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❲✐r ❦ö♥♥❡♥ ♥✉♥ ❞❛s ▲❡❜❡s❣✉❡✲▼❛ÿ λ ❡✐♥❞❡✉t✐❣ ❛✉❢ B(R) ❞❡✜♥✐❡r❡♥ ❞✉r❝❤

λ((a, b]) = b− a, a, b ∈ Q ♠✐t a ≤ b.

❊❜❡♥s♦ ❡r❤❛❧t❡♥ ✇✐r ❡✐♥❡ ❈❤❛r❛❦t❡r✐s✐❡r✉♥❣ ❛❧❧❡r ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐ts♠❛ÿ❡ ❛✉❢ B(R)✳

❙❛t③ ✶✳✷✵✳ ❊✐♥❡ ❋✉♥❦t✐♦♥ P : B(R) → [0, 1] ✐st ❡✐♥ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐ts♠❛ÿ ❣❡♥❛✉
❞❛♥♥✱ ✇❡♥♥ ❡s ❡✐♥❡ ✇❛❝❤s❡♥❞❡ r❡❝❤tsst❡t✐❣❡ ❋✉♥❦t✐♦♥ F : R → [0, 1] ❣✐❜t✱ s♦ ❞❛ss

P((a, b]) = F (b)− F (a), a, b ∈ Q, a ≤ b.

❖✛❡♥s✐❝❤t❧✐❝❤ ✐st P ❡✐♥❞❡✉t✐❣ ❞✉r❝❤ F ❜❡st✐♠♠t✦

❇❡✇❡✐s✳ ✒⇒ ✏✿ ❦❧❛r

✒⇐ ✏✿ ❲✐r ③❡✐❣❡♥✱ ❞❛ss P ❡✐♥❡ σ✲❛❞❞✐t✐✈❡ ▼❡♥❣❡♥❢✉♥❦t✐♦♥ ❛✉❢ ❞❡♠ ❊r③❡✉❣❡♥❞❡♥✲❍❛❧❜r✐♥❣

H = {(a, b] : a < b, a, b ∈ Q} ✐st.

❙❡✐❡♥ ❛❧s♦ {(ai, bi] : i ≥ 1} ♣❛❛r✇❡✐s❡ ❞✐s❦❥✉♥❦t ✭♣✳❞✳✮ ✉♥❞
∑

i≥1(ai, bi] = (a, b]✳ ❖❤♥❡
❊✐♥s❝❤rä♥❦✉♥❣ ❦ö♥♥❡♥ ✇✐r ✉♠♦r❞♥❡♥ ✐♥ {(ci, ci−1]} ♠✐t

∑

i≥1(ci, ci−1] = (a, b] ✉♥❞
c1 ≥ c2 ≥ . . . ❉❛♥♥ ❣✐❧t ci → a ✉♥❞ c1 = b✳ ✭✦✮

❉❛ F r❡❝❤tsst❡t✐❣ ✐st✱ ❢♦❧❣t

P((a, b]) = F (b)− F (a) = F (c1)− lim
n→∞

F (cn)

=
∞∑

n=2

F (Cn)− F (Cu−n) =
∞∑

n=2

P((cn, cn−1)).

❉✐❡ ❇❡❤❛✉♣t✉♥❣ ❢♦❧❣t ♥✉♥ ❛✉s ❚❤❡♦r❡♠ ✶✳✶✾✳

❋ür ✉♥s ✇✐❝❤t✐❣ ✇❡r❞❡♥ ❱❡rt❡✐❧✉♥❣❡♥✱ ❛❧s♦ ❇✐❧❞♠❛ÿ❡ s❡✐♥✳

❉❡✜♥✐t✐♦♥ ✶✳✷✶✳ ❊✐♥ ❚r✐♣❡❧ (Ω,F , µ) ❤❡✐ÿt ▼❛ÿr❛✉♠✱ ❢❛❧❧s F σ✲❆❧❣❡❜r❛ ✉♥❞ µ ▼❛ÿ
❛✉❢ (Ω,F) ✐st✳

