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Preface

This book is focused on the recent developments on problems of probability
model under uncertainty by using the notion of nonlinear expectations and, in
particular, sublinear expectations. Roughly speaking, a nonlinear expectation
E is a monotone and constant preserving functional defined on a linear space of
random variables. We are particularly interested in sublinear expectations, i.e.,
E[X +Y] < E[X] + E[Y] for all random variables X, Y and E[AX] = AE[X] if
A>0.

A sublinear expectation E can be represented as the upper expectation of
a subset of linear expectations {Ey : § € 0}, i.e., E[X] = supgeg Eo[X]. In
most cases, this subset is often treated as an uncertain model of probabilities
{Py : 0 € O} and the notion of sublinear expectation provides a robust way to
measure a risk loss X. In fact, the sublinear expectation theory provides many
rich, flexible and elegant tools.

A remarkable point of view is that we emphasize the term “expectation”
rather than the well-accepted classical notion “probability” and its non-additive
counterpart “capacity”. A technical reason is that in general the information
contained in a nonlinear expectation E will be lost if one consider only its
corresponding “non-additive probability” or “capacity” P(A) = E[14]. Philo-
sophically, the notion of expectation has its direct meaning of “mean”, “av-
erage” which is not necessary to be derived from the corresponding “relative
frequency” which is the origin of the probability measure. For example, when a
person gets a sample {x1,--- ,xy} from a random variable X, he can directly
use X = + Y ; to calculate its mean. In general he uses ¢(X) = + > o(x;)
for the mean of ¢(X). We will discuss in detail this issue after the overview of
our new law of large numbers (LLN) and central limit theorem (CLT).

A theoretical foundation of the above expectation framework is our new
LLN and CLT under sublinear expectations. Classical LLN and CLT have been
widely used in probability theory, statistics, data analysis as well as in many
practical situations such as financial pricing and risk management. They provide
a strong and convincing way to explain why in practice normal distributions are
so widely utilized. But often a serious problem is that, in general, the “i.i.d.”
condition is difficult to be satisfied. In practice, for the most real-time processes
and data for which the classical trials and samplings become impossible, the
uncertainty of probabilities and distributions can not be neglected. In fact the
abuse of normal distributions in finance and many other industrial or commercial
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domains has been criticized.

Our new CLT does not need this strong “i.i.d.” assumption. Instead of
fixing a probability measure P, we introduce an uncertain subset of probability
measures {Py : 6 € ©} and consider the corresponding sublinear expectation
E[X] = supycg Fp[X]. Our main assumptions are:

(i) The distribution of X; is within a subset of distributions {Fy(x) : 0 € O}
with
B =E[X;] > p=-E[-Xi];

(ii) Any realization of Xi,---, X,, does not change the distributional uncer-
tainty of Xp41.

Under E,; we call X7, Xo,--- to be identically distributed if condition (i) is
satisfied, and we call X,,;1 is independent from Xj,---, X, if condition (ii) is
fulfilled. Mainly under the above weak “i.i.d.” assumptions, we have proved
that for each continuous function ¢ with linear growth we have the following
LLN:

: Sn
Jim Efp(= ")) Higgﬁw(v)-
Namely, the uncertain subset of the distributions of S,,/n is approximately a
subset of dirac measures {d, : p < v < @}
In particular, if p =7 = 0, then Sp/n converges in law to 0. In this case, if
we assume furthermore that 2 = E[X?] and ¢ = —E[-X?], i = 1,2, -, then
we have the following generalization of the CLT:

im_Elp(S,/v)] = Elp(X)].
Here X is called G-normal distributed and denoted by N ({0} x [¢%,57]). The
value E[p(X)] can be calculated by defining u(t,z) := E[p(z + v/tX)] which
solves the partial differential equation (PDE) du = G(ugy) with G(a) :=
%(62(1"’ —o%a™). Our results reveal a deep and essential relation between the
theory of probability and statistics under uncertainty and second order fully
nonlinear parabolic equations (HJB equations). We have two interesting situa-

tions: when ¢ is a convex function, then

iZ?2

1 o0
Ble(X)] = o= [ ole)esp(— ),

but if ¢ is a concave function, the above @ must be replaced by ¢2. If ¢ = 7 = o,
then N({0} x [¢2,5%]) = N(0,0?) which is a classical normal distribution.

This result provides a new way to explain a well-known puzzle: many practi-
tioners, e.g., traders and risk officials in financial markets can widely use normal
distributions without serious data analysis or even with data inconsistence. In
many typical situations E[¢(X)] can be calculated by using normal distribu-
tions with careful choice of parameters, but it is also a high risk calculation if
the reasoning behind has not been understood.
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We call N ({0} x [¢2,5?]) the G-normal distribution. This new type of sublin-
ear distributions was first introduced in Peng (2006)|100] (see also [102], [103],
[104], |105]) for a new type of “G-Brownian motion” and the related calculus of
It6’s type. The main motivations were uncertainties in statistics, measures of
risk and superhedging in finance (see El Karoui, Peng and Quenez (1997) [44],
Artzner, Delbaen, Eber and Heath (1999) [3], Chen and Epstein (2002) [19],
Follmer and Schied (2004) [51]). Fully nonlinear super-hedging is also a possi-
ble domain of applications (see Avellaneda, Levy and Paras (1995) [3], Lyons
(1995) [82], see also Cheridito, Soner, Touzi and Victoir (2007) |23] where a new
BSDE approach was introduced).

Technically we introduce a new method to prove our CLT on a sublinear
expectation space. This proof is short since we have borrowed a deep interior
estimate of fully nonlinear partial differential equation (PDE) in Krylov (1987)
[76]. In fact the theory of fully nonlinear parabolic PDE plays an essential
role in deriving our new results of LLN and CLT. In the classical situation the
corresponding PDE becomes a heat equation which is often hidden behind its
heat kernel, i.e., the normal distribution. In this book we use the powerful notion
of viscosity solutions for our nonlinear PDE initially introduced by Crandall
and Lions (1983) [29]. This notion is specially useful when the equation is
degenerate. For reader’s convenience, we provide an introductory chapter in
Appendix C. If readers are only interested in the classical non-degenerate cases,
the corresponding solutions will become smooth (see the last section of Appendix
C).

We define a sublinear expectation on the space of continuous paths from R*
to R? which is an analogue of Wiener’s law, by which a G-Brownian motion
is formulated. Briefly speaking, a G-Brownian motion (By):>o is a continuous
process with independent and stationary increments under a given sublinear
expectation E.

G-Brownian motion has a very rich and interesting new structure which non-
trivially generalizes the classical one. We can establish the related stochastic
calculus, especially It6’s integrals and the related quadratic variation process
(B). A very interesting new phenomenon of our G-Brownian motion is that its
quadratic variation process (B) is also a continuous process with independent
and stationary increments, and thus can be still regarded as a Brownian motion.
The corresponding G-It6’s formula is obtained. We have also established the
existence and uniqueness of solutions to stochastic differential equation under
our stochastic calculus by the same Picard iterations as in the classical situation.

New norms were introduced in the notion of G-expectation by which the cor-
responding stochastic calculus becomes significantly more flexible and powerful.
Many interesting, attractive and challenging problems are also automatically
provided within this new framework.

In this book we adopt a novel method to present our G-Brownian motion
theory. In the first two chapters as well as the first two sections of Chapter III,
our sublinear expectations are only assumed to be finitely sub-additive, instead
of “o-sub-additive”. This is just because all the related results obtained in this
part do not need the “o-sub-additive” assumption, and readers even need not to
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have the background of classical probability theory. In fact, in the whole part of
the first five chapters we only use a very basic knowledge of functional analysis
such as Hahn-Banach Theorem (see Appendix A). A special situation is when
all the sublinear expectations in this book become linear. In this case this book
can be still considered as using a new and very simple approach to teach the
classical It0’s stochastic calculus, since this book does not need the knowledge
of probability theory. This is an important advantage to use expectation as our
basic notion.

The “authentic probabilistic parts”, i.e., the pathwise analysis of our G-
Brownian motion and the corresponding random variables, view as functions of
G-Brownian path, is presented in Chapter VI. Here just as the classical “P-sure
analysis”, we introduce “¢-sure analysis” for G-capacity ¢. Readers who are not
interested in the deep parts of stochastic analysis of G-Brownian motion theory
do not need to read this chapter.

