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1 Introduction

1.1 Stochastic evolution equations

These lectures concentrate on stochastic partial differential equations (SPDEs)
of evolutionary type. These are equations of the general form

dX, = A(t, X;)dt + B(t, X;)dW,

where X, A, and B are processes with values in some Banach space, and W is
Brownian motion on a Hilbert space.



1.2 Motivating examples
1.2.1 Random motion of a string

A random evolution of a string in R? can be modeled as a process X with values
in £ := C([0,1]; R?) solving

dX,(u) = (AXt(u) + f (X (u)))dt + b(Xo(w) AW (u),

where the Laplace operator A models elastic forces within the string, the func-
tion f : R — R? models an external forcing field acting on the string, the
function b : R — R? models the intensity of a random external force, and W
is a cylindrical Wiener process on L?([0,1]) with the identity covariance opera-
tor. This equation is the limit of the following system of N = 1/h interacting
particles at positions u; € [0, 1]:

+ Vhb(X (u;))dW7,

where W1, ..., W are independent scalar Brownian motions.

Many other examples of a similar flavor can be constructed by adding noise
to physically motivated deterministic evolution equations such as Navier—Stokes,
Korteweg de Vries, Schodinger, etc.

1.2.2 Zakai equation in non-linear filtering

There is an unobserved process U and an observed process Y given by
dU; = b(Uy)dt + o (Uy)dW},
dY; = h(Uy)dt + dW2,

where all coefficients are in Cp°(R). Then U is a Markov process with generator

Af(w) = b 2 +%(0(u)a(u)—r) 88{9.

Under an ellipticity assumption on oo | and a regularity assumption on the law
of Uy, the conditional law of U, given {Ys, s € [0,¢]} can be expressed in terms
of an unnormalized density X; with respect to the Legesgue measure, which
solves

dXi(u) = A Xy (w)dt 4+ h(u) X (u)dYy,

where X, takes values in a Sobolev space F = H*(R), A* is the (formal) adjoint
of A, and Y is Brownian motion under an equivalent probability measure. This
stochastic evolution equation is studied in [Roz90].

The SPDE treatment has two advantages: first, it allows one to deduce and
study regularity properties of the density, and second, it allows one to make use
of numerical schemes for SPDEs.



1.2.3 Equations of population genetics

Let X (t,u) denote the density of a population at time ¢ and location u € R?.
A model for unnormalized densities is the Dawson process

dX(t,u) = aAX (¢, u)dt + b/ X+ (¢, u)dW(u),

and a model for normalized densities is the Fleming—Viot process

dX(t,u) = (AX(t,u) + aX(t,u) — b)dt + b\/;XJr(t, w)(1— X+ (t,uw)dWi(u),

In these equations X is a process with values in L?(R?), a and b are positive
constants, and W is cylindrical Brownian motion on some Hilbert space. The
motivation behind these equations is a similar limiting procedure as in the ex-
ample involving a random string.

1 Reflection. What processes does one get if the state space R? of u is replaced
by a finite set {uq,...,un}?

e CIR and Jacobi processes with interaction in the drift, if A is discretized
as in the random string example.

Measure-valued processes can be used in many other applications such as
stochastic portfolio theory, interest rate models with credit risk, energy delivery
prices, etc.

1.3 Literature
We will use the following books and lecture notes as our main sources:

e G. Da Prato and J. Zabczyk. Stochastic equations in infinite dimensions.
Cambridge university press, 2014

e J. Van Neerven. Stochastic evolution equations. ISEM lecture notes.
2007-2008

e A. Jentzen. Stochastic Partial Differential Equations: Analysis and Nu-
merical Approrimations. Lecture Notes, ETH Ziirich. 2016

e C. Prévot and M. Rockner. A concise course on stochastic partial differ-
ential equations. Vol. 1905. Springer, 2007

The motivating examples are taken from [DZ14].

2 Integration in Banach spaces

2 Reflection. Our aim is to define [ fdu for measures p on (A, A) and functions
f: A — E, where E is a Banach space. What structural properties of the
function space do we need?

e Functions can be approximated by simple functions.
e The space is closed under addition and scalar multiplication.

These issues will be addressed in the sequel.



2.1 Strong measurability

3 Setting. Let (A, A, ) be a finite measure space, let E and F be Banach
spaces, and let f,g: A — E.

4 Definition.
e fis called measurable if f~1(B) € A, for all B € B(E).
o f is called weakly measurable if {f, x*) is measurable, for each z € E*.
e f is called simple if it is measurable and the range of f is finite.

e f is called strongly measurable if it is measurable and the range of f is
separable.

5 Reflection. Is there a o-algebra on A such that f is strongly measurable iff
f is measurable with respect to this o-algebra?

e No. Indeed, it is easy to see that the o-algebra generated by the strongly
measurable functions is all of A.

6 Theorem (Pettis measurability theorem). The following are equivalent:
(i) [ is strongly measurable;
(ii) f is weakly measurable and has separable range;

(iii) f is the point-wise limit of a sequence of simple functions;

(iv) f is the point-wise limit of a sequence of strongly measurable functions.

7 Reflection. What can go wrong if f is only measurable instead of strongly
measurable?

e If f is a measurable function with non-separable range, then f cannot be
approximated by simple functions. This follows from

e If f and g are measurable, it does not necessarily follow that f + g is
measurable:

(£.9)
_—

A B(E) ® B(E) <— B(E x E) ——~ B(E)

Writing I = (w1, 72) for the identity and noting that the projections
m,my ¢ E X E — FE are continuous, one sees that the mapping I in
the above diagram is measurable. Thus, B(E) ® B(E) C B(E x E). If the
inclusion is strict, f + g might not be measurable (see [Els11, I11.5.9-11]
and |Gral6| for a discussion).

The proof of requires some auxiliary lemmas.
8 Lemma. The following are equivalent:
(i) f is measurable;

(#) f is the pointwise limit of measurable functions.



Proof. = is trivial. = Let ¢ € C(E). Then ¢o f is the pointwise

limit of ¢ o f,,. Thus, ¢ o f is measurable, as can be seen from

{oof>ch={1im 6of,>c}= {limsup¢ofn zc}

n—oo

:{lim sup¢0fm>c}:m{Sup¢0fm>c}€.,4.

n— 00
m>n n>0 m>n

Thus, f is Baire measurable, i.e., measurable with respect to the initial o-
algebra with respect to continuous functions on E. On metric spaces, the Baire
and Borel algebras coincide. To see this, note that any open set B can be
written as ¢~1({0}), where ¢ € C(E) is given by ¢(x) = dist(z, B¢). O

9 Lemma. The following properties hold:

(i) If E is separable, then each subset A C E is separable.

(i) If A C E is separable, then the closure of A is separable.
(iwi) If A C E is separable, then the linear span of A is separable.

Proof. Let x,, n € N, be a dense sequence in F. Then there is a sequence
Ypn in A such that
lyn — znll < 27" + inf [ly — 2y ||.
yeA

Then the sequence y,, is dense in A because one has for each x € A
inf 7~ yull < inf (2 = 2all + ln — g2l
< B Cn _
< érellfw(\lﬂc ol +27" + inf [ly nl|)
< inf (2||z — 27") =0.
< inf (2llz —@n +27") =0

This shows and are trivial. O

10 Lemma. If E is separable, then there exists a norming sequence x), € E*,
i.e., for every x € E one has

]| = sup |(z, 27,)|.
n

Proof. Let x, be a dense sequence in E, and let €, be a sequence of positive
numbers converging to zero. For each n,

[zl = sup [(zn,z7)].
llz+]I<1

Therefore, there is a unit vector in &, € E* such that
(1 = en)llznll < [(zn, 23) -

We claim that the sequence z;, is norming. To see this, let z € E and let z,,
be a subsequence converging to x. Then

(1 —en)llzll < (1 = en)(lznll + 1z = zn, )



|<x”k’x;k>| + (1 _Enk)Hx_xnk”
[z, 2n, )+ (2 = en)llz — 2, |

<
<
Taking the limes superior yields

lz] < limsup|<x,x;§k>\ <sup |(z, z})|. O
n

k—o0

Proof of [Theorem @ [(1)] = is trivial.

(ii)| = [(ii1)} Let f be weakly measurable with separable range. Then the
set Ey = span f(A) is separable by Let z; be a dense sequence in
Ey, and let x} € Ej be the norming sequence provided by For each
n let f, be the function mapping a € A to the point in {xy,...,z,} which is
closest to f(a); if several points z; have the same distance to f(a), choose the
point x; with the lowest index i. Note that

Dnfa) := (@) = zall = sup [(f(a) = zn, )]

is measurable in a, for each n. Therefore,

fo Haw) = (ﬁ{D;c < Dz}) N (ﬁ{Dk < D;}) €A

=1 =1

Thus, f, is measurable. Moreover, f, has finite range, and the sequence f,
converges pointwise to f. This shows

(il )| = [(iv)| is trivial.

:> (i)l Let g, be a sequence of strongly measurable functions converging
pointwise to a function f. Then f is measurable by Moreover,
the range of f is contained in the set closure of the set |J, oy 9n(A), which is

separable by This proves O

2.2 Lebesgue-Bochner LP spaces

11 Definition. We call two functions f, f versions of each other if f = g holds
p-almost everywhere; this defines an equivalence relation to be used in the
sequel. For 0 < p < oo we define LP(A; E) as the set of all equivalence classes
of functions f : A — E having a strongly measurable version f and satisfying

B 1/p
| fllLe(ase) == </A f||p) < 00.

The topology on L°(A; E) is that of convergence in measure. Moreover, we
define L>°(A; E) as the set of all equivalence classes of functions f : A — F
having a strongly measurable version and satisfying

[fllzoe iy := inf{r = 0= ([ ]| = 7) = 0} < oo.

12 Theorem. For each 1 < p < oo the space LP(A; E) is a Banach space. For
1 < p < oo the simple functions are dense in LP(A; E).



Proof. Let f,g be strongly measurable, let F' be a Banach space, and let ¢ €
C(FE; F). Then [Theorem 6ll(iii)| implies that (f,g) : A = E x E and ¢ o f are
strongly measurable. In particular, f + g and \f are strongly measurable, for
each A € R.

The remaining part works as in the finite-dimensional case: one verifies that
I - [|z» is a norm and that LP is complete under this norm. The approximations
constructed in converge uniformly outside of sets of arbitrarily small
measure by Egorov’s theorem. This proves the density of simple functions. See
[Lan93|, Chapters VI and VII] for full proofs. O

2.3 Bochner integral

13 Definition. For each simple function f = 27]2121 14, z, set

N
/ fdu =" p(Ap)wn.
A n=1

14 Theorem. There is a unique bounded linear operator
/du . LY(A;E) - FE
A
extending the linear mapping in such that for each f € L*'(A; E),

H / fdu” < [ 1= 1l
A A

This operator is called the Bochner integral.

Proof. The inequality is easy to see for simple functions:

N N
H / fduH— OVIUNEN B NI E [ W7l

It implies that the integral in |Definition 13|is a bounded operator with operator

norm < 1. The set of simple functions is dense in Ll(A;E) by [Theorem 12

Therefore, the integral has a unique extension to L'(A; F) with the same oper-
ator norm. O

15 Reflection. Is there a dominated convergence theorem for Bochner inte-
grals, and how would you prove it?

o If f, — fas.and || f,|| < g€ L*(u), then [ ||f, — f|ldp — 0 by the scalar
dominated convergence theorem, and [(f, — f)du — 0 by the continuity
of the integral.

16 Reflection. What are some examples of separable and non-separable Ba-
nach spaces?

o If (A, A, 1) is countably generated and E is separable, then LP(u; E) is
separable for each p € [1,00), but L (u; F) is in general not separable.

e L(E;F) is in general not separable, even if E' and F' are separable Hilbert
spaces. See exercises.



e If K is a compact topological space, then C(K) is separable. If K is a
locally compact Polish space, then Cy(K) is separable, but C(K) is in
general not separable.

e For any Polish space E, D(R.; E) with || - || is & non-separable Banach
space, and D(R; E) with the Skorokhod J; metric is a Polish space, but
addition is discontinuous.

e There are non-separable Hilbert spaces, but they do not appear often in

practice.

2.4 Other notions of integrals

17 Definition. Let f: A — E be weakly measurable.

e The Pettis integral of f over A, if it exists, is an element = € F satisfying
(x,2") = /(f, 2')du, Va' € E'.

Let PI;(A; E) be the space of Pettis-integrable functions, and let PI;(A; E)
be the completion of this space with respect to the norm

In ey =sun{ [ 1a0aus o < B, o] <1
e The Gelfand integral is another name for the Pettis integral in the case

where FE is the dual of a Banach space and carries the weak-* topology.

e The Dunford integral of f over A, if it exists, is an element z” € E”
satisfying

(" 2y = /(f, z')dp, V' € E'.
18 Remark. One always has
Bochner integrability = Pettis integrability = Dunford integrability.

In general these implications are strict: there are functions which are Dunford
but not Pettis integrable [Rya02, p. 52] and functions which are Pettis but not
Bochner integrable [Rya02, p. 53].

2.5 Literature

Most of this section is taken from [VanO8| and |Jenl@]. Integration of Banach-
space valued functions is treated in detail in [Lan93] and [ABOG].