✶✼



✶✳ ❊✐♥ ❦✉r③❡r ❆✉s✢✉❣ ✐♥ ❞✐❡ ▼❛ÿt❤❡♦r✐❡

❉❡✜♥✐t✐♦♥ ✶✳✷✷✳ ❙❡✐ (Ω,F , µ) ❡✐♥ ▼❛ÿr❛✉♠✱ F ′ ❡✐♥❡ σ✲❆❧❣❡❜r❛ ❛✉❢ Ω′✳ ❊✐♥❡ ❋✉♥❦t✐♦♥
f : Ω → Ω′ ❤❡✐ÿt (F − F ′)✲♠❡ss❜❛r✱ ❢❛❧❧s

f−1(A) ∈ F ❢ür ❛❧❧❡ A ∈ F ′.

❋ür ❡✐♥ s♦❧❝❤❡s f ❤❡✐ÿt f∗µ : F ′ → R≥0 ∪ {0}✱ ❞❡✜♥✐❡rt ❞✉r❝❤

f∗µ(A
′) = µ(f−1(A′)) = µ(ω ∈ Ω : f(ω) ∈ A′), A′ ∈ F ′

❇✐❧❞♠❛ÿ ✈♦♥ µ ✉♥t❡r f ✳

▼❛♥ ③❡✐❣t ❧❡✐❝❤t✱ ❞❛ss f∗µ ✇✐❡❞❡r ❡✐♥ ▼❛ÿ ✐st✳

❉✐❡ ✈♦♥ f ❡r③❡✉❣t❡ σ✲❆❧❣❡❜r❛ f−1(F ′) ✐st ✐♥ ❞❡r ❚❛t ❡✐♥❡ σ✲❆❧❣❡❜r❛✳ ❊❜❡♥s♦ ❣✐❧t ❢ür
σ(C ′) = F ′✱ ❞❛ss

σ(f−1(C ′)) = f−1(σ(C ′)).

■st (Ω′,F ′) = (R,B(R))✱ s♦ ❤❡✐ÿt f r❡❡❧❧✇❡rt✐❣ ✉♥❞ ✐st f F −B(R)✲♠❡ss❜❛r✱ s♦ ♥❡♥♥❡♥
✇✐r f ❇♦r❡❧✲♠❡ss❜❛r✳

▼❡ss❜❛r❦❡✐t ✐st ❡✐♥ ✇✐❝❤t✐❣❡r ❇❡❣r✐✛✱ s♦ ❞❛ss ✇✐r ❡✐♥ ♣❛❛r ❘❡❝❤❡♥r❡❣❡❧♥ ✇✐❡❞❡r❤♦❧❡♥✳

▲❡♠♠❛ ✶✳✷✸✳ ❙❡✐❡♥ (Ω,F)✱ (Ω′,F ′)✱ (Ω′′,F ′′) ▼❛ÿrä✉♠❡ ❛✉❢ f : Ω → Ω′; g : Ω′ → Ω′′✳

✭✐✮ F ′ = σ(C ′) ⇒ f ♠❡ss❜❛r ⇔ f−1(C ′) ⊆ F

✭✐✐✮ f, g ♠❡ss❜❛r ⇒ f ◦ g ♠❡ss❜❛r

✭✐✐✐✮ st❡t✐❣❡ ❆❜❜✐❧❞✉♥❣❡♥ s✐♥❞ ♠❡ss❜❛r ✭❛✉❢ t♦♣♦❧♦❣✐s❝❤❡♥ ❘ä✉♠❡♥ ✦✮ ❜③❣❧✳ ❞❡r ❇♦r❡❧✲σ✲
❆❧❣❡❜r❡♥✳