This book was based on the author’s Lecture Notes [102] for several series of
lectures, for the 2nd Workshop Stochastic Equations and Related Topic Jena,
July 23-29, 2006; Graduate Courses of Yantai Summer School in Finance, Yan-
tai University, July 06-21, 2007; Graduate Courses of Wuhan Summer School,
July 24-26, 2007; Mini-Course of Institute of Applied Mathematics, AMSS,
April 16-18, 2007; Mini-course in Fudan University, May 2007 and August 2009;
Graduate Courses of CSFI, Osaka University, May 15-June 13, 2007; Minerva
Research Foundation Lectures of Columbia University in Fall of 2008; Mini-
Workshop of G-Brownian motion and G-expectations in Weihai, July 2009, a
series talks in Department of Applied Mathematics, Hong Kong Polytechnic
University, November-December, 2009 and an intensive course in WCU Center
for Financial Engineering, Ajou University. The hospitalities and encourage-
ments of the above institutions and the enthusiasm of the audiences are the
main engine to realize this lecture notes. I thank for many comments and sug-
gestions given during those courses, especially to Li Juan and Hu Mingshang.
During the preparation of this book, a special reading group was organized with
members Hu Mingshang, Li Xinpeng, Xu Xiaoming, Lin Yiqing, Su Chen, Wang
Falei and Yin Yue. They proposed very helpful suggestions for the revision of
the book. Hu Mingshang and Li Xinpeng have made a great effort for the final
edition. Their efforts are decisively important to the realization of this book.
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Chapter 1

Sublinear Expectations and
Risk Measures

The sublinear expectation is also called the upper expectation or the upper
prevision, and this notion is used in situations when the probability models
have uncertainty. In this chapter, we present the basic notion of sublinear ex-
pectations and the corresponding sublinear expectation spaces. We give the
representation theorem of a sublinear expectation and the notions of distribu-
tions and independence under the framework of sublinear expectations. We
also introduce a natural Banach norm of a sublinear expectation in order to get
the completion of a sublinear expectation space which is a Banach space. As
a fundamentally important example, we introduce the notion of coherent risk
measures in finance. A large part of notions and results in this chapter will be
throughout this book.

81 Sublinear Expectations and Sublinear Expec-
tation Spaces

Let €2 be a given set and let H be a linear space of real valued functions defined

on 2. In this book, we suppose that H satisfies ¢ € H for each constant ¢ and

|X| € H if X € H. The space H can be considered as the space of random
variables.

Definition 1.1 A Sublinear expectation E is a functional E : H — R satis-

Tying
(i) Monotonicity:
E[X] > E[Y] if X > Y.

(ii) Constant preserving:

Elc]=¢ forceR.

1



2 Chap.I Sublinear Expectations and Risk Measures

(iii) Sub-additivity: For each X,Y € H,
EX +Y] <E[X]+E[Y].
(iv) Positive homogeneity:
EMNX] = AE[X] for A >0.
The triple (U, H,E) is called a sublinear expectation space. If (i) and

(ii) are satisfied, E is called a nonlinear expectation and the triple (Q, H,E)
1s called a nonlinear expectation space .

Definition 1.2 Let Ey and Eg be two nonlinear expectations defined on (2, H).
E; is said to be dominated by Ey if

Ei[X] —E1[Y] <Bo[X — Y] for X,Y € H. (1.1)

Remark 1.3 From (iii), a sublinear expectation is dominated by itself. In many
situations, (iii) is also called the property of self-domination. If the inequality in
(iii) becomes equality, then E is a linear expectation, i.e., E is a linear functional
satisfying (1) and (ii).
Remark 1.4 (iii)+(iv) s called sublinearity. This sublinearity implies
(v) Convexity:
ElaX + (1 —a)Y] < aE[X]+ (1 — )E[Y] for a €[0,1].

If a nonlinear expectation E satisfies convexity, we call it a conver expecta-
tion.

The properties (ii)+(iii) implies
(vi) Cash translatability:

EX 4+ =E[X]+c¢ forceR.
In fact, we have
E[X]4+ c=E[X] — E[—¢] < E[X + ¢] < E[X] + E[c] = E[X] +c.
For property (iv), an equivalence form is
EMX] = ATE[X] + A" E[-X] for A € R.

In this book, we will systematically study the sublinear expectation spaces.
In the following chapters, unless otherwise stated, we consider the following
sublinear expectation space (Q, H,E): if X1,--- | X,, € H then (X1, -+, X,) €
H for each ¢ € C; 1;p(R™) where Cj.1;,(R™) denotes the linear space of functions
@ satisfying

lo(z) — oY) < O + [z + |y[™)|z —y| for z,y € R,
some C' > 0, m € N depending on ¢.

In this case X = (X1, -+ ,X,) is called an n-dimensional random vector, de-
noted by X € H™.
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Remark 1.5 [t is clear that if X € H then |X|, X™ € H. More generally,
(X)) e Hif X,)Y € H and ¢, € Cp1ip(R). In particular, if X € H then
E[|X|"] < oo for each n € N.

Here we use Cj.1;,(R™) in our framework only for some convenience of tech-
niques. In fact our essential requirement is that H contains all constants and,
moreover, X € H implies |X| € H. In general, C; 1;»(R™) can be replaced by
any one of the following spaces of functions defined on R".

e L>°(R™): the space of bounded Borel-measurable functions;

e C,(R™): the space of bounded and continuous functions;

CF(R™): the space of bounded and k-time continuously differentiable func-
tions with bounded derivatives of all orders less than or equal to k;

Cunif(R™): the space of bounded and uniformly continuous functions;

Ch.Lip(R™): the space of bounded and Lipschitz continuous functions;

e L°(R™): the space of Borel measurable functions.
Next we give two examples of sublinear expectations.

Example 1.6 In a game we select a ball from a box containing W white, B
black and Y yellow balls. The owner of the box, who s the banker of the game,
does not tell us the exact numbers of W, B and Y. He or she only informs us
that W+ B+Y = 100 and W = B € [20,25]. Let £ be a random variable defined
by

1 if we get a white ball;

&= 0 if we get a yellow ball;

-1 if we get a black ball.

Problem: how to measure a loss X = p(&) for a given function ¢ on R.

We know that the distribution of £ is

{ _gl 1 Ep % } with uncertainty: p €[u, @] = [0.4,0.5].

Thus the robust expectation of X = ¢(£) is

E[p(8)] := sup Ep[p(6)]

= :Fpi][g(ga(l) +o(=1)) + (1 = p)e(0)].

Here, £ has distribution uncertainty.
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Example 1.7 A more general situation is that the banker of a game can choose
among a set of distributions {F (0, A)} acg®),0co of a random variable & . In this
situation the robust expectation of a risk position ¢(§) for some ¢ € Cprip(R)
18
Bl (€)= sup [ o(@)F(6.du).
9co JR

Exercise 1.8 Prove that a functional E satisfies sublinearity if and only if it
satisfies convezity and positive homogeneity.

Exercise 1.9 Suppose that all elements in H are bounded. Prove that the
strongest sublinear expectation on H s

E>[X] := X" = sup X (w).
weN

Namely, all other sublinear expectations are dominated by E>[-].

82 Representation of a Sublinear Expectation

A sublinear expectation can be expressed as a supremum of linear expectations.

Theorem 2.1 Let E be a functional defined on a linear space H satisfying sub-
additivity and positive homogeneity. Then there exists a family of linear func-

tionals {Ep : 0 € O} defined on H such that

E[X] = sup Ey[X] for X e H
6co
and, for each X € H, there exists x € © such that E[X] = Eg [X].
Furthermore, if E is a sublinear expectation, then the corresponding Ey is a
linear expectation.

Proof. Let Q = {Ep : 6 € ©} be the family of all linear functionals dominated
by E, i.e., Eg[X] <E[X], for all X € H, Ep € Q.

We first prove that Q is non empty. For a given X € H, weset L = {aX : a €
R} which is a subspace of H. We define I : L =R by I[aX]| = aE[X], Va €R,
then I[-] forms a linear functional on H and I < E on L. Since E[] is sub-
additive and positively homogeneous, by Hahn-Banach theorem (see Appendix
A), there exists a linear functional F on H such that £ =1 on L and F < E
on H. Thus F is a linear functional dominated by E such that E[X] = E[X].

We now define

Eo[X] := sup Ep[X] for X € H.
9o
It is clear that Eg = E.

Furthermore, if E is a sublinear expectation, then we have that, for each
nonnegative element X € H, E[X]| = —E[-X]| > —E[-X] > 0. For each ¢ €R,
—E[c] = E|—c] < E[—¢] = —c and E|c] < E[c] = ¢, so we get F[c] =c¢. Thus E
is a linear expectation. The proof is complete. O
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Remark 2.2 [t is important to observe that the above linear expectation Eg is
only “finitely additive”. A sufficient condition for the o-additivity of Fg is to
assume that E[X;] — 0 for each sequence {X;}2, of H such that X;(w) | 0
for each w. In this case, it is clear that FEg[X;] — 0. Thus we can apply the
well-known Daniell-Stone Theorem (see Theorem in Appendiz B) to find a
o-additive probability measure Py on (Q,0(H)) such that

EQ[X] = QX(w)dP‘g, X eH.

The corresponding model uncertainty of probabilities is the subset {Py : 0 € O},

and the corresponding uncertainty of distributions for an n-dimensional random

vector X in H is {Fx(0,A) := Py(X € A): A€ B(R")}.