3 Gaussian random variables

19 Setting. Let (2, F,P) be a probability space, let E be a Banach space, and
let X : Q — FE be strongly measurable. More generally, all random variables
are assumed to have a strongly measurable version.



20 Reflection. Our aim is to define Gaussian random variables with values in
a Banach space. What are our options?

e Densities are not helpful because there is no Lebesgue measure on the
Banach space.

e We could require all finite-dimensional projections to be Gaussian.

e We could require all one-dimensional projections to be Gaussian. (This
turns out to be equivalent.)

e We could use some limiting procedure, where we build up vector-valued
Gaussians from scalar ones.

21 Definition. X is called centered Gaussian if for every z* € E* there exists
q > 0 such that

E[exp(—if(X,x*>)] = exp (—%52(]) ) £eR.
22 Reflection. Can we write (X, z*) ~ N(0,02) for some o?
e If ¢ = 0 then (X, z*) ~ dy;
e If ¢ > 0 then (X,z*) ~ N(0,q), i.e., ¢ = 02.

3.1 Moments
23 Theorem (Moments). Let X be centered Gaussian.

(i) Covariance: the law of X is determined uniquely by the bilinear form
q(z1, x3) = E[(X,271)(X, 25)], 1,25 € E™.
(ii) Fernique’s theorem: there exists B > 0 such that
E [exp (BHXHZ)] < 0.
(i) Covariance operator: there exists Q € L(E*, E) such that
q(x1,73) = (Q7, 23).

(iv) Kahane-Khintchine inequality: for all p,q € [1,00) there is a universal
constant K, 4 such that || X | zr:p) < Kp gl X Lasm) -

We need some auxiliary lemmas.

24 Lemma (Injectivity of the Fourier transform). If
E[exp(—i(Xl,x*»} :E[exp(—i<X2,x*>)] , ARSI D

then X1 is identically distributed to Xs.

10



Proof. As X; and X, have strongly measurable versions, there is no loss of
generality in assuming F to be separable. Denote by Cyl(E) the algebra of
cylinder sets on F, i.e., the initial algebra with respect to E*. The laws of X3
and X5 agree on Cyl(E) because the Fourier-transform on the space of measures
on R™ is injective. (It is even bijective on the much larger space of tempered
distributions.) By Dynkin’s Lemma it remains to show o(Cyl(E)) = B(E).
As B(FE) is generated by open sets, it is sufficient to show that open sets are
contained in o(Cyl(E)). As open sets are countable unions of closed balls, it
is sufficient to show that closed balls are contained in o(Cyl(E)). This can be
seen by taking a norming sequence x* € E* and writing

Br(zo) = [ {z: l{z — z0,2})| < R} € o(Cyl(E)). O

neN

25 Lemma (Rotations). If X; and X5 are iid centered Gaussian, then Y; :=
(X1 4+ X2)/V2 and Ya := (X1 — X2)/V/2 are iid and have the same distribution
as X1 and Xs.

Proof. We check that (X7, X3) and (Y7,Y2) have the same Fourier transforms.
Setting ¢(z*) = E[(X1, z*)?] we have

E [exp (= i(vi,a) = i(Ya,3) )|
= [exp (— i(X1 + Xo,21)/VE — i(X) — Xo,3)/V3)]
=B [exp (— (X1, 7 +25)/V2) | B [exp (= i, 27 — 23)/V2)
—exp (= dalei +a3) exp (= dalet -~ 23))
—exp (= Sa(a1) = Sa(@3)) = E [exp (= i(X1,00) — ilX,23)) ] O
Proof of [Theorem 23,

(1) This follows from
We follow [Van08| Theorem 4.3]. By the triangle inequality, one has for

each x,y € F that
min{[[z[|, [yll} > 5 (= +yll = Iz = yl).
Therefore, one has for each 0 < s <t that
(lz =yl < V2s, & +yll > V2t) = (lz] > (t —5)/V2, |yl > (t —5)/V2).

Let Y be an iid copy of X, possibly on an extended probability space. By
we have for each s,¢ > 0 that

PUIXI < s]POYI > 8] = PI(X = Y)/V2) < 5, (X +)/v2] > ¢]
<B[IXI|> (- VRV > (- 9)/V2] =B [IX]| > (- 5)/v2]
Choose r > 0 such that P[|| X || < r] > 2/3. For each n € N set

_ PlIX| >t

to=7,  tap1 =7+ V2, = oo b
Pll|X]| < 7]

11



The above inequality with s = r and t = ¢,, yields

1-2\*
angai_lg.gagng( 3) :2_271.

[SM1N)

Moreover, one can check that explicitly,

= ()= L

Set v = (log2)/2°. For any t > r and n € N such that r € [t,, t,q1),

P{IX] > o] < B{IX| > t] < 272" < 27 (nn/m/2
=exp (—2ytr,/r°) <exp(—2yt*/r?).
Integration by parts shows that for each 8 < ~/r?
Elexp(8]1X[1*)] < Elexp(y[|X[1?/r%)]
= P[|X]| < rJexp(7) +/ Pl X > tJd(exp(yt*/r?))
< exp(7) +/ exp (= 2yt%/r?)d(exp(yt?/r?)) (1)
=exp(y) + / exp ( — 2732)d(exp(732))
1
(oo}
=exp(y) + 27/ sexp (— 782)ds =: K < 0.
1
The operator
Q:E"—=E, " = E[(X,2") X],
has the desired properties because X € L?(Q; E).
By Jensen’s inequality suffices to show that || - [[z2n;p) < Kop,1l -
|1 (o;m) for each n € N. Set 7 = 3|| X/ 11 (q;r). By Chebychev,
B[IX]) < v] = 1— B[IX]| > ] > 1 — E[|X|[}/r > 2/3.

Therefore, the choice of r is admissible in the proof of Fernique’s theorem, and
we get from [(T)| that Efexp(/r?||X||*)] < K. For each z € R, one has

¥
3
8

z

elrz > r ,
~ nl 2

2, 2
22" < 7’2"71!7*”6”’/” .,
Therefore,

1/(2n)
1 X[ 2n(omy <7 (nwﬂr%E [GWQHXHQD

—n 2n 1/(2n
<X |2 sm) 3 (nly " K) ren

Kon,1

12



3.2 Convergence

26 Theorem (Convergence). Let X, be centered Gaussian E-valued random
variables in E, let Y, be symmetric independent E-valued random variables, let
Sy = Z?:l Y;, and let S and X be E-valued random variables.

(i) Ito-Nisio theorem: the following are equivalent:

o for all x* € E* we have (Sp,x*) — (S,2*) almost surely;
o for all x* € E* we have (Sp,x*) — (S,a™) in probability;
o S, — S almost surely;
e S, — S in probability.
If S e LP(C; E) for some p € [1,00) then S, — S in LP(Q; E).
(i) If (X, z*) = (X, x*) in probability for each x*, then X is Gaussian.
(iii) If X,, — X in probability, then X,, — X in LP(Q; E) for each p € [1,00).

Proof. See [Van08|, Theorem 2.17].
If for each z* € E*, (X,,2*) — (X,z*) in probability, then a subse-
quence converges almost surely, then by dominated convergence

Elexp(—i&(X,z*))] = nli_)ngo]E[exp(—ig(Xn,x*»] = lim exp(—1&*(Qnz*,2™))

= exp(—3&°q(z")),

where ¢(z*) := lim,, o0 (Qnz™*, z*) exists because left-hand side converges.
See [Van08, Theorem 4.15]. O

3.3 Series representations

27 Definition. Let X be centered Gaussian. A reproducing kernel Hilbert
space of X is a Hilbert space H together with continuous embedding i : H — F
such that

E[(X, ") (X, y*)] = (i*x",i"y"), *yt e B,

28 Lemma. Let X be centered Gaussian with covariance operator (). The
following are reproducing kernel Hilbert spaces of X :

e Hx is the closure of the subspace {(X,z*) : z* € E*} of L*(Q), and
ix((X,27)) = E[(X, 27) X].

e Hgo is the completion of ran(Q) with respect to the scalar product
(Qr*, QY ) m, = (Q2",y") BB, and ig(Qx™) = Q™.

o Assume that E is a Hilbert space, and set ¥ = Q'/%. Hy, is the range of
S with (-, gy, = (271, 275), where $71 is the pseudo-inverse of ¥, and
in(Xx) = Xz,

The spaces are separable and isomorphic, and ix (Hx) = ig(Hg) = ix(Hy).
29 Remark.

13



e The notations Hg and Hy will not create any ambiguity because we will
always use the letters @) and ¥ to denote the covariance operator and its
square root.

e The spaces Hgp and Hy; can be constructed for any non-negative symmetric
linear operators @ and Y, regardless of whether they correspond to the
covariance of a Gaussian random variable or not.

Proof. We only show the statements for Hx, leaving the remaining statements
as an exercise. Let pux be the law of X on F, and let Ey be a separable closed
subspace of E containing the essential range of X. Then L?(Ey, pix) is separable
because B(Ey) is countably generated. As every X* € E* can be seen as an
element of L?(E, jx), we have

L*(E,ux)

L*(Eo, px) = L*(E, ux) 2 E* = Hy,

where the right-most isomorphism maps z* € E* to (X,z*) € Hx. Therefore,
Hx is separable. The mapping ix is continuous because X € L?(Q; E). The
relation (ixh,z*) = E[h(X,z*)] shows that its adjoint is given by % (z*) =
(X, z*). Moreover, ixi%(z*) = E[(X, 2*)X] = Qx*, and ix is injective because
1% has dense range. O

30 Theorem (Karhunen-Loeve expansion). Let X be centered Gaussian, and

let (Yn)n>1 be an orthonormal basis of Hx. Then (yn)n>1 s an iid standard
Gaussian sequence and

X = Z’YniX'Yna

n>1

where convergence holds almost surely and in LP for each p € [1,00).

Proof. Hx consists of Gaussian random variables because L2-limit of Gaussians

are Gaussian by [Theorem 26 The L?-orthogonality of (7y,)n>1 implies (via

the injectivity of the Fourier transform) that +,, are mutually independent. For
every x* € B,

(X,07) = 3 1Bl X, 2] = 3 Aliarn, 2°),

n>1 n>1

where the first equality is the expansion of (X, z*) with respect to the basis

(Yn)n>1 of Hx. The It6-Nisio [Theorem 26|(i)| turns this weak convergence into
L?($; E)-convergence. O
3.4 Gaussians on Hilbert spaces

31 Theorem (Gaussians on Hilbert spaces). Let H be a separable Hilbert space.

(i) Sazanov’s theorem: Q € L(H) is the covariance operator of a centered
Gaussian H-valued random wvariable X if and only if Q is symmetric,
non-negative definite, and @) is nuclearﬂ

1See below.
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(ii) In this case the Karhunen-Loéve expansion of X is

X = 3 (X VA e

n>1 X
Tn 1XVn

where (e,)n>1 15 an orthonormal basis of (ker Q) satisfying Qe, = Anen
for eigenvalues A\, € (0,00).

Proof. Let X be centered Gaussian with covariance operator ). Then @ is

symmetric and non-negative, and

Te(Q) = Y (Qensen)r = Y E[(X,en)3] = E[| X][3] < oo,

n>1 n>1

Conversely, assume that Q € Li(H) is symmetric and non-negative. As @ is
compact, there is an orthonormal basis (e,)n>1 of H such that Qe, = Anep.

Set
X = Z’yn\/)\nen.
n>1
This series converges in L2(2; E) because

Z [RZRY; )‘nen”%%Q;H) = Z )‘nE['yg] ||6nH%I = Z An < 00,

n>1 n>1 n>1

and the limit is Gaussian by [Theorem 26||(i1)

(ii)f The random variables =, are orthonormal because

Qema €n)H

Let (fn)n>1 be a basis of ker ). By the definition of Hy, the span of the random
variables (X, e, ) and (X, f,,) is dense in Hx. But (X, f,,) = 0 in L%(Q2) because
E[(X, fn)?] = (Qfn, fn) g = 0, which implies that the span of (X, e, )y is dense
in Hx. Therefore, (7,)n>1 is an orthonormal basis. One has ix~y, = Vnen
because

<iX’Yn,6m>H = E[7n<X7 6m>H] = EKXa en/\/E>H<X7 6m>H]
= <Qenv€7n>H/m =Llp=nVAn = <men7€7n>H- O

3.5 Literature

This section is a rearrangement of results in [Van08| and [Hai09].

