N € L(H, L;(H)) be such that
S(x) =ng+ Nz forallx € X. (33)

We assume that ng is self-adjoint, and that for every z € X the operator Nx is self-adjoint
with Nz € L7 (H). Furthermore, we will assume that g is inward pointing at boundary
points of X', and that o is parallel to the boundary at boundary points of X'. Here are the
formal definitions. The mapping pu is called inward pointing at boundary points of X if

(u(z),m)gr >0 forall x € X and all n € Hf with (z,n)g =0,
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and the mapping o is called parallel to the boundary at boundary points of X if
(o(z),n)n =0 forallz € X and all n € H; with (z,n)y =0, (34)

where we note that (o(x),n)y is an operator from Lo(Uy, R). For short, we will call such a
mapping p inward pointing and such a mapping o parallel. We require these two properties
in order to ensure that the closed convex cone X is invariant for the SDE (30).

For a linear operator T' € L(H) we introduce the notations 77 := n;T, Ty = m;T
and TII = TI|H1; T]J = TJ|HI7 TJ] = TIlHJ) TJJ = TJ|HJ. We define the sequences
A= (N)ier CRy and k = (k;)ier C Ry as

A = ||S(€i)llei||H> iEI,
Ki = ||S(ei)1JeiHH, 1el.

As we will show, we have A € ¢2(I), and there exists a sequence v = (v;)ie; C (0,00) such
that v; — 0 and

(2)61 € (2(I). (35)

Let T € K*t*(H;) be the compact linear operator with representation

Ty = Z vi{xz,e;yge; foreach x € Hy, (36)
il
and let Hy o := T(Hy) be the retracted subspace with compact embedding defined according
to Lemma C.2. Furthermore, we set H?'O = T(H;") and X, := H1+,0 @ Hj. Our principle
assumption for the existence result is as follows.

Assumption 3.1. We suppose that the following conditions are fulfilled:

(i) We have U = H, and the operator Xy has a diagonal structure along the orthonormal
basis {ex }ren-

(ii) For each z € X the operator U(l’)Z;{f is self-adjoint.

iii) The mapping p has the affine structure (32), and S has the affine structure (33).

iv) The mapping p is inward pointing at boundary points of X', and the mapping o is
parallel to the boundary at boundary points of X.

(v) We have

Rj

(A)i% € *(Iy), (37)

where Iy :={i € I: )\ >0}
(vi) We have

mo,1 € H;:O and M;T =TM;y;. (38)
(vii) We have
> M|l < oo, (39)
i€l

where for each i € I the continuous linear functional M}, € H} is given by

Mjx = (Mjx,e;)p, « € Hy.
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Conditions (i)—(iv) do not mean severe restrictions. Indeed, the first condition means
that the state space of the Wiener process is the same as the state space of the SDE (30),
and that its covariance operator has a diagonal form with respect to the given orthonormal
basis. This is also typically assumed in finite dimension. The second condition means that
for each z € X we have S(z)"/? = a(az)E;{f, and hence

o(x) = S(x)l/zE;Vl/Z for all x € X. (40)

As mentioned in Remark 2.3, other choices of the volatility o with the same dispersion
operator S do not change the law of the solution. The condition that p and S have the
affine structures (32) and (33) are natural in the present affine setting, and, as already
pointed out, we require that p is inward pointing and that o is parallel in order to ensure
that the state space X is invariant for the SDE (30). Condition (37) ensures that we can
find a linear transformation A € L(H) with A(X) = X such that for the transformed SDE

{ @Y, = EYodt+ o(V)dw,

41
}/0 = Yo, ( )

corresponding to Y = AX the drift 5 : X — H has a decomposition
ily) = mrr(yr) +Ba(y), yedx

with affine mappings fiy; : Hf — Hy and py : X — Hjy, and the volatility ¢ : & —
Ls(Up, H) has a block diagonal structure

gy)u=arr(yr)ur +ays5(yr)uy, y € X and u € Uy

with mappings ;5 : Hf — Lo(Uro,Hy) and 77 : H;r — Lo(Ujo, Hy). This allows us to
express the transformed SDE (41) by the two coupled SDEs

dYry = prr(Yr)dt+ar(Yr)dW, (42)
Yio = wor
and
{ dYy: = jpy(Yo)dt+a755(Yr)dW, (43)
Yo = %o,

and then our task is essentially reduced to solving the SDE (42), which is feasible by virtue
of condition (38). The condition (39) ensures pathwise uniqueness. Now, our main result of
this section reads as follows. Concerning the notion of a unique strong solution starting in
Xy, we refer to Definition B.5.

Theorem 3.1. Suppose that Assumption 3.1 is fulfilled. Then the affine SDE (30) has a
unique strong solution starting in Xg.

If condition (39) is skipped, then we still obtain the existence of a weak solution to the
affine SDE (30), but pathwise uniqueness might not be satisfied.

3.2. Proof of the existence result. The goal of this subsection is to provide the proof
of Theorem 3.1. The main idea is to apply our version of the Yamada-Watanabe theorem
(see Theorem B.1). As already mentioned, after a suitable transformation we may consider
the two coupled SDEs (42) and (43). This transformation procedure is similar to that in
[19], where existence of affine processes has been proven in finite dimension. After this step,
we obtain the existence of weak solutions by using a refined version of a result from [22]
(see Theorem B.2), where H serves as the retracted subspace with compact embedding,
and pathwise uniqueness follows from a version of the uniqueness result from [42] in infinite
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dimension (see Theorem B.3). For what follows, let p: X — H and 0 : X — Ly(Up, H) be
measurable mappings, and let S : X — LT (H) be given by (31).

Proposition 3.2. Suppose that i has the affine structure (32). Then the following state-
ments are equivalent:
(i) The mapping p is inward pointing at boundary points of X.
(ii) We have
(u(x),ei)g >0 forallx € X and alli € T with (x,e;)g = 0.

(i) We have

me € X, (44)
Mz € (Hf +lin{e;})® Hy  for alli € I and x € lin™ {e;}, (45)
M(H;) C Hy. (46)

Suppose that p has the affine structure (32) and is inward pointing at boundary points of
X. Then (44) immediately yields that mq ; € H;, and therefore, the condition mg ; € H1+,0
appearing in (38) is equivalent to mg s € Hr 0.

Proof of Proposition 3.2. (i) = (ii): This implication is obvious.
(ii) = (i): Let z € X and € H; be such that (z,n)y = 0. Note that
<Z, 77>H - Z(xv €i>H<€i, 7’>H7
icly
where Iy = {i € I : (e;,n) g > 0}. Therefore, we have (z,e;)g = 0 for all ¢ € I, and hence
i€ly
(ii) < (iii): The proof of this equivalence is analogous to that of [37, Prop. A.10]. O
Proposition 3.3. Suppose that S has the affine structure (33). Then the following state-
ments are equivalent:
(i) The mapping o is parallel to the boundary at boundary points of X.
(ii) We have
(o(x),e;)p =0 forallz € X and alli € I with (z,e;)g = 0.
(i1i) We have

no& =0 forall € € Hy, (47)
N(z)=0 forallx € Hy, (48)
N(x)¢ =0 foralli,j €l withi#j and all z € lin™{e;} and ¢ € lin™ {e;}. (49)

Proof. (i) < (ii): The proof of this equivalence is analogous to that in the proof of Propo-
sition 3.2.
(ii) < (iii): Note that (34) is satisfied if and only if

o(z)*n=0 forallx € X and all n € H] with (z,n)y = 0.
Since (E;{f)* is one-to-one, by (31) this is equivalent to
(S(@)n,myg =0 forallz € X and all n € H} with (z,n)y = 0.
Therefore, the proof of this equivalence is analogous to that of [37, Prop. A.20]. (]
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Consequently, if the mappings p and o are affine, then the inward pointing property
and the parallel property mean that the parameters mg, M, ng, N satisfy the admissibility
conditions from Proposition 2.5. Hence, in this case the general Riccati system (8)-(9) has
a unique solution (¢(-,u),¥(-,u)) : Ry — C_ x (Hg ) @ iHy for each u € (Hg ) @ iH;.

Proposition 3.4. Suppose that S has the affine structure (33), and that o is parallel to the
boundary at boundary points of X. Then the following statements are true:

(i) We have S(z) = S(xy) for allz € X.

(ii) We have S(x)€ = N(x)¢ for all x € H and & € Hj.

(i1i) We have S(e;)e; =0 for alli,j € I withi# j.

(iv) We have \ € (*(I) and the representation

>\i:<S(ei)1161’;€i>H7 e l.
(v) We have the representation
S(x)ré = Z)\Z(%ei)H(ei,{}H e; forallz € Hf and € € H.
icl

Proof. By condition (48) from Proposition 3.3 we have S(z) = S(xy) for all x € X, and by
condition (47) from Proposition 3.3 we have S(x)¢ = N(x)¢ for all z € H;f and & € Hy.

Therefore, by condition (49) from Proposition 3.3 we have S(e;)e; = 0 for all 4, j € I with
1 # j. Now, the remaining statements follow from Lemma C.7. O

Now, we will deal with linear transformations which leave the state space X invariant.
The next result provides a characterization of such transformations. Note that the closed
convex cone X has the representations

X=(WeeH: (xe)y>0t= () {ze€H: (z,y)n>0} (50)
iel yGH;"

Lemma 3.5. For a bounded linear operator A € L(H) the following statements are equiva-
lent:

(i) We have A(X) C X.
(ii) We have A*(H;) C Hi and A(H;) C Hy.

Proof. (i) = (ii): Suppose there exists x € H; with Az € X \ H;. Then, by (50) and since
Ax ¢ Hj there exists i € I with (Az,e;)g > 0. We have —z € H; C X, and hence

(AM(=z),e;)g = —(Ax,e;) g <0,
which provides the contradiction A(—z) ¢ X. Therefore, we have A(H;) C H;, and hence
(Nx,y)g = (x,Ay)g =0 forallz € Hy and all y € Hy,
which shows A*(H;) C Hy. Furthermore, we have
(Nz,y)g = (v, Ay)g >0 for all z,y € H,
showing that A*(H;") c Hj .
(ii) = (i): For all z,y € H; we have
(Az,y)m = (x, AN'y) 20,
and hence by (50) we deduce A(H;) C X. Therefore, for each x € X we obtain
Ax=Axr+Azye X,
completing the proof. O
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Now, let A € L(H) be an isomorphism such that A(X) = X; that is, the conditions from
Lemma 3.5 are fulfilled. We introduce the new mappings ji : X — H and ¢ : X — L3 (Ug, H)
as

iy) == Apulz), ye X, (51)
(y) = Ao(x), yeX, (52)
where z = A~ly € X, and we define the new mapping S : X — L] (H) as
S(y) = oy (6W)SE)", ye X (53)
Then we have
S(y) = AS(x)A* = AS(z)"/? (AS(m)1/2)* for all y € X, (54)

where x = A~!y € X. Indeed, taking into account (31) we obtain
S(y) = a(y)y (6(y)Sh) " = Ao(2)Sy) (Ao (2)S17) "
— Ao(2)S17 (o ()Sy) "A* = AS(z)A* = AS(2)"?(AS(z)?)".