✭✐✈✮ ❊✐♥❡ r❡❡❧❧✇❡rt✐❣❡ ❋✉♥❦t✐♦♥ f ✐st ❣❡♥❛✉ ❞❛♥♥ ♠❡ss❜❛r✱ ❢❛❧❧s

{ω : f(ω) ≤ x} ∈ F ∀x ∈ Q

✭✈✮ f =
n∑

i=1

ci1Ai
✐st ♠❡ss❜❛r ⇔ A1, . . . , An ∈ F ✳

✭✈✐✮ f, g : Ω → R ♠❡ss❜❛r ⇒ f · g, a · f + b · g, f
g
1{g 6=0} ♠❡ss❜❛r ✭a, b ∈ R✮

✭✈✐✐✮ f1, f2 : Ω− R ♠❡ss❜❛r ⇒

sup
n

fn, inf
n
fn, lim sup

n
fn, lim inf

n
fn

♠❡ss❜❛r✳
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❆♠ ✐♥t❡r❡ss❛♥t❡st❡♥ ✐st ✇♦❤❧ ❞✐❡ ▼❡ss❜❛r❦❡✐t ✈♦♥ supn fn✿

{ω : sup fn(ω) ≤ x} =
⋂

n≥1

{ω : fn(ω) ≤ x}
︸ ︷︷ ︸

∈F

∈ F .

▼❡ss❜❛r❡ ❋✉♥❦t✐♦♥❡♥ s✐♥❞ ❞✉r❝❤ ❡✐♥❢❛❝❤❡ ❋✉♥❦t✐♦♥❡♥ ❛♣♣r♦①✐♠✐❡r❜❛r✿

❲✐r s❡t③❡♥✿ Aj,n =

{

{ j
2n

≤ f ≤ j+1
2n

}, j = 0, . . . , n · 2n − 1

{f ≥ n}, j = n · 2n
✉♥❞ fn =

n2n∑

j=0

j

2n
1{Aj,n}✳

❉❛♥♥ ❣✐❧t fn ↑ f ✳

❉✐❡s ✐st ❞❡r ❙❝❤❧üss❡❧ ③✉♠ ■♥t❡❣r❛❧✦ ❲✐r ❞❡✜♥✐❡r❡♥ ❢ür ❡✐♥❢❛❝❤❡ ❋✉♥❦t✐♦♥❡♥
∫

fdµ =

∫ n∑

i=1

ci1Ai
dµ =

n∑

i=1

ci

∫

Ai

dµ =
n∑

i=1

ciµ(Ai)

✉♥❞ ❢ür ♠❡ss❜❛r❡✱ ♥✐❝❤t✲♥❡❣❛t✐✈❡ ❋✉♥❦t✐♦♥❡♥ ✉♥❞ fn ↑ f
∫

fdµ = lim
n→∞

∫

fndµ = sup
{∫

gdµ : g ❡✐♥❢❛❝❤ ✉♥❞ 0 ≤ g ≤ f
}

.

❉✐❡s❡s ■♥t❡❣r❛❧ ❦ö♥♥❡♥ ✇✐r ❢♦rts❡t③t❡♥✱ ❢❛❧❧s ♠✐♥❞❡st❡♥s ❡✐♥ ■♥t❡❣r❛❧
∫
f+dµ,

∫
f−dµ ❡♥❞✲

❧✐❝❤ ✐st✳ ❉❛♥♥ ❞❡✜♥✐❡r❡♥ ✇✐r

L1(µ) :=
{

f : Ω → Q :

∫

|f |dµ < ∞
}

(✉♥❞ ❛♥❛❧♦❣ L′)