4 Tensor products and operator ideals

32 Setting. Let D, FE, F, and G be Banach spaces, let M C F and N C F be
finite-dimensional subspaces, let H, H;, and H, be Hilbert spaces, let K be a
compact topological space, let 1 < p < oo, and let 1/p+1/p’ = 1.
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4.1 Tensor products and tensor norms

33 Definition (Algebraic tensor products).

e Let L(E, F; G) denotes the space of bounded bilinear mappings from E x F
to G with norm

1T (e.mc) = sup{[[T(z,y) : x € E,y € F, |Jzf| <1, [ly < 1}.
e The algebraic tensor product E ® F' is the linear span of the functionals
x®y € L(E, F;R)* given by (x @ y)(T) :=T(x,y), T € L(E, F;QG).
34 Definition (Tensor norms).

e A tensor norm « assigns to each pair of Banach spaces (F, F) a norm on
the algebraic tensor product E ® F (shorthand: F ®, F and E®,F for
the completion) such that the following properties hold:

(i) « is reasonable, i.e., one has for all z € E, y € F, 2* € E*, y* € F*
that

le@ylee.r <llellyllr, 2" @y [[(E.r- <"z ly*]F-

(ii) « satisfies the metric mapping property, i.e., for any 71 € L(FEq; Fy)
and Ty € L(FE2; F3) one has

1T @ Tl L(By @0 BasFrgars) < [[T1]||T2]-
(iii) « is finitely generated, i.e.,
|lulleg.r = inf {||u|mg. N :u € M®N,dimM,dimn N < oo}.
e For any tensor norm «, the dual norm o’ is the tensor norm

|ullpe, F = inf sup |(u, v)],
’ vEM*QN™
o]l ar @q v+ <1

where the infimum is taken over all finite-dimensional spaces M and N
such that v € M ® N, and (-, -) denotes the pairing (trace) of M ® N and
M*® N*.

e The projective tensor norm is given by

n n
lullze, - := inf {Z ladlllgll s u=>"2; @ yosas € By € Fin e N}.

i=1 i=1
e The injective tensor norm is given by

lullpo.r = sup {[(u, 2" @y")| 1 2 € X*,y e V7, 7] <1, |y < 1}

35 Remark.
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e Class exercise. A norm « on F ® F is reasonable if and only if it is
sandwiched between the injective and projective norms, i.e.,

I llee.r < |- legar < I lEe.p-
See [Rya02}, Proposition 6.1].

e Class exercise. Any reasonable norm « satisfies

Iz @ yles.r = llzlelyllr, 2" @y (el = 12" e ly" | -
See |[Rya02}, Proposition 6.1].

e Class exercise. The projective tensor product linearizes bilinear map-
pings in the sense that [Rya02, Theorem 2.9]

L(E,F;G) = L(E®.F;G).

e One has ¢/ =7, 7’ = ¢, and o’ = « for each tensor norm a.
e The following are embeddings of norm at most one: [Rya02, Chapter 7.1]
B&oF < (E*&u F*)*,  E'®@.F* — (E&nF)*.

4.2 Operator ideals and bilinear forms
36 Definition (Operator ideals and bilinear forms).

e An operator ideal is an assignment to each pair of Banach spaces E, F’
of Banach spaces A(F; F) C L(E; F) such that the following properties
hold:

(i) for every z* € E and y* € F one has 2* @ y* € A(E; F) and ||2* ®
Y llaer) < =" lllly*[l; and

(ii) for every T € L(D;E), S € 2A(E;F), and R € L(F;G) one has
RST € A(D; G) and || RST ||la(picy < T l|(ni) 1SNl | Bl Lo -

e For any tensor norm «, the set of a-nuclear forms is
Ny (E, F;R) := range (Ja : B*®oF* — L(E, F;R)) C L(E,F;R),
and the operator ideal of a-nuclear operators is
N (E; F) :=range (Jo : E*®oF — L(E; F)) C L(E; F).

The nuclear norms are defined such that the mappings J, are metric
surjections onto their range. Forms/operators in 91, are called nuclear for
a = 7 and approximable for oo = €.

e For any tensor norm «, the set of a-integral forms is
Jo(E,F;R) := (E®y F)* C L(E,F;R) = L(E; F*),
and the operator ideal of a-integral operators is
Jo(E; F) :=34(E; F*)N L(E,F) C 3, (E; F**) i= (EQq F*)*.

Forms/operators in J, are called integral for « = 7 and bounded for
a=c¢.
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37 Remark.
o If o dominates (3, there are continuous embeddings 9, — Mg, To — J3.

e For any tensor norm «, there is a continuous embedding 91, — J,; see
[Rya02}, Section 8.1].

4.3 'Trace
38 Definition (Trace).

e The trace is the continuous linear mapping of norm one given by
E*®,E — R, ' @x— (z¥, ).
If the mapping J. of[Definition 36]is injective, then the trace is also defined

for nuclear operators M, (F; E).

39 Remark.

e The mappings J, of [Definition 36| are injective for each tensor norm « if
either E* or F have the approximation property |Rya02, Proposition 8.7].

e A Banach space E has the approximation property if for every compact
subset K C E and every € > 0 there exists a finite-rank operator S € L(E)
such that

sup ||z — Sz| < e.
zeEK

All Hilbert spaces and all Banach spaces with a Schauder basis have the
approximation property [Rya02 Section 4.1].

e Approximable operators are compact, i.e., there is an embedding 9. < &,
because approximable operators are the closure of finite-rank operators
under a stronger topology than L; see [Rya02), Section 4.1]. The converse
holds, i.e., all compact operators from E to F are approximable, if either
E* or F has the approximation property; see [Rya02, Corollary 4.13].

4.4 Some further tensor norms and operator ideals

40 Definition (Some sequence spaces).

e Let £,(E) be the set of sequences (z,,) in E such that

00 1/p
”(xn)Hp = <Z |xn||%> < 00.

n=1
Then ¢,(F) with this norm is a Banach space. We write ¢, for £,(R).

e Let ((E) be the set of sequences (z,,) in E such that (z*,z,) € ¢, for
each z* € E*, and set

[Gzn)lly = sup {[|((2", zn))llp - 2 € B, [la™]| <1}

Then ¢)(E) is a Banach space because it is isomorphic to L(co, E) for
p=1,t0 L({y,E) for 1 < p < 00, and to £ (E) for p = co.
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o Let co(E) be the set of sequences (x,,) € loo(E) s.t. limy, o0 ||, ]| = 0.
41 Definition (More tensor norms and operator ideals).
e The Chevet-Saphar tensor norms are given by

n
vl E@, » = inf {Il(afi)liﬁll(yi)llp u=) @, @y,1 € By € Fine N} :

i=1

n
lullpe,, F = inf {Il(xi)lp(yi)ll;fi tu=Y 2 ®@y,x € B,yi € FneN
=1

Here g stands for gauche and d for droite. Forms/operators in J4, =: P,
are called p-summing, and in Ny =: L, p-nuclear

e The Hilbertian tensor norms is given by
n
lull ., 7 = inf{l(%)llﬁll(yi)llﬁ tu=Y m®@y,z B,y €Fne N} :
i=1

Forms/operators in Jw, are called p-Hilbertian, in J,, Hilbertian, and in
jw; p-dominated.

e The operator ideal HS(Hy; Hy) of Hilbert-Schmidt operators is defined
for Hilbert spaces H; and Hs and counsists of all T' € L(Hy; Hy) such that
1T sy = D ITOIG, < oo,
beB
for some (and hence all) orthonormal bases B of Hj.

42 Remark.

e One has dy = g1 = m. Moreover, for p < ¢ one has d, > d, and g, > gq.
See |[Rya02, Proposition 6.6]. Furthermore, d) = go and g) = d2 by
[Rya02, Equation 7.7].

e Class exercise. If H; and H, are Hilbert spaces with orthonormal bases
(e;) and (f;), respectively, then H;®,,H> is a Hilbert space with or-
thonormal basis (e; ® f;).

e If Hy and Hy are Hilbert spaces, then the following are isometries: [DF92,
Proposition 11.6 and Section 26.6]

HS(Hy; He) & Py(Hy; Ha) = Lo(Hy; Ho) &2 Hi @y, Ho.

e There are isomorphisms

LY(A;E) = LY (A&, E, [Rya02, Example 2.19]
PI\(A;E) = LY(A)&.E, [Rya02, Proposition 3.13]

L*(A; H) = L?(A)®y, H, Class exercise.
C(K)®.E = C(K;E) [Rya02, Section 3.2].
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4.5 Operator ideals on Hilbert spaces

43 Lemma. Let H be a Hilbert space with orthonormal basis B, let A : B — R
be a function, and let T : D(T) C H — H be the diagonal linear operator given

by

Th=X\b,  D(T)= {h €H: Y M (bh)y < oo} :
beB

We consider B as a measure space with the counting measure #. Then the
following statements hold:

(i) T € L(H) iff A € L>=(B), and [T () = [ Ml Lo (®)-
(ii) T € Ly(H) iff A € L'B), and |[T)|1, ) = [N 2 9)-
(ii) T € Lo(H) iff A € L*(B), and | T,y = I\ 22(5)-

Proof. See exercises. O

4.6 Literature
A good introduction to topological tensor products is [Rya02|. Further details

can be found in [DF92]. is taken from |Jen16].

5 Stochastic integration

44 Setting. Let (Q, F, (F;)ier, ) be a filtered probability space satisfying the
usual conditions, let E be a Banach space, let H and U be separable Hilbert
spaces, let P be the predictable o-algebra on Ry xQ, let Q € L(U), let ¥ = Q'/?,
let Us, be the Hilbert space XU with scalar product (u,v)sy = (X7 1u, 27 1)y,
where ¥ 71 is the pseudo-inverse of 3, and let ix, : Us, — U be given by ix(Ju) =
Y.

5.1 Martingales

45 Lemma (Conditional expectation). For any o-algebra G contained in F,
there exists a unique bounded linear operator of norm one,

LYF;E) - LY (G;E), X~ E[X|G],
such that one has for each A € G that
E[14X] = E[14E[X]|F]].

Proof. We use the fact that the conditional expectation of scalar random vari-
ables is a bounded linear operator of norm at most one,

E[|G] : LY(F) = L'(9).
Recall that L'(F; E) = L' (F)®,E. We claim that the desired operator is

T :=E[|G]&,Ip : LY(F)&-E — LY (G)®,E.
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By the metric mapping property of tensor products,
1T < ELG L 7y op el LmE) < 1.
For each A€ G and X = lg®x € L' (F) ® E one has
E[14X] =E[lalg]lz = E[14E[1g|G]]z = E[LAE[1p|G]z] = E[LATX].

By continuity, this relation holds for all X € L'(F)&,E. Therefore, T satisfies
the properties stated in the lemma. Moreover, the last calculation shows that T’
is determined uniquely on simple tensors and by continuity on all tensors. [

46 Definition. Let M : Ry x Q@ — E be an (F;)-adapted process, and let
p € [1,00].

e M is called a martingale if M; € L'(F;; E) and E[M;|Fs] = M, holds for
all 0 < s < t. If in addition M; € LP(Fy; E) for all t € Ry, then we call
M a LP-martingale.

e We write MP for the space of uniformly integrable LP-martingales, i.e.,
all martingales of the form M; = E[My|F;] for some M., € LP(Q; E),
endowed with the norm || M||spr := ||Mso||Ls- The subspace of continuous
martingales is denoted by MZ.

47 Lemma (Doob’s maximal inequality). Let M be a right-continuous E-valued
(Ft)-martingale. Then the following statements hold.

(i) For each p € [1,00), ||[M||P is a real-valued (Fy)-submartingale.
(i1) For each p € [1,00) and € > 0,

1

P [HM||L°°(R+;E) > 6} < =

M7 e (g, .10 (211

(#ii) For each p € (1,00),

p
| M| Lp (0100 (R E)) < EHM||L00(R+;LP(Q;E)),

Proof. As the essential range of M is separable, we assume without loss of
generality that F is separable. Let (z) be a norming sequence in E*. Then
E[||My|||Fs] = supE[(My, )| Fs] = sup (E[M,|Fy], 2};)

Sy %¥n

= sup (M, x)) = || Ms]|.

This shows that ||M| is a submartingale. By Jensen’s inequality, ||M||P is
a submartingale for each p € [1,00). The remaining statements are Doob’s
maximal inequalities for non-negative real-valued submartingales. O
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5.2 Brownian motion

48 Definition (Brownian motion). Let Q € L1(U).

e A @-Brownian motion is a continuous process W : Ry x @ — U with
independent increments satisfying Wy = 0 and Wy — W, ~ N(0, (t — 5)Q)
forall 0 < s <t.

e A Q-Brownian motion with respect to (F3) is a @-Brownian motion W
such that W; is Fi-measurable and W; — W is independent of Fy, for all
0<s<t.

49 Definition (Cylindrical Brownian motion). Let @ € L(U).

e A cylindrical @-Brownian motion is a bounded linear mapping
W L2(Ry;U) — L?(Q), whose values are centered Gaussians such that

EW (1,5 ® w)W (L, ® v)] = min(s, t)(Qu, v)u,
for each s,t € Ry and u,v € U. We put

Wiu := W (1,4 ® u), teR, ,uel.

e A cylindrical @-Brownian motion with respect to (F;) is a @-Brownian
motion W such that W;u is F;-measurable and W;u — Wyu is independent
of Fg,forall0 < s<t<T andueU.

50 Remark.

e If W is a @Q-Brownian motion, then (the extension of) the linear mapping
]l[(),t] ®@u— (u, W)u (2)
is a cylindrical @-Brownian motion.

e Conversely, let W be a cylindrical Q-Brownian motion with @ € L, (U).
Then for each ¢t > 0 the mapping

We:U— L*Q),  uw W(lpy®u)
satisfies

Wil s w:n2)) = Z [Wib[| 720y = t2 Z(Ql% by < QL ) < oo,
beB beB

where B is an orthonormal basis of H. Therefore, W; € HS(U; L*(Q)) =
L)@, U = L*(Q; U). Selecting a continuous version of (W,)icr, using
the Kolmogorov continuity theorem gives a ()-Brownian motion, which

represents W as in
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5.3

Construction of the stochastic integral

51 Definition.

The set £ of elementary processes is the linear span of the set of predictable
processes X : Ry x Q — L(U, H) of the form

X =144 ®1a0u®h, (3)
where 0 <ty <t9, Ac F,,u€U,and h € H.