Lemma 3.6. Let X be a solution to the SDE (30). ThenY := AX is a solution to the SDE
(41) with yo = Axg.

Proof. Since A is a continuous linear operator, this is straightforward. O

Lemma 3.7. The following statements are true:

(i) If p is inward pointing at boundary points of X, then [ is also inward pointing at
boundary points of X .

(i) If o is parallel to the boundary at boundary points of X, then & is also parallel to the
boundary at boundary points of X.

Proof. Let y € X and n € H; with (y,n)g = 0 be arbitrary. We set z :== A1y € X. By
Lemma 3.5 we have A*n € H;r Furthermore, we have

(z,A"n)m = (Az,m)u = (y,mn = 0.
Therefore, if p is inward pointing, then we obtain
(1) mu = Ap(@)),ma = (ux), A"nm > 0.
Similarly, if ¢ is parallel, then we obtain
(@) mu = Mo(z)),mu = (o(x), A"n)n =0,
finishing the proof. O
Now, assume that p has the affine structure (32). We define mg € H and M € L(H) as
mo := Amo and M := AMA™'. (55)
Then [ has the affine structure
A(y) = mo + My forallye X. (56)
Indeed, let y € X be arbitrary. By (51), (32) and (55) we have
i(y) = Ap(z) = A(mo + Mx) = Amg + AMA™ 'y = mg + My,
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where + = A~'y € X. Let us decompose [i with respect to H = H; @ H;. For this
purpose, we additionally assume that p is inward pointing. We define the affine mappings
/?L[[IHIJF—>H] and iy : X - Hj as
firr(y) :=mor + Mrry, y € Hf, (57)
ﬂ](y) = mO,J—i—MJy, yeX. (58)

Then we have the decomposition

i(y) = pur(yr) + pa(y) forally € X. (59)
Indeed, let y € X be arbitrary. Taking into account Lemma 3.7, by condition (46) from
Proposition 3.2 we have m;My; = 0, and hence
fi(y) = mo + My = mo 1 + 1o, + 1My + w7 My
=1mo,; + Mo,y + T My + 7, My
=mo,1 + Miryr + mo,J + Myy = prr(yr) + i (y).

Lemma 3.8. Suppose that fi has the affine structure (56). If i is inward pointing at
boundary points of X, then firr is inward pointing at boundary points of H;r

Proof. Taking into account (56), by Proposition 3.2 we have
mgy € X,
Mz € (Hf +lin{e;}) @ Hy foralli€ I and = € lin" {e;},
M(Hy) C Hy.
Therefore, we have
mo,1 € Hy,
Myrz € (H;f +lin{e;}) for alli € I and z € lin" {e;}.

Hence, taking into account (57), by Proposition 3.2 we deduce that fi;; is inward pointing
at boundary points of H; . O

Now, we will consider a concrete choice for the transformation A, which will provide the
announced block diagonal structure of the volatility . From now on, suppose that condition
(37) is fulfilled. By Lemma C.8 the mapping

S €; €;
Dz ::—z:@c,eihly%7 reH (60)

i€l g
is a well-defined continuous linear operator D € L(H). We define A € L(H) as
A:=1d+ D. (61)

Lemma 3.9. The following statements are true:

(i) We have ran(D) C Hy C ker(D).
(i) We have ran(D*) C Hy C ker(D*)
(iii) A is an isomorphism with A= =1d — D.

(iv) We have A(X) = X.

(v) We have Ax = x and A=Yz =z for allx € H;.
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Proof. The first statement immediately follows from (60), and since Hy = Hj, we obtain
ran(D*) C ran(D*) = (ran(D*)*)* = ker(D)* € H; C ran(D)* = ker(D)*.
Since ran(D) C ker(D), we also have D? = 0, which gives us
(Id + D)(Id — D) =1d — D* =1d,

showing that A is an isomorphism with A~! = Id — D. Furthermore, taking into account
ran(D) C H;, we obtain A(X) C X and A=*(X) C X, and hence A(X) = X. Finally, since
H; C ker(D), we have Dx = 0 for all z € Hj;, and hence Az = z and A=l = z for all
r e Hj. O

The following auxiliary result concerns the quantities appearing in the affine structures
(32) and (56) of p and f.

Lemma 3.10. Suppose that p has the affine structure (32) and that pu is inward pointing
at boundary points of X. Then we have mo 1 = mo; and My = Mj;.

Proof. By (55) and Lemma 3.9 we have
mo,1 = g = 1rAmy = 1r(Id + D)mg = mymg + 11 Dmg = mo 1.
Furthermore, by (55) and Lemma 3.9 we have
M =AMA"' = (Id+ D)M(Id — D) =M + DM — MD — DMD.
By Proposition 3.2 we have M (H;) C H;. Therefore, by Lemma 3.9 we obtain
(DM);; = (MD);; = (DM D)7 = 0,
and hence M = M. O

From now on, we assume that S has the affine structure (33) and that o is parallel. Then
we have
S(ei)e; =0 foreach i e I\ . (62)
Indeed, by Proposition 3.4 we have (S(e;)e;,e;)g = 0, and hence applying Lemma C.6
provides (62).

Lemma 3.11. The following statements are true:
(i) We have DS(x);mr = —S(z); 71 for all x € H .
(ii) We have S(x); D* = —S(x)r 7y for all x € H .
Proof. By (60) we have

De; = —% for all 7 € I.

Therefore, by Proposition 3.4 and (62), for all z € H; and £ € H; we obtain

DS(x)r € = D( > Nilw e mlen&)n ei) == (we)ulesuS(e)s e

i€l i€l
== (we)mleiuS(e)sei = —S(ZW €i)H ez‘) D (Eemes
iel iel J ger

= —S(CC)J f
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Therefore, we have
DrS(x)nr = —7myS(x)7y.
By Lemma 3.9 we have ran(D*) C H;. Therefore, taking adjoints we obtain
S(x); D* = m1S(x)nD* = (DrpS(x)mp)* = —wpS(x)my = —=S(x)r g,
completing the proof.
Now, we introduce g € L (H) and N € L(H, L,(H)) as
no := AngA* and Ny:= ANzA* forallyc H,
where z = A=Yy € H. Then S has the affine structure
S(y) =no+ Ny foralyecX.
Indeed, let y € X’ be arbitrary. By (54), (33) and (63) we have
S(y) = AS(z)A* = A(ng + Nz)A* = AngA* + ANxzA* = fg + Ny,
where z = A~y € X.

Lemma 3.12. For each y € X the following statements are true:

(i) We have S(y)mr = S(x)r w7, where x = A=Yy € X, and hence S(y)(H;) C Hy.

(ii) We have S(y)(H;) C Hy.

Proof. Let y € X be arbitrary, and set  := A~'y € X. Furthermore, let n € H; be
arbitrary. By Lemma 3.9 we have D*n = 0. Therefore, by (54) and Lemma 3.11 we obtain

S(y)n = AS(x)A™n = (1d + D)S(x)(n + D*n)
= (Id+ D)S(x)n = (Id + D)(S(z)1n + S(x)s )
= (Id+ D)S(x)rn+ S(x)sn
=S(x)rn+DS(x)rn+Sx)sn=5S)rn.
Now, let n € H; be arbitrary. Then by (54) we have

(n+ D*n)
1(n+ D™n) + S(x);(n+ D*n)

S(y)n = AS(z)A*n = (Id+ D)S(z
= (Id+ D)S(x

~ ~—

= S(2)rn + S(x); D+ DS(@);(n + D*n) + S(x)1(n + D*n).

Note that by Lemma 3.9 we have
DS(z)1(n+ D™n) + S(x)s(n+ D™ n)n € Hy.
Furthermore, by Lemma 3.11 we obtain
S(x)rn+ S(x)r D*n =0,
and hence S(y)n € Hz, completing the proof.
Now, we are ready to analyze the structure of S and its square root.

Proposition 3.13. The following statements are true:
(i) For ally € X and n € H we have

Sy)yn=S(yr)rrnr + Syr)ssn..

(65)
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(ii) For ally € Hf and n € H; we have

W= N{y.e)uleinn)mes. (66)
icl

Proof. The mapping S has the affine structure (64), and by Lemma 3.7 the mapping & is
parallel to the boundary at boundary points of X'. Therefore, by Proposition 3.4 we have
S(y) = S(yr) forallyec X.
Now, let y € X and n € H be arbitrary. By Lemma 3.12 we have
S(y)n = S(yr)n = S(yr)nr + S(yr)ns = S(yr)rrnr + S(yr) g 0.
Now, let y € H;r be arbitrary. By Lemma 3.9, for each i € I we have
(Aly,eidn = (y — Dy,ei)u = (y,ei)u — (y, D*e:) = (y,ei)n

Therefore, by Lemma 3.12 and Proposition 3.4, for all y € HJr and n € H; we obtain

SWn=SA"Yun=>Y NA "y e mlenmue =Y Ny e)ulennu e,

i€l iel
completing the proof. O

Lemma 3.14. The following statements are true:
(i) We have
S(y)n = S(yn) /i mi +Sn)fns for ally € X andn e H.
(i) We have

Hn—z iy, eim (eisnyme; forally € HY andn € Hy.
i€l

Proof. By equation (65) from Proposition 3.13 we have
— — 2 — — —
(S(yl)}/; T+ S(yl)}@ 7y) =S+ ST =5Sy),

proving the first statement. Furthermore, the second statement is an immediate consequence
of equation (66) from Proposition 3.13. O