❙❛t③ ✶✳✷✹✳ ❊✐♥❢❛❝❤❡ ❊✐❣❡♥s❝❤❛❢t❡♥

✭✐✮ f ≤ g ❢✳ü✳ ✭❞✳❤✳ µ(ω ∈ Ω : f > g) = 0 ⇒
∫
fdµ ≤

∫
gdµ

✭✐✐✮
∣
∣
∣

∫
fdµ

∣
∣
∣ ≤

∫
|f |dµ ✭❉r❡✐❡❝❦s✉♥❣❧❡✐❝❤✉♥❣✮

✭✐✐✐✮
∫
(af + bg)dµ)a

∫
fdµ+ b

∫
gdµ ✭▲✐♥❡❛r✐tät✮

✭✐✈✮ f = 0 ❢✳ü✳ ⇔
∫
fdµ = 0

✭✈✮
∫
fdµ < ∞ ⇒ f < ∞ ❢✳ü✳

✭✈✐✮ fn ↑ f ⇒
∫
fndµ ↑

∫
fdµ✳

❆❧s Ü❜✉♥❣ ❜❡✇❡✐s❡♥ ✇✐r ❞❡♥ ❡✐♥❢❛❝❤❡♥ ❙✉❜st✐t✉t✐♦♥ss❛t③

❙❛t③ ✶✳✷✺✳ g ∈ L1(f∗µ) ⇒ g ◦ f ∈ L1(µ) ✉♥❞

∫

g ◦ fdµ =

∫

gd(f∗µ).

✶✾



✶✳ ❊✐♥ ❦✉r③❡r ❆✉s✢✉❣ ✐♥ ❞✐❡ ▼❛ÿt❤❡♦r✐❡

❇❡✇❡✐s✳ ❊s ❣❡♥ü❣t✱ ❞✐❡ ❆✉ss❛❣❡ ❢ür ❡✐♥❢❛❝❤❡ ♥✐❝❤t✲♥❡❣❛t✐✈❡ g ③✉ ③❡✐❣❡♥✳ ❉❡r ❛❧❧❣❡♠❡✐♥❡
❋❛❧❧ ❢♦❧❣t ❞✉r❝❤ ❆♣♣r♦①✐♠❛t✐♦♥✳

❙❡✐ g =
∑n

i=1 ci1Ai
⇒ g ◦ f =

∑n
i=1 ci1{f∈Ai}✱ ❛❧s♦

∫

g ◦ fdµ =
n∑

i=1

ciµ(f ∈ Ai) =
n∑

i=12

cif∗µ(Ai) =

∫

gd(f∗µ).

➘✉ÿ❡rst ✇✐❝❤t✐❣ s✐♥❞ ❞✐❡ ❢♦❧❣❡♥❞❡♥ ❑♦♥✈❡r❣❡♥③sät③❡✳

❚❤❡♦r❡♠ ✶✳✷✻ ✭▼♦♥♦t♦♥❡ ❑♦♥✈❡r❣❡♥③✮✳ ❙❡✐ (Ω,F , µ) ▼❛ÿr❛✉♠✱ fn ≥ 0 ✉♥❞ f : Ω →
R ♠❡ss❜❛r ♠✐t fn ↑ f ❢✳ü✳ ⇒

lim
n→∞

=

∫

fndµ =

∫

fdµ.

❇❡✇❡✐s✳ ❋♦❧❣t ❞✐r❡❦t ❛✉s ❞❡r ♠♦♥♦t♦♥❡♥ ❑♦♥✈❡r❣❡♥③ ♠✐t

gn = (f − fn)1{ω∈Ω:fn(ω)↑f(ω)}.

❚❤❡♦r❡♠ ✶✳✷✼ ✭❋❛t♦✉✮✳ ❙❡✐ (Ω,F , µ) ▼❛ÿr❛✉♠ f1, f2, . . . : Ω → R ♠❡ss❜❛r✳ ❉❛♥♥ ❣✐❧t

lim
n→∞

inf

∫

fndµ ≥

∫

lim
n→∞

inf fndµ.

❇❡✇❡✐s✳ k ≥ n ⇒ fk ≥ infk≥n fk✱ s♦ ❞❛ss

inf
k≥n

∫

fkdµ ≥

∫

inf
k≥n

fndµ.

