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11.1. Musiela parametrization and mild solutions

Let U be a separable Hilbert space, and let W be an IU -cylindrical Wiener process. For
every T 2 R+ let

a(·,T ) : [0,T ]⇥W ! R, s(·,T ) : [0,T ]⇥W ! L
2

(U ;R)

be predictable processes such that
Z T

0

|a(s,T )|ds < •,
Z T

0

ks(s,T )k2

L
2

(U ;R)ds < •.

Show that
f (t,T ) = f (0,T )+

Z t

0

a(s,T )ds+
Z t

0

s(s,T )dWs,

holds for every t 2 [0,T ] and every T 2 R+ if and only if

ft(x) = St f
0

(x)+
Z t

0

St�sas(x)ds+
Z t

0

St�sss(x)dWs

holds for every t,x2R+ where ft(x) = f (t, t+x), at(x) =a(t, t+x), and st(x) = s(t, t+x).
Give su�cient conditions such that this implies that f is a mild solution of a correspond-
ing SPDE on a Hilbert space of real-valued functions on R+.

Hint: you can find the argument in [Fil01, Sections 4.1 and 4.2].
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11.2. Spaces of forward rate curves

Let a > 3, and let
H =

�
f 2 H1

loc

: k fkH < •
 
,

where
k fk2

H = | f (0)|2 +
Z •

0

| f 0(x)|2w(x)dx, w(x) = (1+ x)a .

Show that H is a separable Hilbert space, that the shift semigroup is strongly continuous
on H, and that the following mapping is bounded bilinear on H:

m : H ⇥H ! H,m( f ,g)(x) = f (x)
Z x

0

g(y)dy.

Hint: you can find the argument in [Fil01, Section 5].

11.3. Vasicek model

Let H be as in Exercise 11.2, let b be a constant, b < 0, a > 0, U =R, W be IU -Brownian
motion, and let (rt)t2R+ be the unique solution of

drt = (b+b rt)dt +
p

adWt , (1)

and define for each t,x 2 R+

Pt(x) = E


exp

✓
�
Z t+x

t
r(s)ds

◆����F (t)
�
,

ft(x) =� d
dx

logPt(x).

Show that f is a mild solution of the HJM equation with l = 0 and

st( f )(u)(x) =
p

aebxu, t 2 R+, f 2 H,u 2U,x 2 R+.

Are the conditions of our existence and uniqueness result satisfied for this HJM equa-
tion?

Hint: use [Fil09, Section 5.4.1].
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11.4. Cox-Ingersoll-Ross model

Let H be as in Exercise 11.2, let b be a constant and b(x)� 0 for each x 2R+, let b < 0,
let a > 0, let U = R, let W be IU -Brownian motion, let (rt)t2R+ be the unique solution
of

drt = (b+b rt)dt +
p

artdWt ,

and define Pt(x) and ft(x) as in Exercise 11.3. Show that f is a mild solution of the HJM
equation with l = 0 and

st( f )(u)(x) =�
p

a f (0)Y0(x)u, t 2 R+, f 2 H,u 2U,x 2 R+,

where for each x 2 R+,

Y(x) =
�2(egx �1)

g (egx +1)�b (egx �1)
, g =

p
b 2 +2a.

Are the conditions of our existence and uniqueness result satisfied for this HJM equa-
tion?

Hint: use [Fil09, Section 5.4.2].
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