Now, let us analyze the structure of the volatility . From now on, we assume that U = H,
that the covariance operator Yy, € LT (U) has a diagonal structure along {ej }xen, and

that for each € X the operator a(x)Z;{f is self-adjoint. Then we have
aly) = g’(y)th;Vl/z for all y € X. (67)
Indeed, let y € X be arbitrary. By (54) we have
S(y)"”” = AS(x)"”?,
where = A~y € X, and hence by (40) we obtain
o(y) = Ao(x) = AS(2) 7Sy = ()5, "
Recall that Uy = E;{f (U) is a separable Hilbert space with inner product
(u,v)y, = <E;V1/2u, E;VI/QU>U, u,v € Up. (68)
By Lemma C.2 the system {gi }ren given by
gk = S\Per, keN (69)
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is an orthonormal basis of Uy. Now, we define
Uro =Sy (U CUr and Uy :=S/2(Uy) C U,
We define the mappings o7 : H+ — Lo(Ur o, Hr) and 67 : H;r — Lo(Uyjo, Hy) as

our(y) = S@)iy Swhy v e HY, (70)
a11(y) =Sy )1/2 EW/;w yeH . (71)
Proposition 3.15. The following statements are true:
(i) We have the representation
a(y)u=0orr(yr)ur +ay5yr)uy  for ally € X and u € Uy. (72)
(i) We have the representation
arr(y)u = Z VAily, eiym (giu)uy i for ally € Hf andu € Upy. (73)
iel
(iii) If X € £*(I) and g; = /Aie; for all i € I, then we have the representation
arr(y)u = Z V{y,eiym (ei,u)ye; forally € Hf andu € Ury.
iel
Proof. Let u € Uy be arbitrary. Note that

Z;Vlﬁ —1/2

u = Dy ur + lelfl,{JQJ g
is the decomposition of Z;VI/QU according to U = Uy @ U;. Therefore, by (67) and Lemma
3.14, for each y € X we have
— ) —1 1 -1
o(y)u = S(y)l/2 W/Qu = S(yI)I/I 2W/II uy + S(yl) /’ EW/JzJ uy
=or1(yr)ur +055(yr)uy.
Furthermore, by Lemma 3.14 and (68), for all y € H;” and u € U; o we have

srr(y)u =S Swliiu="> VAily e m (er, Sy ubm e

i€l
— pY 21/2
= i<y7 €i>H < w,116i, U Uo €; = § Z/y ez gz: Uo €.
i€l el

If A € /(1) and g; = v/ Aie; for all i € I, then by (68) we obtain

arr(y)u =Y VAily,ei)m (g0, whvg e = Y X/ (y, e) (i, u)u, e

iel iel
= Z Aiv{y,ei)n <217vl,/121 €i) Z;Vl/]z] u)y e; = Z VY, e (e, w)u e,
icl iel
completing the proof. O

Lemma 3.16. The mapping 615 is parallel to the boundary at boundary points of H}"
Proof. By the representation (73) from Proposition 3.15 we have

(6r1(y),ei)g =0 forally € H; and all i € I with (y,e;)y = 0.
Therefore, using Proposition 3.3 finishes the proof. (]
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From now on, we assume that p has the affine structure (32) and is inward pointing. By
virtue of the decompositions (59) and (72) of & and & we can express the transformed SDE
(41) by the two coupled SDEs (42) and (43). The following two auxiliary results show that
the drift and the volatility appearing in the SDE (42) are continuous and satisfy the linear
growth condition.

Lemma 3.17. The mapping jirs : H;L — Hj satisfies the linear growth condition, and for
ally, z € HIJr we have

111 (y) = Brr() | a < |\ Mrrllpan ly — 2l
Proof. By (57), for each y € H; we have
arr W) e = mo,r + Mirylle < lmo,rlla + | Mirl| Loz vl
and for all y,z € Hf we have

i (y) = frr () e = 1Mir(y — 2) o < |\ Mirllpnly — 2lla,
completing the proof (I
Lemma 3.18. The mapping ;7 : H}" — Lo(Ur 0, Hy) satisfies the linear growth condition,
and for all y, z € H;r we have
I511(y) = 1150y 0,00y < M2y lly = 2l

Proof. The mapping S has the affine structure (64), and by Lemma 3.7 the mapping & is
parallel to the boundary at boundary points of X'. Therefore, by Proposition 3.4 we have

S(y)n= N(y)n forally e H; and n € Hj.

Since {g;}ics is an orthonormal basis of Uy g, by (70) and Lemma C.5, for each y € H; we
obtain

oy )”L2 Uro,Hr) = Z”UU Qz”H —ZHUII WIIeZ”H

Py el
= H@I(ZJ)EV%IHLQ(HI) =[5
= ¥0r )ty < 1N ooty ol

where the operator Ny; € L(Hy, Li(Hp)) is given by Ny = (Nn)rr for n € Hy. This
proves that &y satisfies the linear growth condition. Furthermore, by Lemma 3.14 and the
elementary inequality

1 —
/QHLQ(HI) I1SW) 1t Ly (o)

(f_\/B)QS‘a_b‘7 a7b€R+7
for all y, 2 € H we have

_ _ _ _ 1
1511(y) = G110, 0,500y = || (Fr1(y) = 011(2))21/{/2,11“L2(H,)

1/9 — 1/o 2
=817 = S iy = Do (VAGseihr = VAulz,en)

el

1/2

<Y iy — ze)nl < (Zﬁ) (Z (y — Z,6¢>Hl2> = [Mleznlly — zlla,
el

i€l i€l

1/2

finishing the proof. O
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Now, we define the retracted subspace with compact embedding. By Lemma A.1 there
exists a sequence v = (;);er C (0,00) with v; — 0 such that we have (35), which gives rise
to the compact linear operator T' € K1 (H) with representation (36) and the retracted
subspace Hyo = T(Hy) according to Lemma C.2. We also recall the notations HIJCO =

T(Hf) and X, := H/ (& H.

Remark 3.1. If I is finite, then we simply take v; := 1 for all i € I. In this case, the
operator T' is the identity operator, and we have Hr o = Hy, H;fo = Hf and Ap = X.

Lemma 3.19. We have A(Xp) = Xp.
Proof. Let x € Xy be arbitrary. By Lemma 3.9 we have Dx € H;, and hence Az = z+ Dx €

Xoaswell as A~z =2 — Dz € X). O
The following two results show that the drift and the volatility appearing in the SDE (42)
satisfy the linear growth condition with respect to the norm || - ||z, .

Proposition 3.20. Suppose that condition (38) is fulfilled. Then we have fis; (H;fo) C Hyp,
and /jII|H;rO : H}to — Hip o satisfies the linear growth condition with respect to || - || g, .-

Proof. By Lemma 3.10 we have mq ; € Hj; and My;T = TM;;. Hence, by Lemma C.3 we
have M;;(Hro) C Hrp, and Myy|g,,, € L(Hpp) with respect to || - ||z, ,. Therefore, taking
into account (57) we have ﬂII(HIfO) C Hjp, and for each y € ijo we obtain
a1 )10 = 10,1 + Miryllas,e < lmorllmro + 1Mzl zer, o) 1Yl o
proving the linear growth condition. (]
Recalling the representation (36), by Lemma C.2 the system {f;}ics given by
fizTei:uiei, el
is an orthonormal basis of Hyo. Also recall that system {gx}ren given by (69) is an or-

thonormal basis of Uy. In view of the upcoming result, we emphasize that the spaces H;
and Uy o have to be distinguished, although we have H = U. Indeed, by definition we have

H;o=T(Hy), where T is given by (36), and we have Ur o = E;{,Q(HI).

Proposition 3.21. The following statements are true:
(i) For ally € H;fo and all uw € Ur o we have arr(y)u € Hy .
(ii) For ally € H;fo we have a11(y) € Lo(Ur 0, Hr o) with representation

_ s
Fryu=>_ 1/ ﬁ\/ (Y, fi) o (90w, fis  w € Ulpp.
iel v
(iii) The mapping 6H|H;r : H1+0 — Lo(U; 0, Hy o) satisfies the linear growth condition with
;0 ’ :

respect to || - || m; -
Proof. Let y € HIO and u € Urg be arbitrary. By Proposition 3.15 and Lemma C.2 we

have
orr(y)u = Z VAily, ei)m (9 u)u, €

el

= Z /\iVi<yafi>H1,o <giau>U0 €; = Z \/?\/ <y,fi>H1‘o<gi7u>Uo f’L

i€l iel
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Therefore, by the Cauchy Schwarz inequality and (35) we obtain

1 1 Ai
Z ﬁ‘<611(y>uaei>H|2 = Z ﬁ)\iVZ(ya fi>H1,0|<gi7u>Uo|2 = Z ;(ya fi>H1,0|<gi7U’>U0‘2

?

el el icl

< (Z (A>> /(Z |<y,fi>H,,02)1/2|u||%]U -12)

and by Lemma C.2 it follows that &;7(y)u € Hro. Recall that {g;}ics is an orthonormal
basis of Urg. Hence, by Lemma C.2 and the Cauchy Schwarz inequality we obtain

9l 0l < o0,
£2(I)

_ _ Ai
1ot s ot100) = D N1t @)gill7e, , =D o fidbno

icl iel

(50 (Smamr) - 1(2).,

proving that 617(y) € La(Ur,0, Hr o). Moreover, it follows that &H|H;r satisfies the linear
,0
: ”HI,O' O

IN

||yHHI,O7

e

growth condition with respect to |

The following auxiliary result implies that the drift appearing in the SDE (43) is Lipschitz
continuous. Note that the volatility in the SDE (43) is constant by definition.

Lemma 3.22. Let y; € H; be arbitrary. Then for all y;,2z; € Hy we have

s (yr +ys) — Ba(yr + z0)lle < | Mylloenllys — zilla-

Proof. Taking into account (58), for all y;,z; € H; we have

s (yr +ys) — Ba(yr + z0)lle = 1My (ys — 20l < Mgl llys — 2l a2,
completing the proof. O

The following two results provide the existence of weak solutions and pathwise uniqueness
of solutions for the affine SDE (30), which we require in order to apply the Yamada-Watanabe
theorem.

Proposition 3.23. Suppose that condition (38) is fulfilled. Then for each probability
measure v on (Xy, B(Xo)) there exists a weak solution to the affine SDE (30) such that
v="Po Xo.