If W is @Q-Brownian motion with respect to (F;) for some @ € L1(U) and
X efisasin we define the stochastic integral

o0
/ XdWy := 1a{u, Wy, — Wy, Y irh.
0

If W is cylindrical @Q-Brownian motion with respect to (F;) for some @ €
L(H) and X € £ is as in|(3)| we define the stochastic integral

/ XsdWy := 1a(Wiu — Wy, u)h.
0
The Hilbert space N3, of stochastically square integrable processes con-
sists of all predictable processes X : Ry x  — Lo(Ux; H) such that
[ X I az, == X L2 (R4 x 2, P,dt@P); Lo (Us H)) < OO

The complete metric space Ny of stochastically integrable processes con-
sists of all predictable processes X : Ry x Q — Lo(Us; H) such that

Pl X 22 Ry 510 (UssHY) < 00] = 1,
endowed with the Ky Fan metric
(X, Y) = E[|X = Yl 2y sLo sy A1),

which induces the topology of convergence in probability.

52 Remark. Note that the integral with respect to cylindrical Brownian motion
extends the integral with respect to Brownian motion.

53 Lemma (Density). The following statements holds.

(1)
(i)

& is dense in N, .

N3, is dense in Ny .

Proof. & is interpreted as a subspace of N3, via the (not necessarily injective)
mapping

g—)Ngv, ]l(t17t2]®]lA®u®hl—>]l(t17t2]®]lA®i§;u®h,

where i$u € Uy acts on Uy, via (-, -)yy,. We have

NE = L2(Ry x Q, P, dt ® P)®u, Us@u, H.
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The span of the functions 1, +,) ® 14 is dense in L?(Ry x Q,P,dt ® P), and
i%,(U) is dense in Us; because iy is injective. Therefore, & is dense in N,

N3 is dense in M. To see this, let X € NMy. For each n € N set
T =inf{t > 0: [[1gX| Nz > n}. By the right-continuity of (%), T" is a
stopping time for each n. Moreover, X" := 1o, rn X € N3, and HX”HN‘% <n.
Let B be the set of probability one where ||X||z2r,;1.us;m)) < 0. Then
limy, oo T™ = 0o on B and lim, ., X" = X on R, x B. By dominated conver-
gence, limy, o0 [| X™ — X||12(R, Ly (Us:m)) = 0 on B. As almost sure convergence
implies convergence in probability, X™ converges to X in probability. Therefore,

2, is dense in Ny . O

54 Theorem (Stochastic integral). Let @ € L(U) and let W be cylindrical
Q-Brownian motion.

(i) The stochastic integral of|[Definition 51| has a unique extension to an isom-
etry

3 — LA H), Xl—)/ X dWs.
0

(i) The stochastic integral of [Definition 51| has a unique extension to a uni-

formly continuous linear mapping

Nw — LO(Q; H), Xr—>/ X dWs.
0

Proof. We have to show that the stochastic integral of [Definition 51| is an

isometry on the subspace £ of Nj,. Any X € £ can be written as a finite sum
of the form
X = Z Lty tugn] @ La,, ® up; ® h i,
kyi

where (tx) are non-negative and strictly increasing, Ay ; € Fy,, ur,; € U, and
his € H. Then

E [||5 Xaawa

= Z E |:<]]'Ak,iW(]]'(tk7tk+1] & um)hk’i, ]]'Al,j W(]]'(thtlJrl] ®ul,j)hl,j>H] .
ki,

Conditioning on Fy, V F3, shows that
9] 2
[l 5 oW

= Ella, Ta, KTt Dot 22 @) ( QUi g )u iy ha ) i
kolig

By the reproducing property of the Hilbert space Uy, (see[Definition 27)) one has
(Quis, w1 5) = (15U i, 15U ) Uy, and therefore

B[ Xoaw,|3]

= E[ﬂAk’L ]lAl,j} <]l(tk7tk+1]’ ]l(tl»tl+1]>L2(R+) <i*2uk,i7 i*zul’j>U2 <hk,i’ hl,j>H
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= |1X[3 -

Therefore, the stochastic integral of is an isometry on the subspace
E of N,. As € is dense in N3, by [Lemma 53| there is a unique extension to an
isometry N3, — L?(; H). This shows|(i)

This follows from (i1)

55 Theorem (Integral process). Let Q € L(U) and let W be cylindrical Q-
Brownian motion. For each t > 0 set fot X dW, = fooo 1(0,4(8) XsdW.

below. O

(i) The stochastic integral has a unique extension to an isometry

Nir — M2, Xi—>/ X, dW,.
0

(i) The stochastic integral has a unique extension to a uniformly continuous
linear mapping

Nw — LO(Q;C(Ry; H)), X»—>/ X dWs.
0

Proof. Let X € & be given by Then the scalar process (Wyu)er, is
mean-square continuous and has a continuous version by Kolmogorov’s conti-
nuity theorem. Thus, the process (M;);cr, has a continuous version because

M; = ]]-A(th/\tu - th/\tu)h~

Moreover, setting My, = fooo XsdWy, one has E[M|F;] = M, as can be seen
from
0, if t € [0, 4],
E[My|Fi] = E[la(W,u — Wy u)h|Fe] = § La(Weuw — Wy w)h, ift € [t1,tq],
1a(Wi,u — Wy w)h, if t € [ta, 00).

As M, € L?(2; H), we have shown that M has a version in M2. The stochastic

integral of (i)| defines an isometry & — M? thanks to|Theorem 54 The space

M?2 is complete because it is a closed subspace of M? thanks to Doob’s maximal

inequality (Lemma 47]). Therefore, the stochastic integral has a unique extension
to an isometry N3, — M2. This establishes m
Let X € N3/, let €,8 > 0, and let

t
T = inf {t € [0,00) : /0 ||Xs||2L2(Ug;H)d8 > 6} .

Then one has by Chebychev’s inequality, Doob’s maximal inequality, and Itd’s
isometry, that

t
P| sup ‘/ X dW, > €
te[0,00] [1Jo H
t e}
=P| sup ‘/ X dW; >6,/ ||XS||2L2(UZ.H)CZS>6
tef0,00] I1J0 H 0 ’
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sup
te[0,00]

SIP’/O 1 X s ||L2(UEH)ds>5 +P

> 67/0 111, (g s < 51

t
/ 1(o,77(5)
0

s > €
H

sup ‘
t€[0,00)

_ L
<P| [ 1l wmds > 3] + S| [ Ien Xl

- oo 7 1 oo

This inequality is called Lenglart’s inequality. It shows that the integral is
continuous at zero with respect to the topology of convergence in probability.
By linearity, it is uniformly continuous, and we have shown O

56 Reflection. For nuclear ) one may use the following (larger) class of ele-
mentary processes X to define the stochastic integral: |[DZ14; Jenl6; PRO7|

X=1E1®1laQY,

where 0 < s<t, A€ Fs,and Y € L(U; H). How are the spaces Lo (Us; H) and

L(U; H) related?

e L(U, H) is continuously embedded in Ly(Us; H) because

1Y ois|2e:my < 1Y low;mllislleowsvy = 1Y ow;m 12 Ly @)

1/2
— 1Y o 1R

To see this, let B be an orthonormal basis of U and let A : B — [0, 00) such
that Qb = \pb. Then By := {Zb: b € A71((0,00))} is an orthonormal

basis of Us.. Then

[Y o iz“%z(UE;H) =

- 12
”ZE”LQ(UE;U) =

1217, @ =

Do IWYisdlly < Y@ D lisdl

bEBs bEBx

2 . 12
= ”Y”L(U;H)”ZE”LQ(U);;U)?

YolblE = > IBblIE =D ISblE = IZ1Z, ),

bEBx bEXA—1((0,00)) beB
=D IZblE = (@bb)r =D X = QL. )
beB beB beB

The embedding may be strict, as Lo(Us; H) may contain unbounded op-

erators on U.

5.4 Properties of the stochastic integral

57 Lemma (Localization). Let X € Ny and let T be a stopping time satisfying

P[T < oo] = 1. Then

AT .
/ X, dW, = / Lo.77(s) X dWs.
0 0
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Proof. If T is simple and X € &, this follows by inspection. In the general
case, there is a sequence of simple stopping times 7, | T and a sequence of

elementary processes X™ 2 X. Then

X dW, = plim plim XdWy

AT AT™
0 n—o00 m—oo J(Q

AT
/ X dW, = plim
0

n—o0

= plim plim [ Lo 7n(s) X" dWs :/ Lo, (8) XsdWs. O
0

n—00 m—00 .J(

58 Remark. allows one to define the stochastic integral for the
localized classes of integrands (N3 )10 and (N )ioc-

59 Lemma. Let K be a topological space, let E and F' be normed vector spaces,
and let f : E — F be uniformly continuous on bounded sets. Then the following
mapping s continuous:

LY(Q;C(K;E)) — L°(Q; C(K; F)), X+ foX.

Proof. Let € > 0 and let X" — X in L%(Q;C(K;E)). Then (X™) is bounded
in probability (tight). Therefore, there is R > 0 such that

sugP [HXnHC(K,E) > R] < 6/37 P [”XHC(K,E) > R] < 6/3
ne

As f is uniformly continuous on the ball of radius R, there is § > 0 such that
(le =ylle <6, llzlle < Rillyle < R) = [If(z) = f(W)lr < /3.
As X™ — X in probability, one may choose n large enough such that
P X" — Xlowx.z) > 6] <¢€/3.
Taken together, this yields

P [Hf oX"—fo X”C(K;F) > 6]
<SP[[foX" = foXlowr > 61X low;p) < BRI X ;s < R
+P I X"cw:p) > R] + P [IX|lcx;) > R]
<P[|X" - Xlox;p) > 0] +2¢/3 <e. O
60 Lemma (Ito’s formula). Let Xy : Q — H be strongly Fo-measurable, let

F : Ry xQ — H be predictable and a.s. Bochner-integrable on Ry, let B :
Ry x Q — Lo(Us; H) be stochastically integrable, let

X:XOJr/ Fsds+/ BgdWs,
0 0

let f:H — H be a C? function such that f, f, fze are uniformly continuous
on bounded subsets of H, and let U be an orthonormal basis of Us. Then

u€elU

+/O £.(X.)BsdWVs.
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Proof. By Itd’s formula in finite dimensions, the statement of the lemma holds
for elementary processes F' and B. The general case follows because all terms
in Ito’s formula are continuous with respect to the topology of convergence in

probability thanks to O

61 Lemma (Stochastic Fubini theorem). Let (E, &, i) be a finite measure space,
and let X € LY(E;N3,). Then the following iterated integrals are well-defined
and coincide almost surely,

// XZdWsu(dx) = / /Xm (dx)d

Proof. Recalling that L' (E;N2,) = LY(E)®,N3, let X = 1Y for some B € €
and Y € J\f 2 . Then the random function

o0 o0
/ Xsz]lB/ YdW :Qx E—- H
0 0
is F ® E-measurable, and the process
/ Xdp = / 1pdp Y : Ry x Q — Ly(Us; H)
E E
is predictable. By Minkowski’s inequality and Ito’s isometry,

dp
L2(Q;H)

= [ Xl i = XD sceag

/ XdWdu
0

L2(4H)

Moreover, the following integrals coincide,

/ / XdWdp = u(B) / YdW = / / X pdw,
E JO 0 0 E

By continuity and density, this extends to all X € L'(E;N3,). O

62 Lemma (Burkholder-Davis-Gundy inequality). For each p > 2, there exists
a constant c, such that

/ XsdW,
0

Proof. As the case p = 2 is covered by Doob’s maximal inequality (Lemma 47(iii)))
and Ito’s isometry, assume p > 2, and let X be a predictable process in
LP(Q; L?(Ry; Ly (Us; H))). By Doob’s maximal inequality,

< p X o2y sLa(Uss)) -
Lo (9515 (Ry 1))

Lo(QL>(RysH)) Loo (R ;LP (Q:H))

0
(o)

/ XdWs
0

Lr(Q;H)
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Set Y equal to the continuous modification of fo X dWy. For each y € H, set

F) = llyllE
Fo ) = pllylE (. s
Fou(y) =00 = 2)ylPy, Yy, -y + plYlIP 2 ) s
and note that for each y € H
I fyy WDy < plp = Dllyllh .

By Ito’s formula, letting U be an orthonormal basis of Us,

Yoo llTn(cmry = V Fy (V) XodW, + = / > fuy(Ys XuXu)d].

uel

Assume temporarily that Y is bounded. Then the stochastic integral above is
a uniformly integrable martingale, and the bound on f,, gives

p(p—1)
e / §j||YP2|Xu|Hds]
uelU

p(p—1)
== —E /O IYall% 2 (1 X ||L2<Uz,HdS}

pp—1) 1 2 [7
< 20 e [y [ ]

By Holder’s inequality with exponents p/(p — 2) and p/2,

[e’s) P/2
(/ ||Xs||%2<UE;Hds)
_plp—1)

2
= = ool 1X o2y pawsm) -

2/p
plp—1) —2
Yoo masany < =g E Yool 7727 E

Diving through ||Y ||Lp o,y and taking the square root, one gets

[p(p—1)
”YOO”LP(Q;H) < 9 ”X||LP(Q;L2(R+;L2(UZ;H))) :

In the general case where Y is not bounded, let for each n € N
=inf{t >0:||Y¢|lg > n}.