In many situation, we may concern the probability uncertainty, and the
probability maybe only finitely additive. So next we will give another version
of the above representation theorem.

Let P; be the collection of all finitely additive probability measures on
(Q,F), we consider L°(£2, F) the collection of risk positions with finite val-
ues, which consists risk positions X of the form

N
X(W)ZZIiIAi(W), x; ER, Al Ef,i::[’... ,N'
1=1

It is easy to check that, under the norm ||-|| _, L3° (€2, F) is dense in L>°(£2, F).
For a fixed Q € Py and X € L§°(Q, F) we define

Eq[X] = Eq [Z 214, (W)] = Z%Q(Ai) = | X(w)Q(dw).

Q

Eq : LE (R, F) — R is a linear functional. It is easy to check that Eq satisfies
(i) monotonicity and (ii) constant preserving. It is also continuous under || X|| .

[Eq[X]| < 816113|X(w)| = Xl -

Since L is dense in L>° we then can extend Eg from L to a linear continuous
functional on L>°(Q, F).

Proposition 2.3 The linear functional Eq[] :L>°(Q, F) — R satisfies (i) and
(ii). Inversely each linear functional n(-) :L>°(Q, F) — R satisfying (i) and (ii)
induces a finitely additive probability measure via Q,(A) = n(Ia), A€ F. The
corresponding expectation is n itself

n(X) = ; X (w)@n(dw).



6 Chap.I Sublinear Expectations and Risk Measures

Theorem 2.4 A sublinear expectation E has the following representation: there
exists a subset @ C Py, such that

E[X] = sup Eg[X] for X € H.
QeQ

Proof. By Theorem 2.1, we have

E[X] = sup Ey[X] for X € H,
0co
where Ejy is a linear expectation on H for fixed 6 € O.
We can define a new sublinear expectation on L>°(2,0(H)) by

Eg[X] := inf{Eg[Y];Y > X,Y € H}.

It is not difficult to check that Eg is a sublinear expectation on L(Q,0(H)),
where o(H) is the smallest o-algebra generated by H. We also have Ey < Ey
on H, by Hahn-Banach theorem, Fy can be extended from H to L>(Q,0(H)),

by Proposition [2.3] there exists @ € Py, such that
EQ[X] = EQ[X] for X € H.
So there exists Q C Py, such that

E[X] = sup Eg[X] for X € H.
QeQ

Exercise 2.5 Prove that Eg is a sublinear expectation.

83 Distributions, Independence and Product Spaces

We now give the notion of distributions of random variables under sublinear
expectations.

Let X = (X4, -+, X,) be a given n-dimensional random vector on a nonlin-
ear expectation space (2, H,E). We define a functional on Cj 1, (R™) by

Fxlg] == E[p(X)] : ¢ € Clrip(R") = R.

The triple (R, Cj.1:p(R™),Fx) forms a nonlinear expectation space. Fx is
called the distribution of X under E. This notion is very useful for a sublinear
expectation space E. In this case Fx is also a sublinear expectation. Further-
more we can prove that (see Remark [2.2]), there exists a family of probability
measures {F%(-)}gco defined on (R™, B(R™)) such that

Fx|p] = zgg/ w(x)Ff( (dx), for each ¢ € Cy r;p(R™).

Thus Fx[] characterizes the uncertainty of the distributions of X.
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Definition 3.1 Let X7 and X2 be two n—dimensional random vectors defined on
nonlinear expectation spaces (Qq1,Hi,E1) and (Q2,Ha, Ez), respectively. They

are called identically distributed, denoted by X, 4 Xo, if
E1[p(X1)] = E2[p(X2)]  for ¢ € Crrip(R™).

It is clear that X, 4 Xy if and only if their distributions coincide. We say that
the distribution of X1 is stronger than that of X if Eq1[p(X1)] > Ea[p(X2)], for
each ¢ € Cp ip(R™).

Remark 3.2 In the case of sublinear expectations, X 4 Xy implies that the
uncertainty subsets of distributions of X1 and Xao are the same, e.g., in the
framework of Remark[2.3,

{Fx,(61,") : 01 € ©1} = {Fx,(02,") : 63 € Oz}.
Similarly if the distribution of X, is stronger than that of Xs, then
{Fx,(01,") : 01 € ©1} D {Fx,(02,-) : 02 € Oa}.
The distribution of X € H has the following four typical parameters:
i=E[X], p:=-E[-X], 52 :=E[X?], ¢*:=-E[-X?].

The intervals [u,fi] and [0?, %] characterize the mean-uncertainty and the
variance-uncertainty of X respectively.
A natural question is: can we find a family of distribution measures to

represent the above sublinear distribution of X? The answer is affirmative:

Lemma 3.3 Let (Q,H,E) be a sublinear expectation space. Let X € H? be
given. Then for each sequence {¢n}% ;1 C Cp.1ip(R?) satisfying ¢n | 0, we have
Elpn(X)] 1 0.

Proof. For each fixed N > 0,

dxm
RE,

on(z) < kN + o1(2)z>n) < EN 4 for each z €

where k) = max |, <y ¢n(z). We then have

LB ()X,

Elipa(X)] < B + <

It follows from ¢, | 0 that kY | 0. Thus we have lim, o E[p,(X)] <
CE[p1(X)|X|]. Since N can be arbitrarily large, we get E[p,(X)] | 0. O
Lemma 3.4 Let (Q,H,E) be a sublinear expectation space and let Fx[p] =
E[p(X)] be the sublinear distribution of X € H%. Then there exists a family of

probability measures {Fp}yco defined on (R, B(R)) such that

Fxlel = swp [ o@)Fdo). o€ Cliip(R). (32
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Proof. By the representation theorem, for the sublinear expectation Fx[p]
defined on (R?, C;. 1., (R™)), there exists a family of linear expectations { fg}sco
on (R4, Cy 1;»(R™)) such that

Fx[p] = sup folo], ¢ € Crrip(R™).
9co

By the above lemma, for each sequence {¢,}>2, in Cy 1ip(R™) such that ¢, | 0
on R, Fx[p,] | 0, thus fa[pn] | 0 for each 6§ € ©. Tt follows from Daniell-Stone
Theorem (see Theorem in Appendix B) that, for each § € ©, there exists
a unique probability measure Fy(-) on (R%,o(Cy 1ip(RY)) = (R, B(RY)), such
that folp] = [pa ©(@)Fy(dx). Thus we have (B.2). O

Remark 3.5 The above lemma tells us that in fact the sublinear distribution
Fx of X characterizes the uncertainty of distribution of X which is an subset
of distributions {Fp}ycq-

The following property is very useful in our sublinear expectation theory.

Proposition 3.6 Let (Q,H,E) be a sublinear expectation space and X,Y be
two random variables such that E[Y] = —E[-Y], i.e., Y has no mean-uncertainty.
Then we have

E[X + aY] =E[X] + aE[Y] for a €R.

In particular, if E[Y] = E[-Y] =0, then E[X + oY] = E[X].
Proof. We have
E[aY] = aTE[Y] + a E[-Y] = o"E[Y] — a E[Y] = aE[Y] for a € R.
Thus
E[X 4+ aY] < E[X]| + E[aY] = E[X] + «E[Y] = E[X] — E[-aY] < E[X + aY].
O
A more general form of the above proposition is:

Proposition 3.7 We make the same assumptions as the previous proposition.
Let E be a nonlinear expectation on (2, H) dominated by the sublinear expecta-
tion E in the sense of (I1). If E[Y] = E[-Y], then we have

E[aY] = aE[Y] = oE[Y], a€R (3.3)

as well as 3 ~ ~
E[X +aY] =E[X]+aE[Y], X €H, acR. (3.4)

In particular

EX 4+ ¢ =E[X] +¢, forceR. (3.5)
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Proof. We have

and

E[0] - E[-Y] < E[Y]

From the above relations we have E[Y] = E[Y] = —E[-Y] and thus 33). Still
by the domination,

E[X + aY] — E[X] < E[aY],
E[X] - E[X + aY] < E[-aY] = —E[aY].

Thus (4] holds. O

Definition 3.8 A sequence of n-dimensional random vectors {n;}., defined
on a sublinear expectation space (Q,H,E) is said to converge in distribu-
tion (or converge in law) under E if for each ¢ € Cy 1ip(R™), the sequence

{Ele(ni)]}i=; converges.
The following result is easy to check.

Proposition 3.9 Let {n;};2, converge in law in the above sense. Then the
mapping F[-] : Cy.1ip(R™) — R defined by

Flg] := lim E[p(m:)] for ¢ € Cb.rip(R™)

11— 00

is a sublinear expectation defined on (R™, Cy. 1;p(R™)).

The following notion of independence plays a key role in the nonlinear ex-
pectation theory.