Proof. Let v be a probability measure on (Xy, Z(Xy)). Taking into account Lemma 3.19,
setting 7 := v o A, that is (B) = v(A™!B) for all B € (X)), defines another probability
measure on (Xo, Z(Xy)). Let vy be the probability measure on (Hlfo,f%’(HIfO)) given by
vi(B) =0v(B x Hy) for all B € (Hr,). In view of Lemmas 3.17, 3.18, Propositions 3.20,
3.21 and Lemmas 3.7, 3.8, 3.16 we may apply Theorem B.2, which provides a weak solution
(Y7, W) to the affine SDE (42) on some stochastic basis B such that oy = Po Y;o. By
desintegration, there exists a stochastic kernel K from (HIO,‘%’(H:O)) into (Hy,#(Hjy))
such that 7 = K ® 7. We define the probability kernel K from (£2,.%) into (H;, #(H))
as

K(w,B) = K({Yr0(w),B) forallweQand B e A(Hj).
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Furthermore, we define the new stochastic basis
}E = (ﬁa ﬁ (%)tERJr ) ]?3)
= QxH;,7 @ B(H;),(F @ B(Hj))er,, K @P),

and we define the %—measurable random variable Yj : Q- Xy as
Yo(w) := (Yro(w), Yio(ws)), weQ,

where Y o(w2) := wo. For all A € %’(H(L) and B € B(H ) we have
Bo e AxB) = [ [ Lgens oo K e don)P(den)
oJu,
= / / 1axB(Y70(wi), 22) K (Y7,0(w1), dxg)P(dwr)
oJu,

= / / 1A><B(.'I;1,l‘g)K(xl,de)DI(dwl) = D(A X B),
HYf, JH;

showing that Po Yy = v. In view of Lemma 3.22, there exists a strong solution Y to the
affine SDE (43) on the stochastic basis B with initial condition Y. Setting YV := (Y7,Yy),
this gives us a weak solution (Y, W) to the affine SDE (41) such that P o Yy = 7. Now, we
set X := A~'Y. Taking into account Lemma 3.6 we deduce (X, W) is a weak solution to
the affine SDE (30). Moreover, for each B € #(X,) we have

P(X, € B) = P(A"'Yy € B) = P(Yy € A(B)) = #(A(B)) = v(B),
showing that Po Xo=v. O

Proposition 3.24. Suppose that condition (39) is fulfilled. Then we have pathwise unique-
ness with starting points in X for the affine SDE (30).

Proof. Note that fiy; has the affine structure (57), and that 6;; has the diagonal structure
(73) from Proposition 3.15. Also noting (39), we may apply Theorem B.3, which provides
pathwise uniqueness with starting points in H;r for the affine SDE (42). Moreover, in view of
Lemma 3.22, for every weak solution Y7 to (42) we have pathwise uniqueness with starting
points in Hjy for the affine SDE (43). Consequently, we have pathwise uniqueness with
starting points in X for the affine SDE (41). Since A € L(H) is an isomorphism, taking into
account Lemma 3.6 we deduce that pathwise uniqueness with starting points in X for the
affine SDE (30) holds. O

Remark 3.2. Note that we cannot apply Thm. 2.1 from [41] in order to derive pathwise
uniqueness. Indeed, defining 1, ¢, : Ry — Ry as ¢1(0) := ¥(#) := 0 and ¢() := v/ for
0 € R4, the integral divergence condition from (A4) in [41] is not fulfilled, because

/llde/llde/llde/l 11 Veo
o VO)+eO) Sy 040727 o 0202 +1) Ty \o2 011 ’

Noting that B(Xy) = B(X)x, by (83), the proof of Theorem 3.1 is now an immediate con-
sequence of Propositions 3.23 and 3.24, combined with our version of the Yamada-Watanabe
theorem (Theorem B.1).
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4. EXAMPLES

In this section, we present examples where Theorem 3.1 applies. In Subsections 4.1 and
4.2 the application is straightforward. More care is required in Subsections 4.3 and 4.4,
where we consider infinite dimensional processes of Cox-Ingersoll-Ross type and of Heston
type. In both of these two examples, we will first specify the volatility structure, then we
define the retracted subspace with compact embedding, and in the last step we introduce
the drift.

4.1. Particular situations. As a consequence of the following result, Theorem 3.1 in par-
ticular applies when the subspace H; is finite dimensional.

Corollary 4.1. If the index set I is finite, then the affine SDE (30) has a unique strong
solution starting in X.

Proof. Since I is finite, condition (37) is fulfilled. Furthermore, by Remark 3.1 the compact
linear operator T' € K(Hy) given by (36) is the identity operator, and we have H; o = Hy,
H?:o = H}*‘ and Xy = X. Therefore, Assumption 3.1 is satisfied. Consequently, applying
Theorem 3.1 completes the proof. O

In particular, Corollary 4.1 applies when the Hilbert space H is finite dimensional. There-
fore, we have generalized [19, Thm. 8.1], which provides the existence of affine processes in
finite dimension.

4.2. Infinite dimensional processes of Ornstein-Uhlenbeck type. Note that Corol-
lary 4.1 in particular applies when I = ), which provides the existence of affine processes
with state space being the whole Hilbert space H. In this situation, where the process X
is a so-called Ornstein-Uhlenbeck process, we can say even more. By condition (48) from
Proposition 3.3 the mapping S is constant, and hence the volatility o given by (40) is con-
stant as well. Therefore, the affine SDE (30) has the explicit solution given by the variation
of constants formula

t t
X =xo +/ Si_smods +/ Si_sodWs, teR,,
0 0

where (St)¢>0 denotes the uniformly continuous semigroup generated by the linear operator
M € L(H) appearing in (32). Ornstein-Uhlenbeck processes on Hilbert spaces have recently
been studied in [2] and [3], and they provide a link to the theory of semilinear stochastic
partial differential equations (SPDEs) in the spirit of the semigroup approach; see for exam-
ple [12]. More precisely, in the general situation, where I and J are arbitrary disjoint index
sets, we could also regard the affine SDE (30) as a SPDE and look for (mild) martingale
solutions, which means that the variation of constants formula

t t
X = StxO +/ St,smods +/ St,SCT(XS)dWS, te R+
0 0

is satisfied. According to [12, Thm. 8.1], a sufficient condition for the existence of martingale
solutions is that the semigroup (S;):>0 is compact. However, we have the following negative
result.

Proposition 4.2. Suppose that dim H = oo. Then no uniformly continuous, compact
semigroup exists.
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Proof. Suppose that A € L(H) is the infinitesimal generator of a compact semigroup. Ac-
cording to [33, Prop. 3.1.4], for every B € L(H) the operator A+ B is also the generator of a
compact semigroup. In particular, choosing B = —A we obtain that the semigroup (S¢):>0
given by S; = Id for each ¢t > 0 is compact. Since dim H = oo, this is a contradiction. [

Consequently, apart from the particular case of Ornstein-Uhlenbeck processes, the SPDE
approach is not appropriate in order to establish the existence of affine processes, and this
is why we regard affine processes as solutions to infinite dimensional SDEs in this paper.

4.3. Infinite dimensional processes of Cox-Ingersoll-Ross type. In this subsection,
we establish the existence of infinite dimensional processes of Cox-Ingersoll-Ross type. Here
we have the index sets I = N and J = (), and hence the state space is given by X = HT. We
define the volatility structure S : H* — L] (H), the retracted subspace Hy and the drift
w: HY — H in three steps:

Volatility structure. Let A = (\;)ien C (0, 00) be a sequence such that A € £2(N). By Lemma
C.9 the mapping

N@)¢ =Y Nwe)ulen&nei, &€ H
ieN
is a well-defined continuous linear operator N € L(H, Li(H)), and for every x € H" the
operator N () is self-adjoint with N(x) € L (H). We define the affine mapping S : HT —
Li(H) as
S(z):=N(z) forallze HT.

Then S has the affine form (33) with ng = 0. Note that conditions (47)—(49) from Proposition
3.3 are fulfilled, ensuring that the associated volatility o : HT — L?(Uy, H) given by (40)
is parallel. Furthermore, condition (37) is fulfilled, because k; = 0 for each i € N, and the

transformation A € L(H) given by (61) is simply the identity operator. By Proposition 3.15
the volatility is given by

o(x)u= Z VAilz, e (gi,w)y, e; for all z € HT and u € Uy,

ieN

where g; = E;{fei for all i € N. If we even have A € ¢}(N), then we can take the covariance
operator Yy € LT T(U) defined as

Swu = ZM(%W)U e; forallueU,
ieN

and then the volatility admits the representation

o(x)u = Z Vi{z,e)m (ei,u)pye; forallz € HT and u € Up.

ieN

Retracted subspace. By Lemma A.1 there exists a sequence (v;);en C (0, 00) such that v; — 0

and
<>\i> € 62(N).
Vi / ieN

Let T € KT+ (H) be the compact linear operator with representation

T.’ﬂ:Zl/i<x,ei>H€i, er? (74)
€N
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and let Hy := T(H) be the retracted subspace defined according to Lemma C.2. Moreover,
we set Hy = T(H™").

Drift. We define the affine mapping p: H™ — H as
w(x) :=mo+ Mz, z€HT,
where mg € Hy, and M € L(H) is of the form

Mm:Zpi<x,ei>Hei, xreH (75)
‘€N
with a sequence p = (p;)ien C R such that p € (}(N). Note that condition (39) and
conditions (44)—(46) from Proposition 3.2 are fulfilled, which shows that yx is inward pointing.
By the representations (74) and (75) we have MT = TM, showing that condition (38) is
fulfilled. Consequently, by Theorem 3.1 the affine Cox-Ingersoll-Ross type SDE (30) with
parameters specified above has a unique strong solution starting in HO+ .