Then Y7T» is bounded, and ||YZ1"||g = ||Yoo| g A 7 is monotonically increasing
and converges to ||Y | - By the monotone convergence theorem, the LP(€Q; H)-

norm of |YX»|| 7 converges to the LP(£2; H)-norm of || Yo ||z. Thus, the estimate
remains valid in the general case. O

5.5 Literature

The construction of the stochastic integral in uses a smaller class of
elementary processes than many other works [DZ14; [PRO7} |Jen16]. This has the
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advantage that the stochastic integrals with respect to cylindrical and normal
Brownian motion are immediately seen to be identical because they coincide for
our small class of elementary processes.

Our presentation of Ito’s formula and the stochastic Fubini
theorem is similar to the one in [DZ14]. The Burkholder-Davis-
Gundy inequality and its proof (see is a corrected version of [DZ14}
Theorem 4.36].

6 Stochastic evolution equations with Lipschitz
coefficients

63 Setting. Let (0, F,P, (F;)icr, ) be a stochastic basis, let H and U be sepa-
rable Hilbert spaces, let Q € L(U) by non-negative symmetric, let 3 = QY2 let
7! be the pseudo-inverse of ¥, let Us, = X(U) with (u,v)py, = (X7 u, 1)y,
and let W be cylindrical @Q-Brownian motion with respect to (F3).

Let T' > 0, let P be the predictable o-algebra on [0,T] x €, let £ be an H-
valued Fp-measurable random variable, let A : D(A) C H — H be the generator
of a strongly continuous semigroup on H, and let F and B be P ® B(H)-
measurable mappings

F:[0,T)xQx H— H, (t,w,x) — Fi(w,x),
B:[0,T] x Q2 x H— Ly(Us; H), (t,w,x) — Bi(w,x).

6.1 Solution concepts

64 Definition. Strong, weak, and mild solutions (in the analytical sense) of
the stochastic evolution equation

dX; = (AX: + Fi(Xy))dt + By (Xy)dWe, Xo=¢&. (4)
are defined as follows:
(i) A strong solution of is a predictable process
X :[0,T] x Q — D(A)

which satisfies for each t € [0, 7], almost surely,
t t
X, =¢ +/ (AX, + Fo(X,))ds +/ By (X)dWs.
0 0

(i) A weak solution of [(4)|is a predictable process
X:[0,T]xQ = H

which satisfies for each ¢ € [0,T] and h € D(A*), almost surely,

(Xesh) g = (€, B+ /0 (X, AR (Fa(X,), B ar) st /0 (Bu(X), BV,
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(iii) A mild solution of is a predictable process
X:[0,T]xQ—H
which satisfies for every ¢ € [0, T], almost surely,

t t
Xy =ete+ / eI (X,)ds + / A=) B (X)) dW.
0 0

65 Remark. It is part of the above definition that the Bochner integrals are
well-defined a.s. and the stochastic integrals are well-defined.

66 Remark. The attributes weak and strong have the following additional
unrelated meanings:

e A solution is strong in the stochastic sense if the Brownian motion and the
stochastic basis are given, and weak in the stochastic sense if the Brownian
motion and the stochastic basis may be chosen freely.

e The strong error of approximations X" of X is Elsup,c(o 17 | X7 — X¢| m],
and the weak error is E[f(X71) — f(X%)], where f is a “nice” function.

67 Lemma.
(i) Any strong solution is a weak and mild solution.
(i) Any weak solution which satisfies
2

T T
P V He“‘(T‘t)Ft(Xt)HHdt—l—/ HeA(T_t)Bt(Xt)‘
0 0

dt < oo] =1
Lo(Us;H)

is a mild solution.

(i4i) Any mild solution which satisfies for each h € D(A*)

T T
PV (BCX). it + ||<Bt<Xt>,h>H||iQ<UE;R>dt<oo]=1
0 0

is a weak solution.

Proof. Strong = weak is trivial, and strong = mild follows from |(ii)|

Let X be a weak solution, let D(A*) be endowed with the graph norm,
let h € D(A*), let f € CY([0,T]), and let Y = fh € C*([0,T]; D(A*)). Ito’s
formula applied to the product of (X, h)y and f yields

<Xt7 Yt>H = <Xt, h>Hft

— (& hyfo + / (Xo, ARyt + (Fa(X.), h) 1) fuds
4 /0 X By flds + /0 (By(X.), V) wd W,

— (€Yo + /0 (X0 A1+ (F(X0), Yo + (Xa, YD) i) ds
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+/0 (Bs(X5),Ys) pdWs.

By continuity, this relation extends to all functions Y € C'([0,T]; D(A*)). In
particular, the choice

Ys _ (eA(t—s))*h _ GA*(t_s)h, szl _ _A*sz
yields

t t
(Xy,h) g = (eAtg,h>H+/ <eA<t*S>FS(XS),h>Hds+/ (e B (X,), h) gdW.
0 0

Thus, by the integrability assumptions on F'(X) and B(X) and by the denseness
of D(A*), X is a mild solution, and we have shown

Let X be a mild solution, and let h € D(A*). By Fubini’s theorem for
Bochner and stochastic integrals, after suitable localization,

t
/(XS,A*h>Hds
0
t S s
= / <eAS§+ / AR (X, )du + / eA(S‘“)Bu(Xu)qu,A*h> ds
0 0 0 H
t t t
- / (e2°¢, A*h) yds + / / (eAB~YE, (X)), A*R) grdsdu
0 0 u
t t
+ / / (A6~ B (X)), A*h) gdsdW,
0 u
t . t t .
:/ (€, et SA*h>Hds+/ /<Fu(Xu),eA (5= A*B) prdsdu
0 0 u
t t .
+ / (By(Xy), e =W A* D) ydsdW,
0 u
t
= (6, (A = Dhyg + / (Fu(X), (4”070 — 1B
0
t
4 / (Bu(X.), (V00 — 1)) g,
0
t
= (A = DE hym + / (A=) — 1)F,(X,), B rdu
0
t
+ / (e — By (Xy), hygdW,,
0
t t
= (Xu, h) — (€, h)or — / (Fu(X,), ) sy — / (Bu(X,), 1) srd W
0 0

Thus, X is a weak solution, and we have shown O]

6.2 Existence and uniqueness

68 Theorem. If F and B are Lipschitz continuous in x, with a Lipschitz
constant not depending on (t,w), then there exists a mild solution of which
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is unique up to modifications among the predictable processes satisfying

T
P UO 1 Xs]1%,ds < oo] =1 (5)

69 Remark.

e The integrals in are well-defined if holds, thanks to the Lipschitz
continuity of F and B.

e Uniqueness may fail if is not imposed.
We need an auxiliary lemma.

70 Lemma. Let p > 2, and let E be the Banach space of dt @ P-equivalence
classes of predictable processes X : [0, T| x Q — H satisfying

[X||e = sup || X¢llLo(osm) < oo
t€[0,T]
If F and B are Lipschitz continuous in x, with a Lipschitz constant not depend-
ing on (t,w), and £ € LP(Q; H), then the following statements hold:
(i) There is a constant Cy, which is given by @ such that for any X € E,

the process

t t
KX, =ete+ / eI (X, )ds + / A=) B (X,)dW,
0 0

satisfies KX € E and |KX||g < C1(1 + | X||g).
(ii) There is a constant Cy, which is given by such that for any XY € E,

KX = KY|[p < C2[|[X =Yg

(iii) There is a constant C3, which is given by such that for any X,Y € E,

IX =Yy < CalIX — KX —Y +KY] .

(iv) There exists a unique solution of n B.

Proof. By the Lipschitz property, there is a constant M € (0,00) such that for
each t € [0,7T], z,y € H, and w € Q,

At
e HL(H) < M,
[Fi(w, ) = Fy(w,y)|l i + | Be(w, @) = Belw, Y)| 1, gy < M@ = yllm,
[ Fe(w, o)l g + 1Be(w, @)l 1y sy < M A A+ 2] 1)

Let X € E and t € [0, T]. The Bochner integral in satisfies
each ¢t € [0,T7:

t
/ eI (X,)ds
0

Lr(Q;H)
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< eA(t")F(X)’ (Minkowski)
Lr (L1 ([0,t];H))

<M1+ I X #ll e .01 (0.00)) (Lipschitz)

< MY+ X | o 00 0,01 (Jensen)

< MY+ X | o g0,49: 2002 (Fubini).

and the stochastic integral in we get the following estimates for
each t € [0,7T) (using in particular the Burkholder-Davis-Gundy inequality of

Lommma 62):

t
/ A=) B (X,)dW,
0

Lr(Q;H)

< e o)

BDG)
Lr(L2(0,t:La (Us; H))

(
S M2 ||1 + ||X||H||LP(Q;L2([0¢D) (LipSChitZ)
< MY X il oo o7 (Jensen)
(

= M2+ I X1 2o (0,410 (02)) Fubini),

Therefore,

IKX |5 < M|€|| ooy + M2(TYP 4 TV22YPYTYP(1 4 || X || )
( k) )
<Ci(1+ [|1X]|g),

where

Ch = M|l Lo(asmy + M*(T +TY?). (6)

This shows
Let X,Y € E and ¢t € [0,7]. The same steps as in lead to the

following estimates:

/ A=) (B (X,) — Fy(Y))ds

0 Lp(;H)
< leAe=)(F(x) = F(Y ‘ Minkowski
< He (F(X) = F(Y)) L (0)) (Minkowski)
< M? HX - Y”LF(Q;Ll([O,t];H)) (LipSChitZ)
< M X — Y”LP(Q;LP([O,t];H)) (Jensen)
< MPP X — Y”Lp([o,t];Lp(Q;H)) (Fubini),

and
t
‘ / A=) (By(X,) — By(Ys))dW,
0 Lr(Q;H)

< |leAt=(B(x) = B(Y ’ BDG

< " B(X) - B(YV) oy BPY)

< M?|IX — Yl oo n2((0,:1)) (Lipschitz)

§ M2t1/271/17 ||X — Y”L?’(Q;LP([O,t];H)) (Jensen)
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= MPH/Ep X — Y”Lp([o,t];Lp(Q;H)) (Fubini).
Therefore,
1K Xy — KYill o ey < MA(T P+ T2 VP) X = Y| Lo ageno ) -
Taking the supremum over ¢ € [0, 7] and using Holder’s inequality shows

KX = KY|p < Ca[|[X = Ylg,

where
Cy = M*(T 4+ T?). (7)
This shows

The last estimate above implies
1Xe = Yellpo(oum < I1Xe = KXy = Ye + KYil ooy + KX = KYil 1o,
< X-KX-Y+KY|g
+ M2V L TVEVRY X = Y Lo agso (i)
Taking the p-th power and using (a +b)? < 2P~1(aP + bP) for any a,b > 0 yields
1Xe = Yell oy <2771 X = KX —Y + KY |
t

+ 2p—1M2p(T1—1/p + T1/2—1/p)p/0 I Xs — YSWZP(Q;H) ds.
By Gronwalls inequality may be applied because both sides are bounded, and
we get

1X0 = Yol oy < 2771 IX = KX — Y + KY[3,
x exp (277 MPH(TI Vg AT )

Taking the p-th root establishes with

Cy = 21717 exp (21—1/PM2(T n T1/2)> . (8)

For sufficiently small T, K : E — E is a contraction by d

In this case, Banach’s fixed point theorem gives a unique solution of [(4)|in E.
For arbitrary T, existence follows by concatenation of small time intervals, and
uniqueness follows from |(iii)] O

Proof of [Theorem 68 Let p > 2 be fixed.
Existence: For each n € N, let I';; = 1¢|,,<n, and let X" € E satisfy for

each t € [0,T]

t t
X =T,ette + / AT, F (X)) ds + / A=, By(X™)dW.
0 0

Then one has for for all m > n that I',X™ =T, X™ € E because all processes
I, X™ satisfy one and the same equation

t t
DX =T,ette + / A=, Fy(T, X™)ds + / A=, B(T, X™)dW,.
0 0
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Thus, for each ¢ € [0, 7], the limit X; := lim,_,o, ', X]* exists a.s. The dt ® P-
equivalence class of X contains a predictable process, which satisfies and is
a mild solution of This establishes existence.
Uniqueness: Let X and Y be mild solutions of [(4)] satisfying For each
n €N, let
S, =inf {t € [0,T] : | Xs|> + [|Ys]? > n} AT,

let X' =T, X¢ns,, let V' =T, Yins,, and define for each Z € E and ¢ € [0, 7]
t
K, Zy = A0S e 4 / e Lo 5,1 TnFs(Zs)ds
0

t
+ / eA(t_s) ]l(O,S,,L]FnBs (Zb)dWa
0

Then X™ and Y™ belong to F and satisfy X" = K, X" Y™ = K,Y"™. By
(ii1), X™ =YY" € E. Therefore, X =Y up to modifications. O

6.3 Existence of continuous modifications
71 Theorem. The mild solution provided by has a continuous

modification.
We need some auxiliary lemmas.