Definition 3.10 In a nonlinear expectation space (0, H,E), a random vector
Y € H" is said to be independent from another random vector X € H™ under
E[] if for each test function ¢ € Cj 1ip(R™T™) we have

E[(p(X, Y)] = E[E[(p(.%‘, Y)]I:X]'

Remark 3.11 In particular, for a sublinear expectation space (2, H,E), Y is
independent from X means that the uncertainty of distributions {Fy (0,-) : 6 €
O} of Y does not change after the realization of X = x. In other words, the
“conditional sublinear expectation” of Y with respect to X is Elp(x,Y )]p=x. In
the case of linear expectation, this notion of independence is just the classical
one.

Remark 3.12 [t is important to note that under sublinear expectations the con-
dition “Y is independent from X7 does not imply automatically that “X is in-
dependent from Y ”.
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Example 3.13 We consider a case where E is a sublinear expectation and
X,Y € H are identically distributed with E[X] = E[-X] = 0 and 7> =
E[X?] > ¢% = —E[-X?]. We also assume that E[|X|] = E[XT + X~] > 0,
thus E[XT] = 1E[|X|+ X]| =1E[|X|] > 0. In the case where Y is independent
from X, we have

E[XY?] =E[X'5? — X ¢% = (° — c®)E[X ] > 0.
But if X is independent from Y, we have
E[XY?] =0.

The independence property of two random vectors X,Y involves only the
“joint distribution” of (X,Y)). The following result tells us how to construct
random vectors with given “marginal distributions” and with a specific direction
of independence.

Definition 3.14 Let (0, H;,E;), ¢ = 1,2 be two sublinear (resp. nonlinear)
expectation spaces. We denote

H1 @ Hy = {Z(w1,w2) = p(X(w1),Y (w2)) : (w1,wa) € Q1 x Qo
(Xa Y) € H;.n X H;v "2 € Ol.Lip(Rern)}v

and, for each random variable of the above form Z(w1,ws) = (X (w1), Y (w2)),
(E1 @ Eg)[Z] := Eq1[p(X)], where g(z) := Ealp(z,Y)], z € R™.

It is easy to check that the triple (Q1 X Qa, H1 ® Hz,E1 @ Eg) forms a sublinear
(resp. nonlinear) expectation space. We call it the product space of sublinear
(resp. nonlinear) expectation spaces (01, H1, E1) and (Qa, Ha, Eo). In this way,
we can define the product space

(T2 Q@n QE)
i=1 =1 i=1

of given sublinear (resp. mnonlinear) expectation spaces (0, Hi,E;), i =
1,2,--- ,n. In particular, when (;,H;,E;) = (Q1,H1, E1) we have the product
space of the form (QF, HY™, EY™).

Let X, X be two n-dimensional random vectors on a sublinear (resp. non-
linear) expectation space (2,H,E). X is called an independent copy of X if

X £ X and X is independent from X.
The following property is easy to check.

Proposition 3.15 Let X; be an n;-dimensional random vector on sublinear
(resp. monlinear) expectation space (i, H;,E;) for i = 1,--- n, respectively.
We denote

Yi(wi,  ,wn) = Xi(w;), i=1,---

S, M.
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Then Y;, @ = 1,---,n, are random vectors on ([, U, @1, Hi, Qi Ei).

Moreover we have Y; 4 X; and Yiy1 is independent from (Y1,---,Y;), for each
7.
Furthermore, if (4, Hi, E;) = (Q1,H1, E1) and X; 4 X1, for all i, then we

also have Y; 4 Y1. In this case Y; is said to be an independent copy of Y1 for
1=2,---,n.

Remark 3.16 In the above construction the integer n can be also infinite. In
this case each random variable X € @)=, H; belongs to (]_[f:1 Q, ®f:1 Hi, ®f:1 E;)
for some positive integer k < oo and

k

®IEZ-[X] = QE:[X].

i=1

Remark 3.17 The situation “Y is independent from X ”often appears when Y
occurs after X, thus a robust expectation should take the information of X into
account.

Exercise 3.18 Suppose X,Y € H® and Y is an independent copy of X. Prove
that for each a € R,b € RY,a+ (b,Y) is an independent copy of a + (b, X).

In a sublinear expectation space we have:

Example 3.19 We consider a situation where two random variables X and 'Y
i H are dentically distributed and their common distribution is

Fxliel = Frle = sup [ o)F0.dy) for g € Cuuiy(R)
€O JR
where for each 0 € ©, {F(0,A)} acpmr) is a probability measure on (R, B(R)).

In this case, Y is independent from X7 means that the joint distribution of X
and Y is

Fxrlv] = sup [ su [ wte0) P60 dn)| Fo1.d0) for v € Crui(R2).
0.€0 JR LO2€0 JR

Exercise 3.20 Let (Q,H,E) be a sublinear expectation space. Prove that if
Elp(X)] = Elp(Y)] for any ¢ € Cp Lip, then it still holds for any ¢ € Ci rip.
That is, we can replace ¢ € Cy rip i Definition[31] by ¢ € Cp, Lip.

84 Completion of Sublinear Expectation Spaces

Let (2,H,E) be a sublinear expectation space. We have the following useful
inequalities.
We first give the following well-known inequalities.
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Lemma 4.1 Forr >0 and1<p,qg< oo with%—i—%:l, we have

la +b]" < max{1,2" " }(|a|" + |b]") for a,b € R,

p q
ap| < 17 1P
p q

Proposition 4.2  For each X,Y €H, we have
E[|X +Y|] <2 HE[X[]+E[[Y]]),
E[| XY < (B[ X[P])/7 - (B[]Y]9])"/9,
(E[X + YDV < (E[XPDYP + E[Y )V,

where r> 1 and1<p,q<oowith%+%=1.
In particular, for 1 < p < p', we have (E[| X[P])'/? < (B[|X|?'])}/?".

Proof. The inequality (@8] follows from (@.6]).
For the case E[| X |?] - E[|Y]?] > 0, we set

X B Y
E(xP)7e T E Y)Y

5 =
By ([@1) we have

Emng%§+%ggEﬁﬁ+E@%

Thus (@9) follows.

For the case E[| X |P]-E[|Y]9] = 0, we consider E[|X|P] 4+ and E[|Y]9] + ¢ for

e > 0. Applying the above method and letting e — 0, we get (4.9)).
We now prove ([@I0). We only consider the case E[|X 4+ Y|?] > 0.
E|X+YP]=E|X+Y| | X +Y]P]
<E[X]- X +YPT+E[Y] | X +Y]PT]
< BIXPDYP - (B]X +Y[P=DiH/e
+ E[Y[PVP - (E[|IX + Y|V,

Since (p — 1)g = p, we have (LI0).

By (@), it is easy to deduce that (E[|X|?])Y/? < (B[ X|P'))/* for 1 <p < p'.

O

For each fixed p > 1, we observe that Hf, = {X € H, E[|X|?] = 0} is a
linear subspace of H. Taking H} as our null space, we introduce the quotient
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space H/H{. Observing that, for every {X} € H/H{ with a representation
X € H, we can define an expectation E[{X }] := E[X] which is still a sublinear

expectation. We set [ .X]||, := (E[|X|p])% By Proposition L2 it is easy to check
that ||-||, forms a Banach norm on H/Hg. We extend H/H{ to its completion
#H, under this norm, then (7, |[l,) is a Banach space. In particular, when

p =1, we denote it by (H, |-||).
For each X € H, the mappings

Xt w):H—-H and X (w):H—H
satisfy
XFoYH S |X - Y] and [XT - Y| = [(—X) - (-Y)F] < [X V],

Thus they are both contraction mappings under ||-[|, and can be continuously

extended to the Banach space (#,, [I1l,)-
We can define the partial order “>” in this Banach space.

Definition 4.3  An element X in (H, |-||) is said to be nonnegative, or X >0,
0<X,if X=XT. Wealso denote by X >Y, orY <X, if X -Y > 0.

It is easy to check that X >Y and Y > X imply X =Y on (H,, [I[l,,)-
For each X,Y € H, note that

EX] -E[Y]| <E[[X - Y[ < [[X = Y]],
We then can define

Definition 4.4 The sublinear expectation E[-] can be continuously extended
to (Hp, ||||p) on which it is still a sublinear expectation. We still denote by

(T, E).
Let (Q,H,Eq1) be a nonlinear expectation space. Eq is said to be dominated
by E of

B [X]-E Y] <E[X —Y] for X,Y €.

From this we can easily deduce that |E,[X] — E,[Y]| < E[|X — Y], thus the non-
linear expectation B[] can be continuously evtended to (Hp,||-||,) on which it

is still a nonlinear expectation. We still denote by (Q,ﬂp,El).

Remark 4.5 It is important to note that Xi,---, X, € H does not imply
o(Xq,---,X,) € H for each ¢ € Cp 1ip(R™). Thus, when we talk about the no-

tions of distributions, independence and product spaces on (£, 7:[,1['3), the space
Ci.Lip(R™) is replaced by Cy.1:p(R™) unless otherwise stated.