❋ür n → ∞ ❡r❤❛❧t❡♥ ✇✐r

lim inf
n→∞

∫

fndµ ≥ sup
n∈N

∫

inf
k≥n

fkdµ =

∫

lim inf
n→∞

fndµ

✇❡❣❡♥ ♠♦♥♦t♦♥❡r ❑♦♥✈❡r❣❡♥③ (inf
k≥n

fk ↑ lim inf
n→∞

fn)✳

❚❤❡♦r❡♠ ✶✳✷✽ ✭▼❛❥♦r✐s✐❡rt❡ ❑♦♥✈❡r❣❡♥③✮✳ ❙❡✐ (Ω,F , µ) ▼❛ÿr❛✉♠ ✉♥❞ f, g, (fn)n≥1 :
Ω → R ♠❡ss❜❛r✳ ❙❡✐ |fn| ≤ g ❢✳ü✳ ✉♥❞ limn→∞ fn = f ✱ g ∈ L1(µ)✳

❉❛♥♥ ❣✐❧t

lim
n→∞

∫

fndµ =

∫

fdµ.

✷✵



✶✳✸ ▼❛ÿ❡ ❛✉❢ R

❇❡✇❡✐s✳ ❋❛t♦✉ ❛✉❢ g + f ✱ g − f

❖❤♥❡ ❊✐♥s❝❤rä♥❦✉♥❣ |fn| ≤ g ∀ω ∈ Ω ⇒

✭✶✮
∫

(g + f)dµ ≤ lim inf
n→∞

∫

(g + fn)dµ =

∫

gdµ+ lim inf
n→∞

∫

fndµ

✭✷✮
∫

(g − f)dµ ≤

∫

gdµ− lim sup
n→∞

∫

fndµ✱ ❛❧s♦
(

s✉❜tr❛❤✐❡r
∫

gdµ
)

∫

fdµ
(1)

≤ lim inf
n→∞

∫

fndµ ≤ lim sup
n→∞

∫

fndµ
(2)

≤

∫

fdµ.

❲✐r ❡r✐♥♥❡r♥ ❦✉r③ ❛♥ ❞✐❡ Lp(µ)✲❘ä✉♠❡

Lp(µ) = {f : Ω → R ♠❡ss❜❛r ♠✐t ‖f‖p < ∞} ✉♥❞

‖f‖p =
(∫

|f |pdµ
)1/p

.

‖f‖∞ = inf{K : µ(|f | > k) = 0}.

❊s ❣✐❧t ❢ür ♠❡ss❜❛r❡ f, g✱ ❞❛ss

✭✐✮ 0 < p, q, r ≤ ∞ ✉♥❞ 1
p
+ 1

q
= 1

r
✿ ‖fg‖r = ‖f‖p‖g‖q

✭✐✐✮ 1 ≤ p ≤ ∞✿ ‖f + g‖p ≤ ‖f‖p + ‖g‖p

❉❡✜♥✐t✐♦♥ ✶✳✷✾ ✭❑♦♥✈❡r❣❡♥③ ✐♠ p✲t❡♥ ▼✐tt❡❧✮✳ ❊✐♥❡ ❋♦❧❣❡ (fn)n≥1 ⊂ Lp(µ) ❦♦♥✈❡r✲
❣✐❡rt ✐♠ p✲t❡♥ ▼✐tt❡❧✱ ❢❛❧❧s

‖fn − f‖p −→
n→∞

0.

❲✐r s❝❤r❡✐❜❡♥
fn

Lp(µ)
−→
n→∞

f.

❑♦♥✈❡r❣✐❡rt ❡✐♥❡ ❋♦❧❣❡ ✐♠ p✲t❡♥ ▼✐tt❡❧✱ s♦ ❛✉❝❤ ✐♠ q✲t❡♥ ▼✐tt❡❧✱ ❢❛❧❧s q < p✳ ✭❍ö❧❞❡r✮

❆✉ÿ❡r❞❡♠ ✐st Lp(µ)✱ p ≥ 1 ✈♦❧❧stä♥❞✐❣ ✭❥❡❞❡ ❈❛✉❝❤②✲❋♦❧❣❡ ❦♦♥✈❡r❣✐❡rt✮✳

✷✶