72 Lemma. Let p > 2, let £ € LP(Q; H), let X be the mild solution provided
by and let a < 1/2. Then the process

t
Z :/ (t —s)" A=) By(X,)dW,.
0

belongs to LP(); LP([0,T); H)).

Proof. Let M € (0,00) be as in the proof of and let Ijp ) denote
the identity on [0,7]. Then

T
12l earoriany = [ ElNZil e (Fubini)
T t p/2
S Cg/o E (/0 (t _ S)—2o¢eA(t—S)BS(Xs)|%2(U2;H)d8> ‘| dt (BDG)
T t p/2
gc§M2p/ E l(/ (t—s)2°‘(1+||XS|H)2ds> ]dt (Lipschitz)
0 0
~2a /2 ..
:CgszE {H[ 2% (L [1X ) ||I£p/z(0T])} (Fubini)
2 —2a||P/2 p/2
< M [|| 2y 104 1K 021 0.0 (Young)
T
o||P/2 .
7CpM2p||I ? Hil OT])/ E[(1+ || X¢llz)P) dt (Fubini)

The right-hand side is finite thanks to the condition o < 1/2 and O
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73 Lemma. For anyp > 1 and a > 1/p,

t
(Gaz)y = / (t —s)* teAt=5) 2 ds
0

defines a bounded linear operator G, : LP([0,T); H) — C([0,T]; H).

Proof. Let q be such that 1/p+1/q = 1, and let Ijp 7y be the identity on [0, T7.
For any ¢ € [0, 77,

t
1(Gaz)elln < M/ (t — )2 24| s (Minkowski)
0

< M|

I[%,}I] Hm 2] e (0,77 5) (Holder)

and similarly, for any s,t € [0, T,

T
(Gaz)e = (il = | [ 1M (Lo (w)2ms = L ()i )
0

H
< M|

I HLq [T0,5 () 28— — o, () 2t—ull Lo f0,77: 1) -

This shows that G,z belongs to C([0,T]; H) if z is continuous. By the density
of continuous functions in L?([0,T]; H), this holds for general z. O

74 Lemma. Let p > 2, assume that £ € LP(Q; H), let X be the mild solution

provided by [Lemma 70} let o € (1/p,1/2), and let Z be as in[Lemma 79 Then

the process
sin(am)

71'
is a continuous modification of the process

GoZ

/ A B(X,)dW.
0

Proof. We use Euler’s reflection formula for the Beta function, which states that
for each 0 < s <t and a € (0,1),

™

/ (t—w)* Hu—s) “du = /0 (1 —u)*'u=%du = Beta(a, 1 — ) =

sin(am)’

For each t € [0, T, assuming that we may apply the stochastic Fubini theorem,
t u
GoZy = / (t— u)o‘fleA(tfu)/ (u— s)" %A B (X,)dW,du
0 0

t u
= / / (t —u)* L (u— 5) %A B (X,)dW,du
0 JO

topt
— — —s U
:/0 /S (t —u)* Y (u— )" %du e By(X,)dW, = sin(om)Y;'
To verify the condition of Fubini’s theorem, we estimate
t
[ s 0= wetertm - g eettop, x| du
0 L2([0,u}; L2 (Us;H))
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t
< M/ (t —u)*? Hs — (u—s) e B (X,)

L2([0,u]; L2 (Us;H))

0
¢

= M/ (t —u)*1 1 Zull 12 (02, ry) A (Ito’s isometry)
0

<M |53 N2l gneem  (Comma Ty,
The right-hand side is finite by Jensen’s inequality and O

Proof of[Theorem 71, For each n € N, let I', = 1jj¢||,,<n, and let X" =T, X.
We saw in the proof of [Theorem 68| that X™ is an E-valued solution (where E
is defined with respect to some fixed p > 2) of the truncated SPDE

t t
X =T,ette + / A=, Fy (X)) ds + / A=, By(X™)dW,.
0 0

The Bochner integral is continuous by and the stochastic integral
has a continuous modification by As this holds for each n € N, X
has a continuous modification. O

6.4 Literature

Theorem 68| and the supporting [Lemma 70| correspond to parts of [DZ14] The-
orem 7.2 and 7.5]. [Section 6.3|is taken from [DZ14].

7 Heath—Jarrow—Morton equation

7.1 Bond prices and interest rates

75 Definition. We denote time by ¢t € R, time to maturity by x € Ry, and
maturity by T = t + x, the price of zero-coupon bonds by P(t,T) = P(x),
the yields (or spot rate) by Y (¢,T) = Yi(x), the instantaneous forward rate
by f(t,T) = f:(z), the short rate by 7 = f:(0), and the bank account by

By = exp( f(f rsds). The following fundamental relation holds:

T
P(t,T)=exp(— (T —t)Y(t,T)) = exp (—/t f(t, s)ds) .

76 Remark. The Euro-Area yield curves are public and can be viewed at
http://ecb.europa.edu/stats/money/yc/.

7.2 Existence and uniqueness
77 Setting. We want to analyze the equation
dfy = (Afe(x) + cu(f))dt + o (f)dWy
subject to the following assumptions:
(i) (Q,F,P,(Fi)ier,) is a stochastic basis, U is a separable Hilbert space,

and W is an Iy-cylindrical Brownian motion on U with respect to (Fy).
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(ii) H is a separable Hilbert space consisting of continuous functions Ry — R
such that point evaluations

0 H—=R, f— f(x)
are continuous for all z € R,..

(iii) For each f € H and t € R, the function S;f := f(¢t+-) belongs to H, and
S:Ry — L(H) is a strongly continuous semigroup on H. The generator
of S is denoted by A.

(iv) There is a linear subspace Hy of H such that the following mapping is
sounded bilinear:

m:Hox Ho > H,  m(f.9)(@) = @) [ ().
0
(v) The functions
AR xQx H—=U, o:Ry xQx H— Ly(U; H)
are P ® B(H)-measurable, and

a: Ry xQxH—-H

is given by
a(f) = Tr (m(o:(). 01(f)) ) + o F)e():

78 Remark. The trace in the definition of « is well-defined because

Tr (m(at(f),at(f))) = i H(m(ot(f)@naat(f)en)
n—=1

p
< |l ceato, st lloe (O, o

79 Theorem. Assume that [Setting 77 holds, let o be bounded, let o and X be
Lipschitz in f, and let fo € L°(Fo; H). Then there is an up to modifications
unique predictable process f : Ry x Q — H which satisfies for each t € Ry that

t

t
ft = Sifo +/ St—sas(fs)ds +/ Si—s0sdWy
0 0

and .
P [w €ER, : / | fsll3pds < oo} =1.
0

Proof. For each f,g € H set

a(f,g) =Tr (m(Ut(f)aUt(g))) + o (f)Ae(g)

and observe that

()~ (0) 1 = 5ol f 9.+ )+l + . — )l
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< \mllniro, o mlloe(f = Ol Lo wsmo) loe(f + 9l Lo w;ime)
+ 5o = 9)lawssng 1A + 9o
+ 5 loef + 9)lawssng IS~ 9o
<CIf —glla
for some constant C' € R} which does not depend on f,g. Thus, a and o are

Lipschitz continuous, and the result follows from O

7.3 Absence of arbitrage

80 Definition. (i) A probability measure Q on (J;cp, F¢ is called a local

martingale measure if for every T' € R, the process (B; 'P(t, T))tcio,m) 18
a P-local martingale.

(ii) An interest rate model is called free of arbitrage if there exists a local
martingale measure Q on Ute]R+ F: which is equivalent to P on F; for
every t € Ry.

81 Theorem. Let P and f be as in|Theorem 79. Then P is a local martingale
measure if and only if or(f)Ae(f) vanishes dt ® P-almost surely.

Proof. As a first step we show that the theorem holds under the additional
assumption that fo € L?(Fo; H). For each T € Ry and f € H let

T
Irf :/ f(x)dx.
0
Then It : H — R is continuous because

(r fl <|T| sup [f(x)] <[T| sup |[6z]a-[fllm
ﬂfe[ovT] wE[O,T]

and sup,¢o, 7] [|0z[/ s« < oo by the Banach-Steinhaus theorem. Therefore,

T—¢
—log P(t,T) = / fi(x)de = Ip_ fi
0
= I7_4Sifo +/ Ir_Si—sous(fs)ds +/ Ir_¢Si—s05(fs)dWy
0 0
¢ ¢
= (Ir — L) fo +/ (I7—s — Ii—s)as(fs)ds +/ (Ir—s — It—s)os(fs)dWs
0 0

:ITfO+/ IT—sas(fs)d5+/ IT—sUs(fs)dWs
0 0

~Tfo - /0 t / s f)duds - /O t / b (fo)dud W,

To verify that we may apply Fubini’s theorem to the last two integrals, note
that the solution f lies in the space E of [Lemma 70| with p = 2. Thus, letting
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|a|Lip and |o|rip denote the Lipschitz constants of o and o with respect to f,
we have

t u
B[ [ besoutildsdu] < ¢ sup 18, alapl s < o0
o Jo z€[0,t]

and

E [/ot (/Ou |5us08(f5)||%2(U;R)ds> - du]
t u 1/2
< /0 ( /0 E [18u-s0a(£) [ u0m | ds) du

< t3/2 sup ||5m||H* U|Lipr||E < 0.
wE[Ovt]

Therefore, we can apply Fubini’s theorem and get

t t
“log P(t,T) = Ipfo + / Tr_saus(fs)ds + / Lr_you(fo)dW,
0 0

~Lfo - /0 t /0 b sora(f)dsdu — /0 t /O b s0u(f) AW, du

t t
= ITfO +/ ITfsaS(fs)dS'i_/ ITfsas(fs)dW
0 0
t u u
_/ do <Suf0 +/ Su—sas(fs)d3+/ Su—sas(fs)dWs) du
0 0 0
t t t
:ITfO+/ IT—sas(fs)dS+/ IT—sUs(fs)dWs_/ Ty du.
0 0 0
By Ito’s formula, the processes P(t,T) and P(t,T) := B; ' P(t,T) satisfy
t t t
P(t,T) = exp (—ITfo —/ Ir_sas(fs)ds — / It_sos(fs)dW, +/ rudu>
0 0 0
t
— PO, T) - / P, T) Iz sou(f2)dWV,
0

. /Ot P(s.T) (Ts — Irsa(fs) + %Tr (Ir—sos(fs), IT—SO's(fs))> ds

and
P(t,T) = P(0,T) — / (5, T)Ip_so4(fs)dW.

P
/ P (s,T) ( Ir_sas(fs) + = TT(IT s0s(fs), ITst(fs))) ds

For each g € H one has

m(yg,9)(z) = g(x) /Omg(y)dy = %% (/Omg(y)dy)Q,
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which implies that

IT—S Tr (m(as(fs)v Us(fs))) - % Tr (IT—sUs(fs)a IT—sUs(fs))-

Therefore, by the definition of «,
P(t.T) = P(0,T) - / (s, T)Ir—sa(fo) Audds — / P(s, T)Ir—ou(f2)AW,
0 0

= P(O,T)&'(/ Ir—sos(fs)(dWs — )\Sds)> :
0 t
(9)
where £ denotes the stochastic exponential. This process is a local martingale
for each T if and only if for each T € R the following is a dt @ P-null set:

{(t,w) €[0,T] x Q: I7_so(fe) M # 0} .

Differentiation with respect to T' shows that this is equivalent to o;(f;)A; van-
ishing dt ® P-almost surely. This establishes the theorem under the assumption
that fo € L?(Fo; H). The general case follows using the localization technique

in the existence proof of O

82 Corollary. Let P and f be as in and assume that for each
te R+

[ (=3 [ lzas+ [ Outr)gvan)| <1

Then the bond market is free of arbitrage.

Proof. Let Q be the probability measure on Ut€R+ F: which satisfies for each
te R+ that

d 1t t
T =eo (—3 [ nlas+ [ ou ).

By Girsanov’s theorem, the process W; — fg Asds is a Brownian motion under Q.
It follows from @ that the discounted bond prices are local martingales under
Q. Thus, Q is an equivalent local martingale measure, and the bond market is
free of arbitrage. O

7.4 Examples

The following lemma shows that the presence of the shift semigroup in the HIM
equation is due to the parametrization of forward rates as functions of time to
maturity = instead of maturity 7. Moreover, it shows how mild solutions of
the HIM equation can be constructed forward rate processes which are defined
pointwise for every maturity 7.

83 Lemma. Let be in place. For every T' € R, let
al,T):[0,T] x Q@ = R, o(-,T):[0,T] x Q@ — Ly(U;R)
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be predictable processes such that

T T
/0 la(s, T)|ds < o0, /0 ||O'(S,T)||%2(U;R)d8 < 0.

Then the following statements hold:

(i) The equation

f&T)=f(0,T) Jr/o oz(s,T)ds+/O o(s, T)dWs,

holds for every t € [0,T] and every T € Ry if and only if the equation

t t
fi(x) = Sefolx) —1—/0 St,sas(:v)ds—i—/o Si—s0s(x)dWy

holds for every t,x € Ry, where S is the shift semigroup on functions
R; — R and where

fi(x) = f(t,t + x), a(z) = a(t,t + z), oi(x) = o(t,t + x).