Exercise 4.6 Prove that the inequalities [ES),@9),[@I0) still hold for (Q, H,E).
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85 Coherent Measures of Risk

Let the pair (£2, H) be such that € is a set of scenarios and H is the collection
of all possible risk positions in a financial market.

If X € H, then for each constant ¢, X V¢, X A c are all in H. One typical
example in finance is that X is the tomorrow’s price of a stock. In this case, any
European call or put options with strike price K of forms (S — K)*, (K —S)*
are in H.

A risk supervisor is responsible for taking a rule to tell traders, securities
companies, banks or other institutions under his supervision, which kind of risk
positions is unacceptable and thus a minimum amount of risk capitals should
be deposited to make the positions acceptable. The collection of acceptable
positions is defined by

A={X € H: X is acceptable}.
This set has meaningful properties in economy.

Definition 5.1 A set A is called a coherent acceptable set if it satisfies
(i) Monotonicity:

XeA Y>X imply Y € A

(i) 0 € A but —1 & A.

(iii) Positive homogeneity
X € A implies A X € A for A > 0.
(iv) Convexity:
X, YeA imply aX+(1—a)Y € A forael0,1].

Remark 5.2 (iii)+(iv) imply
(v) Sublinearity:

X YeA=uX+vY eA forp,v>0.

Remark 5.3 If the set A only satisfies (i),(ii) and (iv), then A is called a
convex acceptable set.

In this section we mainly study the coherent case. Once the rule of the
acceptable set is fixed, the minimum requirement of risk deposit is then auto-
matically determined.

Definition 5.4 Given a coherent acceptable set A, the functional p(-) defined

by
pX)=pa(X):=inf{meR: m+XecA}, XeH

1s called the coherent risk measure related to A.



85 Coherent Measures of Risk 15

It is easy to see that
p(X +p(X)) = 0.

Proposition 5.5 p(-) is a coherent risk measure satisfying four properties:

(i) Monotonicity: If X > Y then p(X) < p(Y).
(ii) Constant preserving: p(1) = —p(—1) = —1.
(iii) Sub-additivity: For each X, Y € H, p(X +Y) < p(X) + p(Y).
(iv) Positive homogeneity: p(AX) = Ap(X) for A > 0.
Proof. (i), (ii) are obvious.
We now prove (iii). Indeed,

p(X4+Y)=inf{meR: m+(X+Y) e A}
=inf{m+n:mneR, (m+X)+(n+Y) e A}
<inf{meR: m+X e A} +inf{neR: n+Y € A}
=p(X) + p(Y).

To prove (iv), in fact the case A = 0 is trivial; when A > 0,

p(AX) =inf{m e R: m+ X € A}
=Ainf{n e R: n+ X € A} = Mp(X),

where n. = m/A. O

Obviously, if E is a sublinear expectation, we define p(X) := E[—X], then p
is a coherent risk measure. Inversely, if p is a coherent risk measure, we define
E[X] := p(—X), then E is a sublinear expectation.

Exercise 5.6 Let p(-) be a coherent risk measure. Then we can inversely define
Ay ={X e H:p(X) <0}

Prove that A, is a coherent acceptable set.

Notes and Comments

The sublinear expectation is also called the upper expectation (see Huber (1981)
[61] in robust statistics), or the upper prevision in the theory of imprecise prob-
abilities (see Walley (1991) |120] and a rich literature provided in the Notes
of this book). To our knowledge, the Representation Theorem 2] was firstly
obtained for the case where € is a finite set by [61], and this theorem was redis-
covered independently by Artzner, Delbaen, Eber and Heath (1999) [3] and then
by Delbaen (2002) |35] for the general 2. A typical example of dynamic nonlin-
ear expectation, called g—expectation (small g), was introduced in Peng (1997)
[92] in the framework of backward stochastic differential equations. Readers are
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referred to Briand, Coquet, Hu, Mémin and Peng (2000) |14], Chen (1998) [1§],
Chen and Epstein (2002) [19], Chen, Kulperger and Jiang (2003) [20], Chen
and Peng (1998) [21] and (2000) [22], Coquet, Hu, Mémin and Peng (2001) [26]
(2002) [27] , Jiang (2004) [69], Jiang and Chen (2004) |70, [71], Peng (1999)
[94] and (2004) |97], Peng and Xu (2003) [107] and Rosazza (2006) [112] for the
further development of this theory. It seems that the notions of distributions
and independence under nonlinear expectations were new. We think that these
notions are perfectly adapted for the further development of dynamic nonlinear
expectations. For other types of the related notions of distributions and inde-
pendence under nonlinear expectations or non-additive probabilities, we refer
to the Notes of the book [120] and the references listed in Marinacci (1999)
[83] and Maccheroni and Marinacci (2005) [84]. Coherent risk measures can be
also regarded as sublinear expectations defined on the space of risk positions
in financial market. This notion was firstly introduced in [3]. Readers can be
referred also to the well-known book of Follmer and Schied (2004) |51] for the
systematical presentation of coherent risk measures and convex risk measures.
For the dynamic risk measure in continuous time, see [97] or |[112], Barrieu and
El Karoui (2004) 9] using g-expectations. Super-hedging and super pricing (see
El Karoui and Quenez (1995) [43] and El Karoui, Peng and Quenez (1997) [44])
are also closely related to this formulation.



Chapter 11

Law of Large Numbers and
Central Limit Theorem

In this chapter, we first introduce two types of fundamentally important distri-
butions, namely, maximal distribution and G-normal distribution, in the theory
of sublinear expectations. The former corresponds to constants and the lat-
ter corresponds to normal distribution in classical probability theory. We then
present the law of large numbers (LLN) and central limit theorem (CLT) un-
der sublinear expectations. It is worth pointing out that the limit in LLN is a
maximal distribution and the limit in CLT is a G-normal distribution.

81 Maximal Distribution and G-normal Distri-
bution

We will firstly define a special type of very simple distributions which are fre-
quently used in practice, known as “worst case risk measure”.

Definition 1.1 (maximal distribution) A d-dimensional random vector n =
(m, -+ ,n4) on a sublinear expectation space (U, H,E) is called maximal dis-
tributed if there exists a bounded, closed and convex subset I' C R® such that

E[p(n)] = max oY)

Remark 1.2 Here I' gives the degree of uncertainty of n. It is easy to check
that this maximal distributed random vector n satisfies

an—i—bﬁi(a—i—b)n for a,b >0,

where 7 1s an independent copy of n. We will see later that in fact this relation
characterizes a maximal distribution. Mazimal distribution is also called “worst
case risk measure” in finance.

17
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Remark 1.3 When d = 1 we have ' = [, 7], where i = E[n] and p = —E[-n].
The distribution of n is

Fylp] = Elp(n)] = sup ¢(y) for ¢ € Crrip(R).

pYy<p
Recall a well-known characterization: X < N (0,%) if and only if

aX +bX £ /a2 + 02X for a,b >0, (1.1)

where X is an independent copy of X. The covariance matrix ¥ is defined by
¥ = E[XXT]. We now consider the so called G-normal distribution in probabil-
ity model uncertainty situation. The existence, uniqueness and characterization
will be given later.

Definition 1.4 (G-normal distribution) A d-dimensional random vector X =
(X1, -+, Xa)T on a sublinear expectation space (0, H,E) is called (centralized)
G-normal distributed if

aX +bX < Va2 +v:X  fora,b>0,
where X is an independent copy of X .

Remark 1.5 Noting that E[X + X] = 2E[X] and E[X + X] = E[V2X] =
V2E[X], we then have E[X] = 0. Similarly, we can prove that E[—X] = 0.
Namely, X has no mean-uncertainty.

The following property is easy to prove by the definition.

Proposition 1.6 Let X be G-normal distributed. Then for each A € R™*?,
AX is also G-normal distributed. In particular, for each a € R, (a, X) is a
1-dimensional G-normal distributed random variable, but its inverse is not true
(see Ezercise [[.13]).

We denote by S(d) the collection of all d x d symmetric matrices. Let X
be G-normal distributed and 7 be maximal distributed d-dimensional random
vectors on (2, H,E). The following function is very important to characterize
their distributions:

Glp, A) = ]E[% (AX, X)+ (p.m)],  (p, A) € R x S(d). (1.2)

It is easy to check that G is a sublinear function monotonic in A € S(d) in the
following sense: for each p,p € R% and A, A € S(d)

Glp+p,A+A) <G(p,A)+G({p A),
G, M) = AG(p, A), YA >0, (1.3)
G(p,A) >G(p,A), if A> A
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Clearly, G is also a continuous function. By Theorem [2.1] in Chapter [ there
exists a bounded and closed subset I' ¢ R% x R?*? such that

G(p,A) = ( sg)];ér[%tr[AQQT] + (p,q)] for (p, A) € R? x S(d). (1.4)

We have the following result, which will be proved in the next section.