4.4. Infinite dimensional processes of Heston type. In this subsection, we establish
the existence of infinite dimensional processes of Heston type. We assume that the disjoint
index sets I and J are both infinite. Let 7: I — J be a bijection such that 7(i;) < 7(i2) for
all 71,40 € I with i1 < iy. We define the volatility structure S : X — LT (H), the retracted
subspace H o and the drift g : X — H in three steps:

Volatility structure. Let ng € L (H) be such that no& = 0 for all ¢ € H;. Furthermore, let
A= (Ai)ier C (0,00) and K = (k;)ie1 C (0,00) be sequences such that A € £2(I) and k; < \;
for all ¢ € I. Moreover, we assume that

Kj 2
— e °(I).
(Ai>iel
By Lemma C.10 the mapping

N(z)¢ == Z(x, ei>H(<)\i6i + Kier(iy, §) i €i + (Kiei + Nier(y, §) e‘r(i)>7 r,§ € H
iel
is a well-defined continuous linear operator N € L(H,L,(H)), and for every z € X the

operator Nz is self-adjoint with Na € L} (H). We define the affine mapping S : X — LT (H)
as

S(x) :=no+ Nz, zeX.
By Lemma C.10 we have the identities

Xi=|S(e)rreilln, i€,
ki = ||S(ei)rreilln, i€l

Note that conditions (47)—(49) from Proposition 3.3 are fulfilled, ensuring that the associated
volatility o : X — L?(Ug, H) given by (40) is parallel. Furthermore, condition (37) is
fulfilled, and the transformation A € L(H) specified by (61) is given by A = Id + D, where
D € L(H) denotes the linear operator

Ki

Dz = _ZT<$7ei>H6T(i)7 x € H.
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Retracted subspace. By Lemma A.1 there exists a sequence (v;);e; C (0, 00) such that v; — 0

and
g
() € 02(I).
Vi/)ier
Let T € K(Hy) be the compact linear operator with representation
T$:ZVi<$7€i>H€i, x € Hy, (76)
il

and let Hy o := T'(Hy) be the retracted subspace defined according to Lemma C.2. Moreover,
we set H = T(H{) and Xy := Hf ;& H,.

Drift. Let mg € X be such that mg € Hf)o. Furthermore, let M;; € L(Hj) be a linear
operator of the form

Mz = Zpi<$,6i>H e, T € Hj (77)
iel
with a bounded sequence p = (p;)ic; C R such that p € ¢1(I), and let M; € L(H, H;) be
arbitrary. We define M € L(H) as
Mz := Mrxr+ Mjyxz, x € H,
and the affine mapping p: X — H as
wx)=mo+ Mz, xe€X.

Note that condition (39) and conditions (44)—(46) from Proposition 3.2 are fulfilled, which
shows that p is inward pointing. By the representations (76) and (77) we have M;;T =
T My, showing that condition (38) is fulfilled. Consequently, by Theorem 3.1 the affine
Heston type SDE (30) has a unique strong solution starting in Xjp.

APPENDIX A. AUXILIARY RESULTS
We begin the proof of Lemma 2.8 with the following remark: an A € L(H; L(H)) is consid-
ered to be a sesquilinear map from He x He into He by defining n* A = Y77, (4;€,7) mee; for
all §,m € He. It is well-defined, if (4;);en are trace class operators such that >, (tr A)? <
oo and A; =0 for all j € J. Actually, we have

[ee)

I A€l = D (A€ el < Y (b A€l 7. Il

i=1 i=1
=D (tr A2 (€l Fr I3, < oo
i€l

Note that, for all ¢ € N, (¢(t,u), M;)g. = (M*(t,u),e;ypg. and (nip(t,u),Y(t,u)) g, =
(W(t,u)*N(t,u), e;) .. Here, we use M and N from Equation (6).

Since 9(t,u) is Fréchet differentiable and (Dy)(t, ), €;) g, = Owp;(t, u), Equation (9) is
equivalent to

De(t,u) = MG(tu) + 96 u) No(tw), 120,
P(0,u) =u e U.

(78)
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Proof of Lemma 2.8. We truncate I at n by considering I, = IN{1,...,n}, n € N. Denote
Jn = N\ I,. By the very definition of (-, ) g, we directly obtain that

Ouller, (b ). = 3 00 Rewsa(t,w)? + Tm (1, )?)

icl,

=2 3" (Rews(t, u)dh (Re s (t, u)) + Im (¢, u)dy (Im v (¢, )

icl,

=2 Z Re (v;(t, u) 0y (t, w)). (79)

icl,

It follows that for a bounded linear operator L € L(H) and ¢ € H, (Lap, )y g+ (L, ) g =
2Re(L, ). Then, (78) together with (18) yields

at'(/)i (ta u) = <17b1n (t7 u) + ’l/)']n (ta u)7 mi>HC
g () + 0, (00)) () + 0, (0, 0))

1
= (¢r, (t,u), m; 1, B + (W, (G w), M4 5, ) He + §ni,ii|7/1i(tvu)‘2

1
+Re(ni, 1,7, ¢, (6 w), ¥, (¢, u) e + 5 (Mi.,0, %3, (t 0), Y, (8 u) e
for all ¢ € I,,. Hence, for t € [0,T,) and i € I,,,

2Re (¢i(t, u)0;(t, u)) =2Re (M(W’In (t,u),mi )b + (b, (tu), mi,Jn>Hc))
+ Re i (t, u)ng i i (t, u)|?
+2Re i(t,u) Re(ni 1, 1, ¢, (t,u), 1, (1)) b,
+ Re (m<ni,Jan1/)Jn (t, U)7W>H¢>- (80)

Since Re;(t,u) < 0 for ¢ € I, C I and ¢t € [0,T,) and n;,; > 0, we obtain that
Re ;i (t, u)n; ;|1 (t,u)]*> < 0 and it follows that

(80) < 2Re (Gilt, w) (o, (8 w0) i, ) e + (0, (810), M, ) )
+ 2Re;(t, u) Re(n; 1, 7,0, (t,u), r, (t,w)) e
+ Re (M(nun 1, (), g, (8 w)) Hc) :
Using that 2 Re(afB) < |a]? + |8|? and 2ReaRe 3 < |al? + |B|? for o, B € C, we get
(80) < [i(t, W) + [(¢r,, (&, w)y mi 1, ) pe |* + [i ()2 + (g, (8 w)y mi g, ) e |
il W + [(01,1,,00, (6 0), Br, (6 0) e
o + 31055, 0, (), B, )

Note that for i € I,, (¥r, (t, ), mi 1, ) e = (U1, (t,w), 71, Me;) g, = (M*¢r, (,u), €;) g, and
that this is also true when I,, is replaced by J,. Hence,

(80> < g'wi(ta u>|2 + |<M*’(/}I7L (t’u)v ei>Ht|2 + |<M*an (t’ u)7 ei>Hc|2

- 1 -
+ |<ni;Ianan (t’u)7’l/)1n (t7u)>HC|2 + §‘<ni7J,anan (t7u)’ an (t’u)>HC|2
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Moreover, ||n; k|| < ||n;|| for any subset K, L C N, such that
SR 7 * *
2Re (1/%(157 u)atwi(t7 u)) < §|w%(tv u)|2 + |<M "/}In (t7 u)v ei>ch |2 + |<M ’(/}Jn (t7 u), ei>Hc |2

1
= Inill (1 (& ) 1, (6 ) e + 51100, (6w )-
It follows from (79) that

Aullr, (b )l < ) < [t w)|? + (M, (t,u), ) me|* + (M, (t,0), e5) e | )

€1y,

+ 3 Il P (g, (& )l e llon, (6 w) e + 1, (8 )1 r,)

i€ly

7 . *
§H1/Jzn(t,U)||?{C M r, (8wl + 1M, (¢ w) |,

+ 3 Il P (g, (& )l e lon, (6 w) e + 1, (8 w) 1 r,)

1€1,

7

§szn (tu) 3. + IMIP ([, (¢ w7 + M2, (¢ w) |,

+ Z 12 (100,, (8 w) Vg 7, (8, ) [ F + 10, (8,03,
1€1,

< C(lr, (tw) e + 1, (&)l + [, & w3 ¢, (¢ u) 3.
+ [0, (8 w) || 5)

< C(L+ |[vr, (6 wF.) (L4 v, (6w F. + s, &)l )

holds for all ¢t € [0,T,), where C = >, [|ni||> + [[M||? + 2. We set hy,,(t
s, & )3 + s, (8, u) |3, Applying Gronwall’s inequality yields that for ¢ € [

t
%{C)/O hn’u(S)eCfS h"'“(r)drds. (81)

Let t € [0,T,). By the definitions of I,, and J,, it holds that lim, o ||9r, (¢, 4)||H. =
t

191 (8, w)[| e, im0 wr, = uyp increasingly and limy, o0 {40, (8 w)|| e = [[¢ (8 w)||me de-
creasingly. It follows that lim,, oo fn (7)) = hy (1) decreasingly for all r € [s,¢]. By Dini’s

IN

IN

) =1+
0,7.,),

L[|, (8wl < +0(

theorem this convergence is uniform over [s,t], thus, lim, f; B (r)dr = fst ho (7)dr
decreasingly for all s € [0, ].
Consider the sequence of functions (hy, . (s) exp f K Chyp o (r)dr))nen. Similar to the discus-

sion above, this sequence converges to hy(s) exp(C f hy(r)dr) decreasingly for all s € [0, ¢].
Again, by Dini’s Theorem, this convergence is uniform on [0,¢] and therefore it holds that

t t
lim hnyu(s)ecf: h"v“(r)drds:/ ha(s )ef haMdrgs € [0,To).

Taking limits on both sides of (81), we finally get

t
L+ [[r(tw) |7, < 1+ [lurllF + CA+ IIUIII?IC)/ ha(s)eC s PP as 1 e (0,T,).
0
Subtracting 1 from both sides, the required inequality is proved. O

We proceed with further auxiliary results, which we require in this paper.
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Lemma A.1l. Let A = (A\g)ken C (0,00) be a sequence such that X € (*(N). Then there
exists a sequence (Vi )ren C (0,00) such that v | 0 and

Proof. We define the decreasing sequences (pi)ren C (0,00) and (v )ren C (0,00) as

Pk = Z)\n and Vi ‘= \/Pk-

n==k

Then we have vy | 0. Furthermore, we have

P - Pk S VT 0o VT
completing the proof. O

Definition A.1. Let X,Y be normed spaces, and let A C X be a subset. A function
[+ A=Y satisfies the linear growth condition if there is a constant K € R such that

If@)|ly < K1+ |z|x) forallxe A.

Lemma A.2. Let X,Y,Z be normed spaces, let A C X and B C Y be subsets, and let
f A=Y with f(A) C B and g : B — Z be functions satisfying the linear growth
condition. Then go f: A — Z satisfies the linear growth condition, too.

Proof. There are constants K, L € R, such that

If@)|ly < K1+ |z|x) foral e A,
lg@Wllz < L1+ |lylly) forally € B.

