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Lecture and exercises: Philipp Harms, Tolulope Fadina
Due date: January 25, 2016

Notation: see lecture notes (pdf)

11.1. Musiela parametrization and mild solutions

Let U be a separable Hilbert space, and let W be an I;-cylindrical Wiener process. For
every T e R, let

o(-,T):[0,T] xQ—R, o(-,T):[0,T] x Q— L(U;R)

be predictable processes such that

T T
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Show that . .
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holds for every r € [0,7T] and every T € R, if and only if
t t
70 =Sifo0)+ [ Ssen(oids+ [ S (xaw,
holds for every r,x € R, where f;(x) = f(t,t+x), o, (x) = a(t,t +x), and o;(x) = o (z,1 +x).
Give sulfficient conditions such that this implies that f is a mild solution of a correspond-

ing SPDE on a Hilbert space of real-valued functions on R, ..

Hint: you can find the argument in [Fil01, Sections 4.1 and 4.2].
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11.2. Spaces of forward rate curves

Let o > 3, and let
H={f€Hy:|fllg<e},
where

171 = FOF+ [ 17 0Pwidr, wi) = (1427,

Show that H is a separable Hilbert space, that the shift semigroup is strongly continuous
on H, and that the following mapping is bounded bilinear on H:

miHxH = Honlf,9)) = 1) [ g(0)d.

Hint: you can find the argument in [Fil01, Section 5].

11.3. Vasicek model

Let H be as in Exercise 11.2, let b be a constant, f <0,a >0, U =R, W be Iy-Brownian
motion, and let (r;),cr, be the unique solution of

dr; = (b+ Br,)dt +/adW,, (1)

and define for each r,x e R

n) = fexp (- [ rtsas)

d
filx) = = - TogP ().

7).

Show that f is a mild solution of the HJM equation with A =0 and
o (f)(u)(x) = aeP*u, teR,,feHueUxeR,.

Are the conditions of our existence and uniqueness result satisfied for this HIM equa-
tion?

Hint: use [Fil09, Section 5.4.1].
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11.4. Cox-Ingersoll-Ross model

Let H be as in Exercise 11.2, let b be a constant and b(x) > 0 foreachx € R, let B <0,
let « > 0, let U =R, let W be Iy-Brownian motion, let (r;);cr, be the unique solution
of

drt = (b+ﬁr;)dl + V OCr;dVVt,

and define P,(x) and f;(x) as in Exercise 11.3. Show that f is a mild solution of the HIM
equation with A =0 and

o (f)(u)(x) = —v/af(0)¥ (x)u, teRy,feEHueclUxeR,,

where foreachx e R,

‘P(x) _ -2 (e}/x_ 1) y= /—ﬁz—l—za.

Y(er+1)—f(er—1)°

Are the conditions of our existence and uniqueness result satisfied for this HIM equa-
tion?

Hint: use [Fil09, Section 5.4.2].
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