Proposition 1.7 Let G : R? x S(d) — R be a given sublinear and continuous
function, monotonic in A € S(d) in the sense of (L3). Then there exists a G-
normal distributed d-dimensional random vector X and a maximal distributed
d-dimensional random vector n on some sublinear expectation space (Q,H,E)

satisfying (L2) and

(aX +bX,a*n + b*n) < (\/mX, (a® + %)), for a,b>0, (1.5)
where (X, 7) is an independent copy of (X,n).
Definition 1.8 The pair (X,n) satisfying [LH) is called G-distributed.

Remark 1.9 In fact, if the pair (X, n) satisfies (LA), then

aX +bX £ \/a2 + 02X, an+ b7 2L (a+b)n fora,b>0.
Thus X is G-normal and 7 is mazximal distributed.

The above pair (X,n) is characterized by the following parabolic partial
differential equation (PDE for short) defined on [0, 00) x R? x R? :

o — G(Dyu, D%u) = 0, (1.6)

with Cauchy condition wu|i—g = ¢, where G : R? x S(d) — R is defined by
[C2) and D*u = (93,,,u)};—1, Du = (9z,u){_;. The PDE (LH) is called a
G-equation.

In this book we will mainly use the notion of viscosity solution to describe
the solution of this PDE. For reader’s convenience, we give a systematical intro-
duction of the notion of viscosity solution and its related properties used in this
book (see Appendix C, Section 1-3). It is worth to mention here that for the case
where G is non-degenerate, the viscosity solution of the G-equation becomes a
classical C*2 solution (see Appendix C, Section 4). Readers without knowledge
of viscosity solutions can simply understand solutions of the G-equation in the
classical sense along the whole book.

Proposition 1.10 For the pair (X,n) satisfying (L3) and a function ¢ €
Ci.Lip(R? x RY), we define

u(t,z,y) = Elp(z + ViX,y + tn)], (t,2,y) € [0,00) x R x R%.
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Then we have
u(t + s,7,y) = Elu(t,z +sX,y + sn)], s>0. (1.7)
We also have the estimates: for each T > 0, there exist constants C,k > 0 such
that, for all t,s € [0,T) and x,Z,y,y € RY,
u(t, 2, y) = u(t,z,7)] < O+ |z|* +[y* +[2[* + |g1*)(|lz — 2| + |y — g]) (1.8)
and
u(t,z,y) — ut + s,2,9)| < C(L+ | + |y|*)(s + |s['/?). (1.9)

Moreover, u is the unique viscosity solution, continuous in the sense of (L8])

and ([L9), of the PDE (6.

Proof. Since
u(t,x,y) —u(t, z, ) = Elo(e + ViX,y + tn)] — E[p(z + VX, 5 + tn)]
oz + VX, y+1tn) — o( +ViX,y+tn)]
Cr(L+ X7+ [n]* + |=* + [y|* + |2]* + [5]")]
X (lz—z[+ |y —yl)
<O+ [af* +[yl* + [2* + [g*) |z — 2| + |y — 7]),

IN

E[
E[

IN

we have (LJ]).

Let (X,7) be an independent copy of (X, 7). By (L3,

u(t+ s,z,y) = Elp(x + vVt +sX,y + (t + s)n)]
=E[p(z + VsX + VIX,y + sn +17)]
= E[E[p(z + V5T + VIX,y + 57 + 7))@ )= (x.n)]
= Elu(t,z + VsX,y + sn)],

we thus obtain (7). From this and (L)) it follows that
u(t + s,2,y) —u(t,z,y) = Elu(t,z + VsX,y + sn) — u(t, z,y)]
S E[CL(1+ [l + [y[* + [X[F + ") (V5] X + sln])],

thus we obtain (L9).

Now, for a fixed (¢, z,y) € (0,
be such that ¢ > u and ¥(¢, z,y)
it follows that, for ¢ € (0, 1),

< C(6%2 +62) — 0(t, x,y)d
+E[(D,b(t, @, y), X) V6 + (Dyib(t, . y),m) 6 + % (Dt 2, y)X, X) 9]

00) x R x RY, let 4 € C2%([0, 00) x R x RY)
= u(t,x,y). By (1) and Taylor’s expansion,

= —0u(t,z,y)0 + E[(Dyy(t, z,y),n) + % (D24 (t, ,y) X, X )]0 + C(5%/2 + §2)

- _8t1/}(ta xZ, y)6 + 5G(Dy¢, ng))(tv &€, y) + 0(63/2 + 52)7
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from which it is easy to check that

[0 — G(Dy, D3)](t, 2, y) < 0.

Thus u is a viscosity subsolution of (L@). Similarly we can prove that u is a
viscosity supersolution of (L6). O

Corollary 1.11 If both (X,n) and (X,7) satisfy (L3) with the same G, i.e.,

G(p, A) = B[ (AX, X)-+{p, m)] = Bl (A%, X)+{p, )] for (p, 4) € R x5(d),

N | =

then (X, n) 4 (X,n). In particular, X 4_X.
Proof. For each ¢ € C).1;,(R? x R?), we set
u(t,z,y) := Elp(z + VX, y + tn)],
u(t,z,y) = Elp(x + ViX,y + )], (t,z,y) € [0,00) x R x R”.

By Proposition[[.T0, both « and @ are viscosity solutions of the G-equation (LG
with Cauchy condition u|;—¢g = @|=0 = ¢. It follows from the uniqueness of the
viscosity solution that w = u. In particular,

E[p(X, )] = Elp(X, ).
Thus (X, 77) (X, 7). O
Corollary 1.12 Let (X,n) satisfy (L5). For each v € Cy.1ip(R?) we define
o(t,x) == ERp((z + VIX +tn)], (t,2) € [0,00) x RY. (1.10)
Then v is the unique viscosity solution of the following parabolic PDE:
v — G(Dyv, D20) =0,  v|i—o = 1. (1.11)

Moreover, we have v(t,x + y) = u(t,z,y), where u is the solution of the PDE
(C8) with initial condition u(t,z,y)|i=0 = Y (x +y).

Example 1.13 Let X be G-normal distributed. The distribution of X is char-
acterized by

u(t,x) = Elp(w + VIX)], ¢ € Criyp(RY.

In particular, Elp(X)] = u(1,0), where u is the solution of the following parabolic
PDE defined on [0,00) x R? :

Oru — G(D*u) =0, uli—o = ¢, (1.12)
where G = Gx(A) : S(d) — R is defined by

G(A) = %E[(AX,X)], A e S(d).
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The parabolic PDE ([L12)) is called a G-heat equation.
It is easy to check that G is a sublinear function defined on S(d). By Theorem
[21 in Chapter[l, there exists a bounded, convex and closed subset © C S(d) such

that
1IE[(AX,X>] =G(A) = 1 sup tr[AQ], A € S(d). (1.13)
2 2 gco

Since G(A) is monotonic: G(A1) > G(Asz), for A1 > As, it follows that
O CSy(d)={0ecS(d):0>0}={BBT:BecR¥™},

where R4 is the set of all d x d matrices. If © is a singleton: © = {Q}, then
X is classical zero-mean normal distributed with covariance Q. In general, ©

characterizes the covariance uncertainty of X. We denote X 4 N({0} x ©)
(Recall equation (L), we can set (¢,Q) € {0} x ©).

When d = 1, we have X 4 N({0} x [02,52]) (We also denoted by X 4
N(0,[0?,5%])), where 62 = E[X?] and 0® = —E[-X?]. The corresponding G-
heat equation is

D~ L@ (02,0)* — 0(02,0)7) = 0. o = .

For the case o? > 0, this equation is also called the Barenblatt equation.
In the following two typical situations, the calculation of E[p(X)] is very easy:

e For each convex function ¢, we have

2

Bl = = [ el@ e i

Indeed, for each fixed ¢ > 0, it is easy to check that the function u(t,z) :=
E[p(x + v/tX)] is convex in z:
u(t, 0z + (1 — a)y) = Elp(az + (1 — a)y + ViX)]
< aElp(z + VtX)] + (1 — a)Ep(z + VtX)]
= au(t

u(t,z) + (1 — a)u(t, x).

It follows that (92,u)~ =0 and thus the above G-heat equation becomes

52
2
Oru = 781111, Uli—o = .

e For each concave function ¢, we have

2

Ble = 7= [ et exnl= )iy
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In particular,

and
E[XY] = 37*, —E[-X*] =3c".