Therefore, for each x € A we obtain

lg(f(@)llz < LA+ £ (@)lly) < L1+ K(1 + |[z]|x))
=L+ LK1+ |z]lx) < LK + (1 + [lz] x),

completing the proof. O

APPENDIX B. INFINITE DIMENSIONAL STOCHASTIC DIFFERENTIAL EQUATIONS

The goal of this appendix is to provide the required results about the existence of solu-
tions to infinite dimensional SDEs. In particular, we will present a version of the Yamada-
Watanabe theorem for starting points from a subspace which is equipped with a finer topol-
ogy. This version of the Yamada-Watanabe theorem is inspired by [22], where an existence
result for starting points from a retracted subspace with compact embedding is presented.
We will also provide a refined version of this existence result as well as a result for pathwise
uniqueness, which is a version of the uniqueness result from [42] in infinite dimension.

Let H be a separable Hilbert space, and let X C H be a subset. Let U be a separable
Hilbert space and let Xy € Lf+(U) be a self-adjoint, positive trace class operator. By

Lemma C.2 the set Uy := E;{,zU, equipped with the inner product

(u,v)y, = <E;V1/2u, E;Vw@ u,v € Uy

U?
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is a separable Hilbert space. Let u : X — H and o : X — Lo(Up, H) be measurable
mappings. We consider the SDE

Xo = o,
where W is a U-valued Wiener process with covariance operator Xy . Let (Ho, | - ||z,) be a

separable Hilbert space as in Lemma C.2. Then we have Hy C H as a set, and by Lemma
C.2 we have Hy € #(H) and B(Hy) = B(H)pn,. We define Xy := X N Hy, and denote by
P (X) the Borel o-algebra of X with respect to || - ||z, and by (X)) the Borel o-algebra of
Xo with respect to || - || g, Then we have

B(Xy) =B(H)x, = B(X)x,, (83)
because B(Xy) = B(Ho)x = (B(H)p,)x = B(H)x, = B(X)x,. Furthermore, we set
W) ={we CRy;H) :w(t) € X forall t € Ry}
as well as

Wo(U) :={w € C(Ry;U) : w(0) = 0}.

For what follows, the letter B will denote a stochastic basis B = (Q, %, (%;)ier,,P). We
briefly recall the relevant solution concepts, which are adjusted to the present setting, where
the solutions are X-valued, and where starting points from Hj are considered.

Definition B.1. A pair (X, W), where X is an adapted process with Xy € A and paths
in W(X), and where W is a U-valued Wiener process with covariance operator Xy on a
stochastic basis B, is called a weak solution to (82) starting in Xy if we have P-almost surely

t
/0 (X i+ 10 (X)) < 00 for all ¢ € B

as well as
t t
X =Xo —|—/ w(Xs)ds —|—/ o(Xs)dWs forallt € Ry.
0 0

Definition B.2. We say that pathwise uniqueness with starting points in Xy holds for (82)
if for two weak solutions (X, W) and (X', W) starting in X on the same stochastic basis B
and with the same U-valued Wiener process W such that P(Xo = X{) = 1 we have X = X’
up to indistinguishability.

In the sequel P o Xy denotes the distribution of an U-valued Wiener process W with
covariance operator Yy on the space (W (U), Z(Wo(U))).
Definition B.3. Let &y, (X) be the set of maps F : Xy x Wo(U) — W(X) such that for
every probability measure v on (Xp, (X)) there exists a map
F,: Xy x Wo(U) — W(X)
such that the following conditions are fulfilled:
(i) F, is B(Xo) @ BWo(0)) “ ") ) 8(W(X))-measurable.
(ii) For v-almost all x € Xy we have
F(z,w) = F,(z,w) for PoXy-almost all w € Wy(U).
Definition B.4. A weak solution (X, W) to (82) starting in Ay on a stochastic basis B is

called a strong solution starting in Xy if there exists a mapping F' € éAoXO(X ) such that the
following conditions are satisfied:
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(i) For all z € X and ¢t € R the mapping
Wo(U) - W(X), w+ F(z,w)

is Be(WoU) " | B,(W(X))-measurable.
(ii) We have up to indistinguishability

X = Fpox,(Xo, W).

Definition B.5. We say that the SDE (82) has a unique strong solution starting in Xy if
there exists a mapping F € &y, (X) such that:

(i) Condition (i) from Definition B.4 is satisfied.

(ii) For every U-valued Wiener process W on a stochastic basis B and any %#,/%(Xp)-
measurable random variable zq :  — Xp the pair (X, W), where X := F(xo, W), is a
weak solution to (82) with P(Xy = z¢) = 1.

(iii) For any martingale solution (X, W) to (82) we have up to indistinguishability

X = Fpox,(Xo, W).

Now, we are ready to present our version of the Yamada-Watanabe theorem. For related
work about the Yamada-Watanabe theorem in infinite dimension, we refer to [31], [34] and
[36].

Theorem B.1. The SDE (82) has a unique strong solution starting in Xy if and only if
both of the following two conditions are satisfied:
(i) For each probability measure v on (Xy, B(Xy)) there exists a weak solution to (82) such
that v =P o Xj.
(i) Pathwise uniqueness for solutions to (82) starting in Xy holds.

Proof. The proof is analogous to the proof of [34, Thm. 2.1], and we provide an out-
line. First, suppose the SDE (82) has a unique strong solution starting in Xy. Then path-
wise uniqueness for solutions to (82) starting in X, holds. For a probability measure v on
(Xo, (X)) we consider the probability space

v@(PoXw)

(% x Wo(U), Z(Xo) @ Z(Wo(U) v @ (PoX))

with corresponding completed filtration, and let g : Xy x Wo(U) — Xy and W : Xy X
Wo(U) — Wo(U) be the canonical projections. Then X := Fpogy, (20, W) is the desired
weak solution to (82). Conversely, suppose that conditions (i) and (ii) are fulfilled. Let v
be a probability measure on (Xy, B(Xp)), and let (X, W) be a weak solution to (82) with
Po Xy = v. We define the probability measure P, on

(Yo x W(X) x Wo(U), B(Xo) © B(W(X)) © B(Wo(U)))
as P, :=Po (Xg, X, W). By desintegration, there exists a stochastic kernel K, from (Xp x
Wo(U), B(Xp) @ B(Wo(U))) into (W(X), B(W(X))) such that

P, =K, ® (v® (PoXw)).
Furthermore, there exists a map F, : Xy x Wo(U) — W(X) satisfying condition (i) from
Definition B.4 such that
K, ((z,w),") = 0p,(z,0) for v® (PoXy)-almost all (z,w) € Xy x Wo(U).

Now, we define F : Xy x Wo(U) — W(X) as

F(z,w) = F5_(z,w) forall x € Ay and all w € Wy(U).

x
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Then we have F' € c?xo(z'\,’ ), and this mapping provides the desired unique strong solution
starting in Ap. O

Now, we present sufficient conditions for an application of our version of the Yamada-
Watanabe theorem (Theorem B.1). We start with sufficient conditions for the existence of
weak solutions. Here we present a refined version of a result from [22], where the essential
idea is to consider starting points from a retracted subspace with compact embedding. For
the rest of this section, we assume that the set X is of the form

X =lin*{e; : k € N}
for some orthonormal basis {ej }ren of H.

Theorem B.2. We suppose that the following conditions are fulfilled:

(i) The compact linear operator T € K(H) from Lemma C.2 has the representation (91)
with respect to the given orthonormal basis {ey }ren-
(ii) The mappings p : X — H and 0 : X — Lo(Uy, H) are continuous and satisfy the
linear growth condition.
(iii) We have u(Xo) C Hy and 0(Xy) C La(Uy, Hp), and the mappings u|x, : Xo — Ho and
olx, = Xo = La(Uop, Hy) satisfy the linear growth condition with respect to || - || m, -
(iv) The mapping u is inward pointing at boundary points of X, and the mapping o is
parallel to the boundary at boundary points of X .
Then for each probability measure v on (Xy, B(Xy)) there exists a weak solution (X, W) to
the SDE (82) such that v =P o Xj.

Proof. Let I1: H — X be the metric projection on the closed convex cone X'. Then we have

Iz = Z(x, ei)f;e; foreach x € H,
ieN
and II is continuous and satisfies ||Ilz|g < |z| g for all z € H. Furthermore, we have

IIT = TTI. By Lemma C.4 we have II(Hy) C Hy, and Il|y, : Hy — Hj satisfies the linear
growth condition with respect to || - || g,. Consider the H-valued SDE

{dXt = a(Xy)dt + 5(X;)dW;

Xo = o, (84)

where i : H — H is given by i :== poll, and 6 : H — Lo(Uy, H) is given by ¢ := o o IL.
Then the functions i and & are continuous, and by Lemma A.2 they satisfy the linear growth
condition. Furthermore, we have fi(Hy) C Hy and 6(Hy) C L2 (Up, Hp), and by Lemma A.2
the mappings |y, : Ho — Ho and &|g, : Ho — La2(Up, Hp) satisty the linear growth
condition with respect to || - ||g,. Now, let v be a probability measure on (Xy, B(Ap)). Let
o :  — Ay be a Fp-measurable random variable with Poxy = v, and let W be a U-valued
Wiener process with covariance operator Yy, defined on some stochastic basis. Note that
xo is also Fo/B(H)x,-measurable, because we have B(Xy) = B(H)x, by (83). Now, we
proceed as in the proof of [22, Thm. 2] (see also [21, Thm. 3.12]), where only deterministic
starting points are considered, and provide an outline of the arguments. Note that, apart
from the initial conditions, our framework is a special case of that considered in [22, Thm.
2], because for each T' € R the mapping

C([O’T]§H>X[07T]_>H’ (f,t)'—>f(t)

is continuous, and hence conditions (B1)-(B3) and (A3) appearing in [22, Thm. 2] are
fulfilled. There exist sequences of coefficients (fiy,)nen and (G, )nen with i, (Ho) C Hp and
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an(Hp) C L2(Uy, Hp) for each n € N, which are Lipschitz continuous with respect to || - || i,
and we have [i,, — i1 and 7,, — & for n — oco. Hence, for each n € N the Hy-valued SDE

dXy = [n(X3)dt 4 6, (X3)dW,
XSL = Xo
has unique strong solution X™. For an arbitrary 7" € R, we define the solution measures
on :=Po X™ on C([0,T]; Hy) C C([0,T]; H) for each n € N. Since the identity operator
Id : (Ho, || - |lm,) — (H, | - |lzr) is compact, there exists a subsequence (ny)ren such that
On, — o on C([0,T]; H), and this provides a weak solution (X, W) to the SDE (84). It
remains to prove that (X,W) is also a weak solution to the original SDE (82). For this
purpose, we will show that the closed convex cone X is invariant; more precisely that X € X

up to an evanescent set. Let ¢ € N be arbitrary. For each x € H with (x,e;)y < 0 we have
(II(z), e;) r = 0, and hence, by Propositions 3.2 and 3.3 we obtain