(it) If additionally [Setting 7[(ii)}}{(iii)] holds, if there are predictable processes

f:Ry xQ—H, a:Ry xQ— H, oc: Ry xQ — Ly(U; H)
such that for every x € Ry,
fr(x) = 0ufe, () =600,  ou(x) = g0,

and if for every t € Ry,

¢ ¢
/0 las]| mrds < o0, /0 ||0's||%2(U;H)dS < 00,

then f is a mild solution of the HJM equation on H.
Proof. See exercises or [Fil01} Sections 4.1 and 4.2]. O

The following is a common choice of a Hilbert space containing the forward
rate curves.

84 Lemma. Let a > 3, and let

H={f€Hp:|fllm <oo},

where

I£1F = 1O + /OOO | (@) Pw@)de,  w(@) = (1+2)

Then H satisfies [Setting 74[(it)H(iii)}
Proof. See exercises or [Fil01, Theorem 5.1.1 and Example 5.1.2]. O
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85 Lemma. Let H be as in[Lemma 8, let 0 € H, let 8 < 0, let a > 0, let
U =R, let W be I;-Brownian motion, let (Tt)t€R+ be the unique solution of

d?"t = (G(t) + ﬂ’f't)dt + \/ath, (10)

and define for each t,x € Ry

P(z)=E [exp (— /H_x r(s)ds) ‘}'(t)] ,
t
fi(x) = _4 log Py(x).
dz
Then f is the unique mild solution of the HIM equation with A =0 and
or(f)(u)(z) = Vael®u, teRy, feHuelUuxeR,.
Proof. See exercises or [Fil09} Section 5.4.1] and O

86 Lemma. Let H be as in let 0 € H satisfy (x) > 0 for each
xeRy, let B <0, letax>0,let U=R, let W be Iy-Brownian motion, let

(re)ter, be the unique solution of
dry = (0(t) + Bry)dt + \/aridWy, (11)

and define P,(z) and f,(z) as in[Lemma 83 Then f is a mild solution of the
HJM equation with A =0 and

Jt(f)(u)(x) ="V af(O)\Il/(x)u’ te R+7f € H,'LL € U,x € R+7

where for each x € R,

W(x) = —2(e7® — 1) 5 ~ = /B + 2a.

v (e 4+ 1) = B (er

Proof. See exercises or [Fil09} Section 5.4.2] and O

7.5 Literature

This section is similar to [CT07, Chapter 6] and [Fil0l, Chapters 4 and 5].
Further information can be found in the textbook [Fil09] and in the extensive
monograph [BM07].

8 Stochastic evolution equations with unbounded

coefficients

8.1 Interpolation spaces

87 Definition. Let H be a Hilbert space, let A : D(A) C H — H be a
symmetric diagonal linear operator with inf op(A) > 0.
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(i) For each r > 0, A" : D(A") € H — H is the linear operator which is
defined on

D(A")=<veH: Z HATPkcr()\—A)(U)HZ <,
)\EJP(A)

and which satisfies for each v € D(A") that

A'v = Z Pker()\—A) (U)

A€op(A)

(ii) A family of interpolation spaces associated to A is a family (H,),cr of
Hilbert spaces such that for all ¢ > 0, all » > s, and all v € H,, H;, =

D(A%), H, C H, C H,"", and |[v]|m, = [ A"*|a,.

88 Remark.
e Interpolation spaces as in [Definition 87|exist and are unique [Jenl15, The-
orem 3.5.24].

e For each r € R the scalar product (-,-)y admits an extension to a non-
degenerate continuous bilinear form H, x H_, — R.

e Interpolation spaces for more general operators are defined in [EN99, Sec-
tion 2.5].

8.2 Smoothing effect of the semigroup

89 Lemma. Let H be a Hilbert space, let A: D(A) C H — H be a symmetric
diagonal linear operator with supop(A) < 0. Then

(i) A is the generator of a strongly continuous semigroup, and

(i) For each r > 0 it holds that

—tA)TeA <(f)r< .
tS’[Bl,Eo)H( Vel <(5) <oo

Proof. As A is diagonal, there is an orthonormal basis B of H and a function
A : B — R such that for each v € D(A),

Av = Z et (b, v) b
beB

The assumption that sup op(A) < 0 ensures that the following function is well-
defined,
S :[0,00) = L(H), Syv = Z e (b, v) b
beB

S is a semigroup because for each s,t > 0 and v € H,

S, = S, (Z e’\bt<b,v>Hb> = Ze’\”t<b, v) 1 Ssb

beB beB
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= E b, v) e b = Sy,
beB

and S is strongly continuous because one has for each v € H by the dominated
convergence theorem that

2

Z (e —1) (b,v) b
beB H
=1lim » " [e™" — 1|7 |(b,v)u|* = 0.

t\0
\bG]B

lim || Syv — v||F = li
i [|Sev — vy = lim

The generator of S is an extension of A because for each v € D(A), by the
dominated convergence theorem,

2

_ 2 Apt 1
i | 2270~ 4p| = lim 3 (e - /\b> (b, v) b
t\0 t g tN\O o .
Aot 2
—1im ST ] ey a =0
t\0 t
beB

Conversely, A extends the generator of S: if v belongs to the domain of the
generator of S, there exists w € H such that

2

= lim
£\,0
> beB

Abt*l

)

<b,’U>H — <b, w)H

which implies that (b, w)y = A\p(b,v) g and
Sl )l = 3 )
beB beB
and therefore v € D(A) and w = Av. Therefore, the generator of S equals A.
For each r,t > 0 one has

T T T _—I r "
[(—tA) AtHL(H) = sup (=) eM | < w:(légo) la"e"| < (g) <oo. 0O
8.3 Existence and uniqueness

90 Setting. We want to analyze the equation
subject to the following assumptions:

(i) T € [0,00), (2, F,P,(Ft)efo,r)) is a stochastic basis, U is a separable
Hilbert space, and (W¢)e(o,7) is an Iy-cylindrical Brownian motion on U
with respect to (Ft)efo,71-

(ii) H is a separable Hilbert space, A : D(A) C H — H is a symmetric
diagonal linear operator with supop(A) < 0, and (H,)rcr is a family of
interpolation spaces associated to —A.
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(i) v € R, p € [2,00), and & € LP(H,).
(iv) n €[0,1), and F and B are P ® B(H,)-measurable mappings

F:[0,T)xQx Hy, — Hy_,, (t,w,x) — Fi(w,x),
B:[0,T] x Qx Hy = Ly(U; Hy_yy 2), (t,w,x) — Bi(w,x).

91 Theorem. Let[Setting 90 hold, and let F' and B be Lipschitz continuous in
x with a Lipschitz constant not depending on (t,w). Then there exists a unique
up to modifications predictable processes X : [0,T] x Q — H., which satisfies for
each t € [0,T] that

t t
X, =etMe+ / A E(X,)ds + / A=) B (X,)dW,
0 0

T
P V 1 Xl ds < oo‘| =1
0

Proof. The proof is similar to We set up a fixed point problem
on the Banach space F of dt ® P-equivalence classes of predictable processes
X :[0,T] x Q — H satisfying

and

[ X[z == sup [[X¢reo;m,) < oo
t€[0,T)

There are three key estimates. First, by the smoothing effect of the semigroup
(Lemma 89)/(ii)]), one has for each t > 0 and r € [0, ¢] that

= [[(=4) e (- A)" A/HL(H;H)

= _ r At —r C " —r
= 7 [ (=AY M| gy <7 (5) S

Second, for any predictable process F': [0,7] x Q — H,_, one has

t
’ / A=) ds
0 Lr(S;Hy)

t
< / HeA@_s) F‘
0

< / (t =) |1yl o, ds (smoothing)

\// t— ) "ds/(t—s) EN .y ds (C-S)
tl=n
:\/ /O(t—s)_" ||FSH%P(Q;HH,,,,)CZS

tl*'r] t )
< 1—7 /o ||F9||LP(Q;H7,n)dS (Young).

e HL(HW,T;HA,)

(Minkowski)
Lr(Q:;Hy)

47



Third, for any predictable process B : [0, 7] x Q — Lo(U; Hy_,;) one has

t
/ A5 B AW,
0

Lp(S;Hy)

plp—1) [* o |12
= \/2/0 e B Lo, ) @ (BDG)

plp—1) [* _ .
< \/2/0 (t—s)n ||Bs||2Lp(Q;L2(U;H7_n/2)) ds  (smoothing)

plp—1) tt=n [t
< \/ D) 1-7/, ”BsHLp(Q;LQ(U;HW_n/z)) ds (Young).

These estimates imply the local contraction property of the fixed point mapping
and therefore existence and uniqueness similarly to the proof of O

92 Remark.

e The condition & € LP((£2, Fo,P); H.) can be relaxed to & € LU((2, Fo,P); H.,)
using localization as in the proof of

e A priori estimates can be obtained using a generalized Gronwall inequality
[Jen15| Corollary 1.4.6] applied to the expressions one step before Young’s
inequality (see [Jenlb, Proposition 7.1.4].

8.4 Literature

This section follows the setup and notation of |[Jen15| Section 7]. At the expense
of heavier notation most results can be extended to analytic semigroups with
generators that are not necessarily diagonal linear operators [DZ14] Section 6.5].

9 Stochastic heat equation

9.1 Existence and uniqueness
93 Setting. We want to analyze the equation

dXi(z) = (0 AX () + f(z, Xo()))dt + bz, X () dWy (), z € (0,1),
in the following setting:

(i) T € [0,00), (2, F,P,(Ft)co,r)) is a stochastic basis, U = L*((0,1)),
and (Wi)epo,r7 is an Iy-cylindrical Brownian motion with respect to
(Ft)tefo,1)-

ii) H=U, 0 >0,and A : H3((0,1)) C H — H is the Laplace operator.
0

(iii) f,b:(0,1) x R — R are measurable functions, are Lipschitz in the second
variable, and satisfy f(-,0),b(-,0) € L%((0,1)).

94 Theorem. Under the assumptions of |Setting 93, the following statements
hold:
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(i) A:=0A is a diagonal linear operator, which satisfies supop(A) < 0 and
generates a strongly continuous semigroup.

(ii) For any f < —1/4, the following mappings are well-defined and Lipschitz

continuous,
F:H— H, F(v)(z) = f(z,v(z)),
B:H — Ly(U; Hp), B(v)(u)(z) = b(z,v(z))u(z),

where Hg denotes an interpolation space associated to —A.

(iii) For each & € L*((Q, Fo,P); H) there exist a unique up to modifications
predictable process X : [0, T] x Q — H which satisfies for each t € [0,T]
that

t t
X, :eAt§+/ eA(t‘S)F(Xs)ds—i—/ A=) B(X,)dW,
0 0

T
P V | Xs|/3ds < oo] =1
0

Proof. We follow [Jenl15|, Section 7.2.1].
For each n € N and = € (0,1) let

and

en(x) = V2sin(nrx).

Then (en)n=12,... is an orthonormal basis of H, each e, is contained in D(A),
and Ae, = —07r n2e,. Thus, A is a diagonal linear operator, which satisfies
supop(A) = —672 < 0. By it generates a strongly continuous

semigroup S. This proves
Let | f|Lip and |b|Lip denote the Lipschitz constants of f and b in the sec-

ond variable. The mapping F': H — H is well-defined and Lipschitz continuous
because for each u,v € H,

I1E' ()l z2(0,1)) < NFC 0 L2 (o,0y) + I1F G ul-)) = £ 0)l 22((0,1)
<N G0 z2(0,0)) + [flmipllullL2(0,1)) < o0,
[F'(w) = F(v)llz2(0,1)) < |fluipllu = vl[z2((0,1)) < oo

The mapping B : H — Lo(H; Hg) is well-defined because for each v € H,

IBOIEwm, = an Ol
_ gj =AYbl o ex Iy ((~4)? i isometry)
- i_ et (=), v()er (D (Parseval)
- gf A el kﬁ_oj enbvO)er(ul (e s cigenvecton
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= > l=A el (e Ol (feberp=tpepen)on)
=1

<23 (A el 36, v ()IE (el o= (0,1 = V2)
=1

= 2]bC, o (= A7 N1Z, srry < o0 (O, kP < o0).

Moreover, B : H — Lo(H; Hg) is Lipschitz continuous because for each v,w €
H, by a similar estimate as above,

1B(v) = B(w)lIZ, s, < 2016C,0()) = b wO)E (=47 Iw.

< 2fblLipllo — wl} < .

[(ii)} This follows from [Theorem 91] with v = 0, p = 2, n € (1/2,1) using
[(1)H(D) O

9.2 Literature

This section is taken from [Jenl5| Section 7.2.1]. The stochastic heat equation
is also called continuous-time parabolic Anderson model. Higher-dimensional
analogues of the equation are studied in the context of stochastic quantization
(see |DZ14} Section 13.7] for an overview).

10 Stochastic wave equation

10.1 Overview of wave equations

The following is an overview of some well-known equations for the height u(z,t)
of a wave at time ¢ and location x. Many qualitative properties of the equation
can be seen by studying traveling wave solutions, i.e., solutions of the form
u(z,t) = f(x — ct), where f is a function and ¢ is a constant.