Example 1.14 Let n be mazimal distributed, the distribution of 1) is character-
ized by the following parabolic PDE defined on [0,00) x RY :

Ou—g(Du) =0, uli=0 = ¢, (1.14)
where g = g, (p) : R — R is defined by

g,(p) :==E[(p,n)], peR™

It is easy to check that g, is a sublinear function defined on R4, By Theorem
21 in Chapter[l, there exists a bounded, convex and closed subset © C R% such
that

g(p) =sup (p,q), peR™ (1.15)
qeO

By this characterization, we can prove that the distribution of n is given by

Fple] = Elp(n)] = sup p(v) = sup /R p(x)dy(dx), ¢ € Crrip(RY), (1.16)

where 6, is Dirac measure. Namely it is the maximal distribution with the
uncertainty subset of probabilities as Dirac measures concentrated at ©. We

denote n 4 N(© x {0}) (Recall equation (L), we can set (q,Q) € © x {0}).
In particular, for d =1,

gn(p) :=E[pn] = " —pup~, peER,

where i = E[n] and p = —R[—n]. The distribution of 1 is given by (L16). We
denote n < N([u, o] x {0}).

Exercise 1.15 We consider X = (X1, X2), where X 4 N({0} x [02,5?]) with
T > g, Xo is an independent copy of X1. Show that

(1) For each a € R?, {a, X) is a 1-dimensional G-normal distributed random
variable.

(2) X is not G-normal distributed.

Exercise 1.16 Let X be G-normal distributed. For each ¢ € C’l_Lip(Rd), we
define a function

u(t,z) := Elp(x + VtX)], (t,2) € [0,00) x R%.

Show that u is the unique viscosity solution of the PDE ({[.13) with Cauchy
condition uli—g = .
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Exercise 1.17 Let n be maximal distributed. For each ¢ € Cl,Lip(Rd), we
define a function

u(t,y) == E[p(y + tn)], (t,y) € [0,00) x R%.

Show that u is the unique viscosity solution of the PDE (1.1J) with Cauchy
condition uli—g = .

§2 Existence of G-distributed Random Variables

In this section, we give the proof of the existence of G-distributed random
variables, namely, the proof of Proposition [[.7]

Let G : R? x S(d) — R be a given sublinear function monotonic in A € S(d)
in the sense of ([3]). We now construct a pair of d-dimensional random vectors
(X,n) on some sublinear expectation space (2, H, E) satisfying (L.2)) and (L3]).

For each ¢ € (. Lip(Rw), let v = u¥ be the unique viscosity solution of
the G-equation (L) with u®|—o = ¢. We take Q = R2d H = Ci.Lip(R??)
and & = (,y) € R2. The corresponding sublinear expectation E[] is defined
by E[€] = u#(1,0,0), for each & € H of the form &(@) = (p(2,Y))(xy)cr2e €
CiLip (R24). The monotonicity and sub-additivity of u¥ with respect to ¢ are
known in the theory of viscosity solution. For reader’s convenience we provide a
new and simple proof in Appendix C (see Corollary[Z4l and Corollary[Z5]). The
constant preserving and positive homogeneity of INE[] are easy to check. Thus
the functional E[] : # — R forms a sublinear expectation.

We now consider a pair of d-dimensional random vectors (X, 7)(@) = (z,y).
We have L
E[p(X, 7] = u?(1,0,0) for ¢ € Cp.rip(R*).

1 (Az,z) + (p,y), we can check that

In particular, just setting ¢o(z,y) =
u?(t,z,y) = G(p, A)t + % (Az,z) + (p,y) .
We thus have
By (A%, X) + (p.7)] = u(1,0,0) = Glp, A), (p, A) € B xS(d).
We construct a product space
(UH,E) = (Qx QHOH,EQE),

and introduce two pairs of random vectors

(X, n)(@1,@2) = @1, (X,7)(@1,w2) = @2, (@1,w2) € QX Q.

By Proposition 318 in Chapter[I (X, 7) 4 (X,7) and (X,7) is an independent
copy of (X,n).
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We now prove that the distribution of (X,n) satisfies condition (LHl). For
each ¢ € Cy 1;p(R??) and for each fixed A > 0, (7, 7) € R??, since the function v

defined by v(t, z,y) := u? (M, T+ v/ Az, 5 + My) solves exactly the same equation
(T8), but with Cauchy condition

Vim0 = P(T + VA X G+ A x ).

Thus
Elp(Z + VAX, g+ An)] = v(1,0,0) = u?(\, Z,7).

By the definition of E, for each ¢ > 0 and s > 0,

Elp(VIX + s X, tn + s0)] = E[E[p(Viz + VX, ty + s7)](2y)=(x )]
= E[u¥(s, ViX, tn)] = u”v(s"")(t, 0,0)
=u¥(t+s,0,0)
=Elp(Vt+ sX, (t + s)n)].

Namely (vtX + /5X,tn + s7) < (VEt+ sX, (t + s)n). Thus the distribution of
(X,n) satisfies condition (LHI).

Remark 2.1 From now on, when we mention the sublinear expectation space
(Q,H,E), we suppose that there exists a pair of random vectors (X,n) on (Q, H,E)
such that (X,n) is G-distributed.

Exercise 2.2 Prove that E[X3] > 0 for X £ N({0} x [02,5?]) with o? < 62.
It is worth to point that E[p(X)] not always equal to sup 2«52 Es[0(X)]

for v € Cp ip(R), where E, denotes the linear expectation corresponding to the
normal distributed density function N(0,0?).

83 Law of Large Numbers and Central Limit
Theorem

Theorem 3.1 (Law of large numbers) Let {Y;};, be a sequence of R%-
valued random variables on a sublinear expectation space (Q,H,E). We assume

that Y1 4 Y; and Y1 is independent from {Y1,---,Y;} for eachi=1,2,---.
Then the sequence {S,}52, defined by

Sy, =

SRS

n
DY
i=1
converges in law to a maximal distribution, i.e.,

lim E[(Sn)] = Elg(n)]; (3.17)

n—oo
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for all functions ¢ € C(RY) satisfying linear growth condition (|p(z)| < C(1 +
||)), where n is a maximal distributed random vector and the corresponding
sublinear function g : R — R is defined by

g(p) =E[(p,Y1)], pe R

Remark 3.2 When d = 1, the sequence {5, }3>; converges in law to N ([u, ii] X
{0}), where i = E[Yi] and p = —E[-Y1]. For the general case, the sum
LS Y, converges in law to N(© x {0}), where © C R? is the bounded,
convex and closed subset defined in Example [I.T]} If we take in particular
o(y) = dg(y) = inf{|lz —y| : = € O}, then by BIT) we have the following

generalized law of large numbers:

n

lim E[d@(l > V)] = supdg(6) = 0. (3.18)

n—oo n )
i=1 0co

If Y; has no mean-uncertainty, or in other words, © is a singleton: © = {0},

then BI8) becomes

. 1< -
nlggoE[IE;E —dl]=o.

Theorem 3.3 (Central limit theorem with zero-mean) Let {X;};~, be a
sequence of R4 -valued random variables on a sublinear expectation space (Q,H,E).

We assume that X; 11 4 X; and X;11 is independent from { X1, -+, X;} for each
1=1,2,---. We further assume that

E[X;] = E[-X;] = 0.

Then the sequence {S,}°2, defined by

_ 1 &
Sn = n;XZ

S

converges in law to X, i.e.,

lim E[p(S,)] = Elp(X)]
for all functions ¢ € C(R?) satisfying linear growth condition, where X is a
G-normal distributed random wvector and the corresponding sublinear function

G :S(d) — R is defined by

G(A) := E[= (AX1, X1)], AeS(d).

1
2
Remark 3.4 When d = 1, the sequence {5, }°°, converges in law to N({0} x
[02,5?]), where 3% = E[X?] and c? = —~E[-X2]. In particular, if 7 = o2, then
it becomes a classical central limit theorem.
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The following theorem is a nontrivial generalization of the above two theo-
rems.

Theorem 3.5 (Central limit theorem with law of large numbers) Let
{(X:,Y)}i2, be a sequence of R x Re-valued random wvectors on a sublin-
ear expectation space (QH,E). We assume that (Xit1,Yit1) 4 (X:,Y:) and
(Xit1,Yiq1) is independent from {(X1,Y1),- -+, (X;, Y2)} for each i =1,2,---.
We further assume that

E[Xi] =E[-Xi1] =

Then the sequence {S,}5°, defined by

:i(Xi +K

=1

B

converges in law to X + 1, i.e.,

lim E[p(S,)] = Elo(X +n)], (3.19)

n—oo

for all functions ¢ € C(R?) satisfying a linear growth condition, where the pair
(X,n) is G-distributed. The corresponding sublinear function G : R4 x S(d) — R
is defined by

Glp.4) = E[lp. Vi) + 3 (AX1, X1)], A€5(d), pe R

Thus E[p(X + n)] can be calculated by Corollary T2
The following result is equivalent to the above central limit theorem.

Theorem 3.6 We make the same assumptions as in Theorem [F3. Then for
each function ¢ € C(R? x RY) satisfying linear growth condition, we have

i B3 72 5530

Proof. It is easy to prove Theorem [3.5 by Theorem 3.6 To prove Theorem [3.6]
from Theorem B.5 it suffices to define a pair of 2d-dimensional random vectors

:|“<

X, n)].