(p((z)),ei)p 20 and (o(I(z)),ei)n = 0. (85)
We define the stopping time
S:=inf{t € Ry : (X¢,e;)g < 0},
and claim that P(S = co) = 1. Suppose, on the contrary, that P(S < oo) > 0. For each
n € N we define the stopping time
T, := inf {t eERy : (Xy,e)m < —i&}

By the continuity of sample paths of X, there exists n € N such that P(B,,) > 0, where
B, :={T, < oo} N{{Xt,e;)g <0 forall t € [S,T,]}.
Note that B, € %. Indeed, by [26, Props. 1.1.21 and 1.1.23] we have
[S.T.] € 0 C ¥ ® B(R,),
and hence

B, ={T, <o} ({(Xt,eZ)H <01N s, Tn]](.,t)) c 7.
teQ4
On the set B,, we have

1
S<T,<oo aswellas (Xg,e;))p=0 and (Xp ,e)g=——.
n
Furthermore, we have
(X,ei)p <0 on [S,T,]N (B, xRy).

Therefore, using (85), on the set B,, we obtain

Tn Tn
= Knedn = (Xs,edu = [ ) eduds+ [ (000, eu dW,

s s
Tn T
= [ e s + [ o) e aw. 2o
s s
which is a contradiction. Consequently, we have X € X up to an evanescent set, and hence
(X, W) is also a weak solution to the SDE (82). O

We conclude this appendix with sufficient conditions for pathwise uniqueness. The fol-
lowing result is a version of [42, Thm. 2| in infinite dimension.
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Theorem B.3. We suppose that the following conditions are fulfilled:
(i) We have U = H, and the operator Yy has a diagonal structure along the orthonormal

basis {eg tren-
(ii) There exists a sequence L = (L;)ieny C Ry with L € ¢*(N) such that for each i € N we

have
|i(x) = pi()| < Lille —yllu for all z,y € X, (86)
where p; : H — R is defined as
@) = {e), e, @€ H.
(ii) For each i € N there is a mapping o; : Ry — Ry with 0;(0) = 0 such that
o(z)u = Zm((m, ei)m){gi, Wu, e;  for allz € X and u € Uy, (87)
ieN

where g; = Z;{fei for alli € N.
(iv) There exists a measurable, increasing function p : Ry — Ry with p(0) =0 and p(u) €
(0,00) for all u € (0,00) satisfying

€1
du=o00 foralle>0 88
| 7 =
such that for each i € N we have
loi(z) —oi(y)| < p(lz —y|) for all z,y € Ry. (89)

Then we have pathwise uniqueness with starting points in X for the SDE (82).

Proof. The proof is similar to that of [42, Thm. 2], and we only sketch the most relevant
arguments. The sequence (A\g)ken C (0,00) given by A\, := (Sweg, ex)u for k € N satisfies
> ken Mk < 00 and we have Yyre, = Agey for all & € N. Furthermore, the system {g; }ien
is an orthonormal basis of Uy. Let (X, W) and (Y, W) be two weak solutions to the SDE
(82) with P(Xp = Yo) = 1. Weset Z := X —Y. Let i € N be arbitrary. By the diagonal
structure (87) of o we have P-almost surely

(Zi,ei)u :/o (1s(Xs) —ui(Ys))dS+/O (o:((Xs,ei)m) — 0i((Ys,€5)m))dBL, t € Ry,

where the process

- 1
gt = TfW’ €i)u
is a real-valued standard Wiener process; see [12, Prop. 4.3.ii]. Using (88), we can choose a
sequence (¢ )nen of functions ¢,, € C?(R) precisely as in the proof of [42, Thm. 2]. Now,
let t € Ry and n € N be arbitrary. By It6’s formula we obtain P-almost surely

(Pn(<Zt,€i>H) :/0 50/n(<Zsaei>H)(Mi(Xs) 7#1’(Ys))d$

2

+%/0 on((Zs,ei) i) (0i((Xs, €) i) — 0i((Ys, i) m)) " ds

+ / o (Zar ey ) (o3(Xures) i) — 02((X0 e5) 1)) L.
0
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Taking expectations, the last term vanishes, and by (86) for the first term we obtain

\E[ / A Zerei)an) (X, ~mtvas| < [ B[, — (Y]] ds

t t
gLi/ ]E[||XS—YSHH}ds:Li/ E[|1Z4 7] ds.
0 0

Furthermore, using (89) the second term is estimated as

3 | P Zued (X ) = (Vi) ds

I 2 t
<5 [ Zucdmp(Zuenl)ds <

-2

Therefore, letting n — oo we obtain

E[(Zy, e ] gLi/O E[|1Z4 7] ds.

Using the monotone convergence theorem, we deduce

t
El1Zil) <B| ¥ eal| = L B2 cdal) < Lloco [ E(IZ1a]ds.
ieN i€N 0
Since L € ¢}(N), by Gronwall’s inequality we obtain X = Y up to indistinguishability, which
concludes the proof. O

APPENDIX C. LINEAR OPERATORS IN HILBERT SPACES

In this appendix we provide the required results about linear operators in Hilbert spaces.
For two Hilbert spaces H and G the notations L(H,G), K(H,G), Li(H,G), L:(H,G),
LT (H,G) and L*"(H,G) mean the sets of all bounded linear operators, compact linear
operators, nuclear operators, Hilbert-Schmidt operators, nonnegative operators and strictly
positive operators. The following is a well-known result about compact operators.

Proposition C.1. Let Hy and H be separable Hilbert spaces. For every compact linear
operator T € K(Hy, H) there exist orthonormal bases {fix}ren of Ho and {ex}ren of H,
and a decreasing sequence (si)ren C Ry with s, | 0 such that

Tx = Z sz, fr)m, e for each x € Hy. (90)
k=1
Proof. See, for example [40, Satz VI1.3.6]. O

The numbers (sz) ken are the eigenvalues of T*T', and the (si)ren are called the singular
values of T. We say that a compact linear operator T € K (Hy, H) with representation (90)
has positive singular values if s; > 0 for all K € N. For what follows, let H be a separable
Hilbert space.

Lemma C.2. Let T € KT(H) be a compact, self-adjoint, positive linear operator with
representation

Tr = Z Me(x,ex)mer foreachx € H, (91)
keN

where {egtren s an an orthonormal basis of H, and (A\i)gen C (0,00) is a decreasing
sequence with A | 0. Then the following statements are true:
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(i) The space Hy := T(H) equipped with the inner product
(@9 = (T2, T y)u, @,y € Hy (92)
s a separable Hilbert space, which is dense in H.
(i) The operator T : (H, || - ||m) = (Ho, || - ||m,) is an isometric isomorphism.
(iii) The system {fr}ren given by
fo:=Tex = Mgex, keN

is an orthonormal basis of Hy.
(iv) For all x € Hy and k € N we have

(z,ex)r = Me(@s fi) Ho- (93)
(v) We have the representation

HO_{er Zv (z,er)m)? <oo}. (94)

keN

(vi) The identity operator Id : (Ho, || - |z,) = (H, || - ||&r) s @ compact linear operator with

positive singular values.
(vii) We have Hy € B(H) and B(Hy) = B(H)n,-

Proof. By (92), we have
(Tx, Ty ), = (z,y)g, x,y € H.
Hence T : (H, || - ||g) — (Ho, | - || m,) is an isometric isomorphism, and it follows that Hy is
a separable Hilbert space. Furthermore, for all k£,1 € N we have
(fu, ) H, = (Tew, Ter) u, = (ex, e H,

showing that {fj }ren is an orthonormal system of Hy. For all ,y € Hy we have

(@), = (T e, T ) = ) (T en)u(en, T y)u
keN

1
= Z )\72<$, ek>H<€k7 y>H
keN "k
In particular, for all z € Hy and k € N we have
1
(x, ex)m, = 2 (,ex)H,

and hence
(z,ex)m = M@, er) iy = Ak (@, Aker) o = Ak, fi) 1o »
showing (93). Therefore, we obtain
x = Z(m,ek>H e = Z Ml fr) Hy €8 = Z(x,fk>H0 fr for each x € Hy.
kEN keN keN

Consequently, the system {fx}ren is an orthonormal basis of Hy, and the identity operator
Id : (Ho, || - lzr,) — (H, || - ||zz) is a compact linear operator with positive singular values. In
particular, we have B(H)n, C $(Hy), and by Kuratowski’s theorem (see, for example [32,
Thm. 1.3.9]) we obtain Hy € Z(H) and #(Hy) = B(H)p,. Furthermore, by (93) we have

1
Z)\Z z,er) g Z|x fu)m, | for each x € Hy,
keN "k keN



INFINITE DIMENSIONAL AFFINE PROCESSES 41

proving the representation (94), which also shows that Hy is dense in H. O

Informally, we will call a space of the form Hy = T(H), as provided in Lemma C.2, a
retracted subspace with compact embedding.

Lemma C.3. Let T € K*+(H) be a compact linear operator as in Lemma C.2, and let
S € L(H) be a linear operator such that ST =TS. Then the following statements are true:

(i) We have S(Hy) C Ho and S|g, € L(Hy) with respect to | - || m, -

(i) If S is self-adjoint, then S|, is self-adjoint with respect to (-, ) m,-
(iii) If S € LT (H), then we have S|g, € L™ (Hy) with respect to (-, ) g,

(iv) If S € LY (H), then we have S|, € L™ (Hy) with respect to (-, ),

(v) If S € Li(H), then we have S|g, € L1(Hp) with respect to (-,-) -

(vi) If S € Lo(H), then we have S|p, € La(Hy) with respect to (-, ) g, .
Proof. Recall that Hy = T'(H). Since ST =TS, we have

Slg, = STT ™t =TST™*,

showing that S(Hy) C Hy. By Lemma C.2 the operators T': (H, || - ||g) — (Ho, || - || z,) and
T-Y: (Ho, || - |lm,) — (H,| - |lz) are isometric isomorphisms, showing that S|g, € L(Hy)
with respect to || - || g,. Furthermore, by (92) we have

<Sxay>Hb::<1Y;T_lm7y>Ho::<SJW_EEJT_1y>H' fOF?ﬂlxay € fﬁh
which, together with Lemma C.2, provides the remaining statements. O
For the next result, we refer to Definition A.1 for the notion of the linear growth condition.