Name Equation Traveling wave solutions
Transport u +uy =0 u(z,t) = f(x —1t)

Wave Ut — Uz = 0 u(z,t) = f(x £ )
Klein-Gordon — uy — Uge +u =0 u(z,t) = acos(k(x — ct — xp))

A<l k=(1-c*)"1?
sine-Gordon  uy — Uge +sin(u) =0 u(z,t) = %arctan(emk(ffct*ﬂm))
A<l k=%+(1-c)"1/?

Airy Ut + Ugzy =0 u(z,t) = acos(k(z —ct —xg)) + b
<0, k= (—c)/?

Kdv Ut + Uy, + Ugze =0 u(z,t) = 3esech? (k/2(z — et — x))
c>0,k=cl/?

Schrodinger V—=Tuy = Uy u(z,t) = eV~ Thlz—ct=zo)
c#0,k=c

One speaks of dispersion if there are multiple possible values of ¢, of causality
if compactly supported initial data leads to compactly supported solutions, of
a conservation law if the equation is of the form u; = 9;(...), of a wave train if
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f is periodic, of a wave front if f is monotonic, and of a solitary wave if f has
a unique local maximum.

10.2 Existence and uniqueness
95 Setting. We want to analyze the equation
R X, (x) = 0AX, () + f(x, X¢(x)) + bz, X;(2))Wi(x), € (0,1),
where W is space-time white noise, by rewriting it as a first-order system
dXy(z) = Yi(z)dt,
{ AYi(x) = (0AXy(x) + F(w, Xo(2)))dt + bz, Xo(2))dWi (),
in the following setting:

(i) T € [0,00), (2, F,P, (Fi)epo,r]) is a stochastic basis, U = L?((0,1)), and
(W¢)tejo,r) is a Iy-Brownian motion with respect to (Ft):efo,7]-

(ii) H="U, 6 >0,and A : H3((0,1)) C H — H is the Laplace operator.

(iii) f,b:(0,1) x R — R are measurable functions, are Lipschitz in the second
variable, and satisfy f(-,0),b(-,0) € L%((0,1)).

96 Theorem. Under the assumptions of |Setting 95, the following statements
hold:

(i) The linear operator OA is diagonal, satisfies supop(6A) <0, and has an
associated family (H,).cr of interpolation spaces.

(i) The linear operator
A:Hyjpx Hy C Hyx H_y/5 = Ho x H_y 5, (v, w) — (w, 0 Av),
generates a strongly continuous group of isometries on Hy X H_l/g.
(iii) The following mappings are well-defined and Lipschitz continuous,

F:Hyx H_yj3 — Ho x H_y 3, Fv,w)(x) = (O, f(x,v(m))),
B:Hyx H_1/5 — Ly(U; Hy x H_1/5), B(v,w)(u)(z) = (0,b(z, v(z))u(z)).

(iv) For each & € L?((Q, Fo,P); Hy x H_,5) there exists a unique up to modifi-
cations predictable process (X,Y") : [0, T] xQ — Hox H_y /5 which satisfies
for each t € [0,T] that

t t
(X1,Y;) = e+ / AR (X, Yy )ds + / A=) B(X,, Y,)dW,
0 0

and

T
PI [ (I, + Il ) ds < oo =1
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Proof. This was shown in [Theorem 94li(1)]
A* is an extension of —A because for each (v, w1), (v2, w2) € D(A),

(A(v,w1), (va, w2)) HoxH_, = (W1, V2) H, + (0AVI, w2)E_,
= ((—0A) 2wy, (—0A) Pog) g, + (—0A) 2001, (—0A) T 2ws)
= (w1, =0Av2)_,,, — (v1,w2)m, = —((v1,w1), A(v2, W2)) Hox H_, s-
To see that A* = —A let (v,w) € D(A*). Then the following linear mapping is
bounded:
Hyjo x Hy C Hy X H_1/5 = R, (h,k) — (A(h, k), (v,w)>HoxH71/2.

Rewriting the last expression as

(A(h, k), (U’w)>Ho><H_1/2 = (k,v)m, + (0Ah, w>H—1/2
= <k7v>Ho + <7(70A)1/2hv (79A)71/2w>H0

and using that (—0A)'/2: Hy — H_, /3 is an isometry shows that the following
linear mappings are bounded,

HOCH_1/2—>R7 k'—><k,’l}>H0,
HoC H_yjp >R, b (h, (—0A) Y 2w) g, .

By [NJW15, Lemma 3.10.(ii)] this implies that v and (—6A)~'/?w belong to
Hy /o, which is equivalent to (v,w) € Hy/o x Hy = D(A). This proves that
A* = —A. Tt follows from a theorem of Stone [EN99, Theorem 3.24] that A
generates a strongly continuous group of isometries. This proves
(i11)f This follows from [Theorem 94Ji(i1)}
This follows from [Theorem 91| using |(ii)| O

10.3 Literature

The overview of wave equations is inspired by Peter D. Miller’s lecture notes
[Mil06]. The stochastic wave equation is also called continuous-time hyperbolic
Anderson model. An extensive analysis of the stochastic wave equation can be
found in [NJW15].

11 Stochastic Schrodinger equation

11.1 Quantum mechanics

97 Definition. According to John von Neumann’s and Paul Dirac’s axiomati-
zation of quantum mechanics and Schrodinger’s view of quantum dynamics, a
physical system is described by the following ingredients:

e States are one-dimensional subspaces of a separable complex Hilbert
space H. Thus, for every non-zero v € H, spanc{v} is a state.

e Observables are self-adjoint linear operators on H. The expectation (in
the sense of probability) of an observable T' under a state spanc{v} with
[lv]] = 1 is defined as (T, v)g.
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e Dynamics of the states X : Ry — H are encoded in Schrédinger’s equa-
tion
V—1hdX; = AXdt,

where £ is a constant and A is a self-adjoint linear operator on H, which
is called the Hamiltonian. Note that Schrodinger’s equation is norm-
preserving, i.e., —/—1A generates a strongly continuous group of isome-
tries on H by a theorem of Stone |[EN99, Theorem 3.24].

98 Example (Harmonic oscillator). H = L?(R;C) and

2
A)(z) = —;—mAv(x) + %moﬂxzv(m),

where m and w are constants. A typical observable is the position operator
Tu(z) = zv(x).

99 Remark. There are several extensions and modifications of Schrodinger’s
equation. For example, one may add a nonlinearities and noise. The noise is
typically added in Stratonovich form to preserve the property that || X:||g =
| Xo|lz. This leads to equations of the form

V _1tht - (AXt + F(Xt)>dt + B(Xt) O th,

where F': H— H, B: H — Ly(U; H), W is real-valued Brownian motion on a
Hilbert space U, and odW; is the Stratonovich integral. This equation can be
recast in Ito form as

1
V _ltht = <AXt + F(Xt) + 5 TI'UQ B/(Xt)B(Xt)> dt + B(Xt) 9} th,
provided that

Try, B/(X)B(X:) = 3 (B’(Xt)(B(Xt)u))u € H,
uelU

where U is an orthonormal basis of the reproducing kernel Hilbert space Ug of
the cylindrical Brownian motion W.
11.2 Existence and uniqueness
100 Setting. We want to analyze the equation

V=1dXy(z) = (AX¢(2) + f(z, Xe(z)))dt + bz, Xi(2))dW, (), z € RY,
in the following setting:

(i) T €[0,00), (2, F, P, (Ft)iecjo,1)) is a stochastic basis, d € N\{0}, r > d/2,
U=H"(R%C), Q € L1(U), and (Wy)ejo,7) is a Q-Brownian motion with
respect to (F)eejo,1]-

(i) H = L?*(R%;,C) and A : H3(R%;,C) C H — H is the Laplace operator.
(iii) f,b:(0,1) x R — R are measurable functions, are Lipschitz in the second

variable, and satisfy f(-,0),b(-,0) € L%((0,1)).
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101 Theorem. Under the assumptions of |Setting 95, the following statements
hold:

(i) A:=+/—1A generates a strongly continuous group of isometries on H.

(ii) The following mappings are well-defined and Lipschitz continuous,

F:H—)H, F(U)(x):—\/jlf(x,v(x)),
B:H — Ly(Ug; H), B(v)(u)(z) = —vV/—1b(z,v(x))u(x).

(iii) For each & € L*((Q, Fo,P); H) there exist a unique up to modifications
predictable process X : [0, T] x Q — H which satisfies for each t € [0,T]
that

t t
X, :eAt§+/ eA(t_S)F(Xs)ds—i—/ A=) B(X,)dW,
0 0

T
P V | Xs|13ds < oo] =1.
0

Proof. Let “denote the Fourier transform. For each v € H and t € R let Syv
be the unique element of H which satisfies for each £ € R that

Syv(€) = exp(—it€)v(€). (12)

Thus, in the Fourier domain, S; is a multiplication operator by a function of

absolute value one. It is easy to verify that S is a strongly continuous group of

isometries on H, whose generator is A Propositions 4.11 and 4.12].
The Lipschitz continuity of F' follows by the same argument as in the

proof of [Theorem 94)f(ii)l The Lipschitz continuity of B can be seen as follows.

First, the mapping

and

H— H, v = b(-,v("))

is Lipschitz by the same argument as in the proof of [Theorem 94ff(ii)} Second,
by the Sobolev embedding theorem U is continuously embedded in L>(R%; C),
and therefore multiplication H x U — H is continuous. Third, the embedding
ig : Ug — U is Hilbert-Schmidt because for any orthonormal basis B of U and
any orthonormal basis U of Ug,

il Lawaiy = Y liqullt =D liqu,v)ul* = > > [(u, Qu)uy, |

uel uclUveB ueclUveB
=Y lQuliE, = {Quv)E = Tr(Q) < [1Q L, w) < oo
veEB veEB

The mapping B is a composition of these three mappings, and it follows that B
is Lipschitz continuous. This shows |(ii)|

This follows from [Theorem 91| using |(1)H(i1) O
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11.3 Literature

The following variant of Schrodinger’s equation is a basic model for nonlinear
waves,

V=1dXy(z) = (AXy(z) + | Xi(2)]*7))dt + X, (2) 0 dWy(z), r € RY

where ¢ > 0 is a constant and odW; is a Stratonovich integral (see [DZ14]
Section 13.23] for an overview). This equation does not fit into
because of the non-Lipschitz drift. Solutions exist only locally in time and blow
up with positive probability in finite time [BD02].

12 Stochastic linearized Korteweg—de Vries equa-
tion

12.1 History of the Korteweg—de Vries equation

In the 19th century much research was devoted to the study of water waves,
particularly in England and France (see [Jag| for a historical account).

e In 1834 naval architect Scott Russel observed a solitary wave, which was
traveling in the Union Canal between Edinburgh and Glasgow at a speed
of about 13 km/h without changing its shape. This led him to perform
extensive experiments and to search for a mathematical model of such
“great traveling waves.”

e Some of Russel’s contemporaries, including foremost Airy, dismissed Rus-
sel’s observation as impossible. Others, including Rayleigh, Boussinesq,
and finally Korteweg and de Vries |[KV95| took up the quest and de-
rived new shallow-water limits of the Navier-Stokes equations. These new
equations admit solitary traveling waves, similar to the ones observed by
Russel.

12.2 Existence and uniqueness

102 Setting. We want to study a perturbed linearized KdV (or Airy) equation,
dXi(z) = (AXt(x) + f(:c, Xt(ac))) dt + b(ath(x))th, r € R,

in the following setting:

(i) T € [0,00), (2, F, P, (Ft)icjo,1)) is a stochastic basis, d € N\{0}, r > 1/2,
U= H"(R), Q € Ly(U), and (Wy);epo,r] is a Q-Brownian motion with
respect to (F)eejo,7]-

(i) H=L*(R) and A: H3(R) C H — H is given by u > —u"".

(iii) f,b:(0,1) x R — R are measurable functions, are Lipschitz in the second
variable, and satisfy f(-,0),b(-,0) € L%((0,1)).

103 Theorem. Under the assumptions of[Setting 102, the following statements
hold:
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(i) A generates a strongly continuous group of isometries on H.

(i) The following mappings are well-defined and Lipschitz continuous,

F:H—H, F)(z) = f(z,v(x)),
B:H — Ly(Ug; H), Bw)(u)(x) = bz, v(z))u(z).

(iii) For each & € L2*((Q, Fo,P); H) there exist a unique up to modifications
predictable process X : [0,T] x Q — H which satisfies for each t € [0,T]
that

t t
X, =eMe+ / A= P(X,)ds + / A=) B(X,)dW,
0 0

T
P V | Xs|13ds < oo] =1
0

Proof. Let " denote the Fourier transform, and let s = /—1. For each v € H
and t € [0, 00) let Siv be the unique element of H which satisfies for each £ € R
that

and

Syu(€) = exp(ite®)o (). (13)

Thus, in the Fourier domain, S; is a multiplication operator by a function of
absolute value one. It is easy to verify that S is a strongly continuous group of
isometries on H, whose generator is A [EN99| Propositions 4.11 and 4.12].

This follows as in [Theorem 101
I(iii); This follows from [Theorem 91| using |(i)H(ii) O

12.3 Literature

The historical account is inspired by |Jag]. It is possible to replace the colored
noise by white noise and to add the nonlinearity uu,,, but this requires a different
fixed point argument [BD98; [BDT99].
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