Thorsten Schmidt Discrete Time Finance University of Freiburg
Lars Niemann Fourth exercise 09.05.2023

1. A Discrete Market
Let Q = {wl, ...,ws}, P a strictly positive probability measure on Q with F = 2. Consider the risky
asset (S} )i—o,... 2 with the following evolution

45.5 = SY(wy)

32.5

29 25 = S2 UJQ SQ W3

18 = S1(wy)

11.5 = S3(ws)

(a) Compute the filtration (F;) generated by S*. Compare F» and o(S3). (3)
(b) Compute the set of equivalent martingale measures. For this part, and the remaining exercise (3)
assume SO = 1.
(c) Let C = (S — 25)T be a European Call-option with strike 25. Compute the set of arbitrage-free (3)
prices {EQ[C] : Q equivalent martingale measure} for C.
(d) We extend the market by a second risky asset S2. Assume the following evolution for S (3)
30 2 = S3(wr)
16 6 = S3(ws)

AN

10.3 *> 15.4 = 82(ws)
9 7 = S2(wy)

7.26 = Szz(wg))
Construct an arbitrage for the extended market.

Points for Question 1: 12
2. Characterization of Martingales
Let (2, F,P, (Fi)i=o0,..., ) be a filtered probability space, and let (X;);=o,....7 be a process. Show that
the following are equivalent:
e (X,) is a martingale.
e (X;) is a uniformly integrable martingale.
e There exists X € L'(Fr) such that X; = E[X|F] for t =0,...,T.

Points for Question 2: 4



3. Exponential
Let (Q, F,P) be a probability space. Further, let Xy, ..., X7 be i.i.d. with law N (u, 0?), where 02 > 0.

Define the process (M;) by
M; = exp( Z Xk).
0<k<t
Show that M is a martingale if and only if y = —%02. Points for Question 3: 5

4. Predictable Martingales
Let (Q,F,P, (F)i=o,...7) be a filtered probability space with Fy = {0,Q} and Fr = F. We call a
martingale M predictable, if M; is F;_j-measurable for ¢ € {1,...,T} and My = 0. Show that every
predictable martingale is already zero. Points for Question 4: 3

You can achieve a total of 24 points for this sheet.
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