Lemma C.4. Let T € K*+(H) be a compact linear operator as in Lemma C.2, and let
f+H — H be a mapping such that fT =T f. Then the following statements are true:

(i) We have f(Hy) C Hp.
(ii) If f satisfies the linear growth condition with respect to || - | g, then flu, : Ho — Ho
satisfies the linear growth condition with respect to || - || m, -

Proof. Recall that Hy = T'(H). Since fT =T f, we have
fla, = fTT =TfT7 1,

showing that f(Hy) C Hy. By Lemma C.2 the operators T : (H, || - [|z) — (Ho, | - &)
and T~! : (Ho,| - |lm,) — (H,| - ||z) are isometric isomorphisms, proving the remaining
statement regarding the linear growth condition. O

Lemma C.5. For every self-adjoint operator T € LY(H) we have
T 211, ey = 1Tl o -
Proof. Let {e}ren be an orthonormal basis of H. Then we have

T2,y = D NTerllf = Y (T er, T er)n

keN keN
= Z<T€k7ek>H =Tz, ),
keN
completing the proof. O

Lemma C.6. Let T € L*Y(H) be a self-adjoint operator, and let x € H be such that
(Tx,z)g = 0. Then we have Tz = 0.
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Proof. By assumption we have (T¢, &)y = 0 for each £ € lin{x}. This gives us
0<(T(€+y), +y)n=2(Ty, )m+ (Ty,y)g forall { €lin{z} and y € H.
Therefore, we have (T'y,z)g = 0 for all y € H, and hence (T'z,y)y = 0 for all y € H, which
implies T'x = 0. O

For what follows, let {ey }ren be an orthonormal basis of H. The closed convex cone H™
is defined as
H" :={x € H: (x,ex)y >0 for all k € N}.

Lemma C.7. Let T € L(H,Li(H)) be such that the following conditions are fulfilled:
(i) We have T'(e;)e; =0 for alli,j € N with i # j.
(i) For each x € H the operator T'(z) is self-adjoint.
(iii) For each x € HY we have T(z) € LT (H).
We define the sequence A = (\;);en C Ry as
Xi = |T(ei)eillg  for alli € N.

Then we have \ € (%(N), the representation

A = <T(€i)ei7€i>H7 i €N (95)
as well as
T(x)¢ = Z/\i<3376i>H<€i,€>H e;j forallz,§€ H. (96)
€N

Proof. Let i € N be arbitrary. Since T'(e;) is self-adjoint, we obtain
(T(ei)ei ey = (e, T(e;)ej)m =0 for each j € N with j # ¢,
and hence T'(e;)e; € lin{e;}. Therefore, we have
T(ei)ei = <T(€i)ei7 6,’>H €;,
and hence
Ai = [[T(eqeilln = (T(ei)ei, ei)u,
showing (95) and T'(e;)e; = Aje;. Therefore, for all x,& € H we obtain
T(x)€ = T<Z<$7 €i)H 61') Y eeue; = (wedulend)nT(ee
€N jEN i€N
=Y Nilw,ei)mles u e,
€N
showing (96). Now, let 2 € H* be arbitrary. Since T'(z) € L (H), we have
Z )\1<$, ei)H = Z<T(£L’)€Z, €i>H < 0.
i€N €N
Since this series converges absolutely, we deduce that
Z)\i\@,ei)m < 0.
ieN
For each n € N let T,, € H' be the continuous linear functional given by

Tnx:<x,2)\iei> , x€H.
i=1 H
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Let x € H be arbitrary. Then for each n € N we have

| Ta| = ‘<~T,Z/\i€z‘> ‘ =
i=1 H

n

> Nleciul < 3wl
=1

i=1

and hence

sup |Thz| < Z/\i\<x,ei>H| < 0.

neN ieN
By the uniform boundedness principle (see, for example [40, Thm. IV.2.1]) it follows that
sup,en | Tnl 5’ < 00. Note that for each n € N we have

n 2 n
Tl = || D Nel| =D A2,
i=1 H =1
and hence
sup || Tnllm = Z A7
neN ieN
Consequently, we have A € /2(N). O

Lemma C.8. Let (yx)ren C H be a sequence such that (||yxl|)ken € €?(N). Then the
mapping

o0

Tx := Z(x,ek>H Yk, T €H
k=1

is a well-defined continuous linear operator T € L(H).

Proof. By the Cauchy Schwarz inequality, for each x € H we have

0 o 00 /2 , oo 1/2
> eseadnonll = 3 oyl ol < (3 Haveadu) - (3 Il )
k=1 k=1 k=1 k=1

IS’} 1/2
_ ||x||H(Z ||yk||%) < oo,
k=1

because (||yk||)ren € ¢?(N). Thus, applying the uniform boundedness principle (see, for
example [40, Kor. IV.2.5]) concludes the proof. O

Lemma C.9. Let A = (A\r)ren C Ry be a nonnegative sequence such that A € £>(N). Then
the following statements are true:

(i) The mapping
T(@)6 =Y Melw,ex)ulen,Omer, &€ H (97)
keN

is a well-defined continuous linear operator T € L(H, L1(H)).
(i) For each x € HT we have T(z) € L} (H).
(ii) For each x € H the operator T'(z) is self-adjoint.
(iv) We have T'(e;)e; =0 for all i,j € N with i # j.
(v) For each k € N we have

Ak = [T (ex)erllr = (T(ex)ex, ex) -
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Proof. Let x € H be arbitrary. Then we have
T(x)6 =Y Melw,ex)n ex (ex, E)u  forall & € H,
keN
and by the Cauchy-Schwarz inequality we obtain

1/2
S Il exda exllmllesll = 3 e ex) ] < (Z Ai) (
keN

keN keN
= [[Mlezcry @]l
Therefore, we have T'(z) € L1 (H) with
1T @)Ly < N2yl 2,

and hence T' € L(H, L1(H)). If z € H", then we have A\ (x,ex)y > 0 for each k € N, and
hence

5l en) N

keN

(T(@)&,&)n =Y Mo ex)ul(er, &ul> >0 forall £ € H,
keN

showing that T'(x) € LT (H). For all £, € H we have
<T(l’)£7 77>H = Z Ak <x7 ek>H <6k)7 §>H<eka 77>H

keN
=3 Melwen)m (enn)u (S en)r = (& T(@)n)a,
keN
showing that Tz is self-adjoint. The remaining statements follow from the representation
(97). O

In accordance with the notation from Subsection 4.4, let I,J C N be infinite, disjoint
index sets such that I UJ =N, and let 7: I — J be a bijection such that 7(i;) < 7(iz) for
all 41,19 € I with i1 < iy. We define

Hif :=lin"{e;:ie€l}, Hy:=lin{e;:i€I} and H;:=lin{e;:j€ J}

as well as the closed convex cone X := HIJr @ H;. We also recall that n; : H — H; and
my : H — Hj denote the corresponding projections, as well as the notations T7; = 7;7T | g,

and Ty7; = 7TJT|HI for T € L(H)
Lemma C.10. Let A = (\;)ier C Ry and k = (ki)ier C Ry be nonnegative sequences such
that X € (2(I) and rk; < \; for alli € I. Then the following statements are true:
(i) The mapping
T(x)§ := ZW €i>H(</\iei + Kier), §) i € + (Kiei + Aieriy, E) B 6T(¢)), r,§ € H (98)
iel
is a well-defined continuous linear operator T € L(H, L1(H)).
(i) For each x € X we have T'(x) € LT (H).
(iii) For each x € H the operator T'(z) is self-adjoint.
(iv) We have T'(e;)e; =0 for alli,j € I withi# j.
(v) For each i € I we have
i = |T(ei)rreillm = (T(ei)rrei,ei)m.
(vi) For each i € I we have

ki = |T(ei)1seillm = (T(es)rseiser)) m-
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Proof. Let * € H be arbitrary. Then we have the decomposition T'(x) = T (z) + Ta(x),
where

Ti(x)€ = (z.ei)mei (Niei + Kiera), Eu, &€ H,
il
Th(z)€ = Z@ €i)H er(i) (Ki€i + Nieriy, §)m, & € H.
il
By the Cauchy-Schwarz inequality we obtain
> s eidm eillmlhies + mier@lla =Y 1@, ei)uly/ A2 + 52

el el
1/2 1/2 /
1/2
s(Z|<x,ei>H|2) (Z(A?m?)) < (Bt + Il200)) el
1€l el
and similarly

D i ws e m exiyllmllmies + Nierlln =Y 1@, el A2 + 2
i€l i€l

1/2 1/2 L
/
= (Z|<x’ei>H|2) <Z(/\f+f”v?)> < (Mo + I8l ry) Nl o
i€l iel
Therefore, we have T} (z),To(x) € L1(H), and hence T'(x) € Li(H) with
Y
IT @) ey o) < N2 @ ey o) + 1T @)y < 20Ny + I6l7ery) Nl
showing that T' € L(H,L:(H)). Now let x € X and { € H be arbitrary. Since x; < \; for
all ¢ € I, we obtain
(T'(x)¢,6)n = Z@, €i>H(<)\z’31 + Kier), §) e, §)u + (kie; + )\iev—(i)ag>H<eT(i)7§>H)
iel

=> (x, €i>H(/\i(|<ei7§>|2 + [er@), E)7) + 2ﬁi<€ia§>H<€T(i),§>H)

icl

=> (z, ei>H<(>\i — 1) ([{es, 17 + ey, 1) + ki ({e:, )1 + <er(i)a§>H)2)

showing that T'(x) € LT (H). Furthermore, for all z € H and all £,1 € H we have
(T@)&mhm = D (e ((iei + Kiero &) mlesnha + (ies + Nierey, ) (exomha )
iel

= Z<$,61’>H(<)\iei + Kier@y,mulen ) u + (kie; + Ai@r(i)777>H<eT(i)a§>H)
iel

showing that T'(z) is self-adjoint. Moreover, by the representation (98) we have T'(e;)e; =0
for all 7,5 € I with i # j as well as

T(e;)es = Aiej + kieqy for each i € I.

Therefore, the remaining statements follow immediately. O
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