X; = (X4,0), Y, = (0,Y;) fori=1,2,--

‘We have

Jim Blo(30 7L 30 70] = lim Elp(3 (% + 7)) = Blel(X + )
=1

with X = (X,0) and 7 = (0,7). O



28 Chap.II Law of Large Numbers and Central Limit Theorem

To prove Theorem[35] we need the following norms to measure the regularity
of a given real functions u defined on Q = [0,7] x R%:
lullpo00y = sup  |u(t, x)|,
Cc0-0(Q) (t.0)eQ

d

lullcragy = lullcoogy + 10kullcoo gy + Z [0, u
i=1

lcoo(@)»

d
||U||Cl,2(Q) = ||u||c1,1(Q) + Z ||8m1m]uHCOO(Q) .
1,7=1

For given constants a, 8 € (0,1), we denote

[u(s,7) — ult,p)
s+ o=yl

||U||ca,B(Q) = sup
z,yGRd, THy
s,t€[0,T],s#t

d
lull creanss(gy = lullgang) + 10cull cas gy + Z 10z ull cos () -
i=1

d
lullgriazsnig) = lulloreansg) + D [10na,ull gas (g -
ij=1

If, for example, ||u||cl+a,2+B(Q) < 00, then u is said to be a C1T®2A_function

on Q.

We need the following lemma.

Lemma 3.7 We assume the same assumptions as in Theorem[3.8. We further
assume that there exists a constant 3 > 0 such that, for each A, A € S(d) with
A> A, we have

E[(AXy, X1)] - E[(AX:, X1)] > Btr{A — A]. (3.20)
Then our main result (319) holds.

Proof. We first prove [3.19) for ¢ € Cp 1;p(R?). For a small but fixed h > 0,
let V' be the unique viscosity solution of

oV +G(DV,D*V) =0, (t,z) € [0,1+h) x RY V]jmiyn = . (3.21)
Since (X, n) satisfies (L)), we have
V(h,0) = Elp(X +n)], V(1+h z)=¢(z). (3.22)

Since ([B.2]) is a uniformly parabolic PDE and G is a convex function, by the
interior regularity of V' (see Appendix C), we have

[VIlgr+arzeta(oixray < o0 for some a € (0,1).
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We set § = L and Sy = 0. Then

V(1,8,) = V(0,0) = E{V((z +1)8, Siy1) = V(i6, Si)}

i=0

= Z { (( + 1 6, Sz—i—l) V (i, gi—i—l)] + [V(lé, S’H—l) — V(Z&, 51)]}

-5t
i=0
with, by Taylor’s expansion,

= 0,V (id, 5‘1)5—1—% <D2V(i5, gi)Xi+17 Xi+1> 5+<DV(i5, S’l), Xi+1\/g + Yi.:,.15>

I;=6 /0 1[a,gv((z' +B)8,8i11) — 0V (i, Siy1)|dB + [0V (6, Si11) — 0,V (i6, 8;)]6
+ (Db, 5) Xi1, Vi) 6 3% + < V (6, 8;)Yit1, Yip1) 62
+ /01 /01 <@}}w(Xi+1\/5+ Yit10), Xip1Vo + Yi+15> ~dBdry

with

by = D2V (i6, S; + vB(Xi41 V0 + Yi1168)) — D?V (15, S).
Thus

n—1
E[) Ji-E 215<IE S,)] — V(0,0) <EZJ5+IE215 (3.23)
i=0
We now prove that E[Y."""" Ji] = 0. For J}, note that
E[<DV(i6, S)), Xia1 \/5>] = E[- <DV(z’5, S)), X1 \/S>] =0
then, from the definition of the function G, we have
E[J5] = E[0,V (i8, S;) + G(DV (6, S;), D*V (6, 5;))]8.

Combining the above two equalities with 9,V + G(DV, D?*V) = 0 as well as the
independence of (X;11,Yiy1) from {(X1,Y1), -, (X;,Y;)}, it follows that

B> i = B[S i) =
1=0 1=0

Thus 23] can be rewritten as

ZI(;<E S,)] — V(0,0) <EZIJ
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But since both 8,V and D?V are uniformly 5-holder continuous in ¢ and a-
hélder continuous in x on [0, 1]xR?, we then have

[Ti| < O™ 2(1 4 | X |27 + Vi |T9).
It follows that
E[|I}]] < C6™/2(1 + EB[| X1 |*T* + Y3 [>+2)).
Thus
—C(%)“/z(l +E[|X, 2 + Vi) < E[V(1,5,)] - V(0,0)
<Oy B 4 ),

As n — 0o, we have B
lim E[V(1,5,)] =V(0,0). (3.24)

n—oo

On the other hand, for each t,#' € [0,1 + h] and x € R?, we have

[V(t,x) = V(' 2)| < CH/|t—t|+t-1t]).
Thus |V (0,0) — V(h,0)| < C(vh + h) and, by 324),

[E[V (1, 5,)] - E[p(Sa)]| = [EIV(1,5,)] = EV(1 + £, S,)]| < C(Vh + h).
It follows from [B22) and (324) that
limsup [E[o(S,)] — Elp(X + n)]| < 2C(Vh + h).

n—oo

Since h can be arbitrarily small, we have

lim E[p(Sn)] = E[p(X 4 n)].

n—oo

O

Remark 3.8 From the proof we can check that the main assumption of identical
distribution of {X;,Y;}$2, can be weaken to

1

Another essential condition is E[|X;|?°] + E[|Y;|'*°] < C for some § > 0. We
do not need the condition E[|X;|"] + E[|Y;|"] < oo for each n € N.

We now give the proof of Theorem [3.5]
Proof of Theorem For the case when the uniform elliptic condition (3:20)
does not hold, we first introduce a perturbation to prove the above convergence
for ¢ € Cy.Lip (R%). According to Definition 314 and PropositionB.I5in Chap I,
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we can construct a sublinear expectation space (Q, H, E) and a sequence of three

random vectors {(X;,Y;, &) }32, such that, for eachn = 1,2, -+, {(X;, Y3)}1, 4

{(X:,Y:)}q and (Xp41, Yot1, Rnt1) is independent from {(X;, Y, )}, and,
moreover,

B[)(X:, Vi, &) = (27T)—d/2/ E[(Xi, Vi, 2)]e 1 /2dz for v € Cipip(R¥).
Rd

We then use the perturbation X'f = X, + ¢k, for a fixed ¢ > 0. It is easy to
see that the sequence {(X?F,Y;)}5°, satisfies all conditions in the above CLT, in
particular,

Ge(p, A) == E[% (AX],X5) +(p, Y1) = G(p, A) + %tr[A].

Thus it is strictly elliptic. We then can apply Lemma 3.7 to

n XE n Y n
and obtain -
Tim Efp(55)] = Elp(X + 7+ <),
where ((X, ), (7,0)) is G-distributed under E[-] and

G(p,A) = ]E[% (A(Xy, k)", (X1, k)T + (p, (Y1,007)], AeS(2d), peR*™.

By Proposition [LG] it is easy to prove that (X + ek, 7n) is Ge-distributed and
(X, ) is G-distributed. But we have

[E[p(Sn)] = Elp(Sp)]l = [E[e(S5, — eJn)] — Elp(S7)]|
< eCE[|Jn]] < C'e

and similarly, o o o
[Elo(X +n)] - E[p(X + 7 + eR)]| = [E[p(X+7)] — E[p(X+7] + eR)]| < Ce.
Since ¢ can be arbitrarily small, it follows that
lim Elp(S,)] = E[p(X +n)] for ¢ € Ch.rip(RY).
On the other hand, it is easy to check that sup,, E[|S,|*] + E[|X + 7]?] <

We then can apply the following lemma to prove that the above convergence
holds for p€C(R?) with linear growth condition. The proof is complete. O

Lemma 3.9 Let (Q,H,E) and ((NZ, ﬁ, IE) be two sublinear expectation spaces and
letY, € H andY € 7—7, n=1,2,---, be given. We assume that, for a given p >
1, sup,, E[|Y,|P] + E[|[Y|P] < co. If the convergence lim,_ . E[p(Y,)] = E[p(Y)]
holds for each ¢ € Cy 1ip(R?), then it also holds for all functions ¢ € C(R?)
with the growth condition |p(z)| < C(1 + |z|P~1).
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Proof. We first prove that the above convergence holds for ¢ € Cy(R?) with
a compact support. In this case, for each ¢ > 0, we can find a ¢ € Cy 1;p(RY)
such that sup,cga |o(2) — @(x)] < 5. We have

Elp(Ya)] - Elp(Y)]] < [Elp(Ya)] - E[p(Ya)]l + [Elp(Y)] - Elp(Y))]
+ E[p(Ya)] - Elp(Y)]| < e + [E[2(Y2)] - Elp(Y)].

Thus limsup,_, . [E[¢(Y,)] — E[p(Y)]| < e. The convergence must hold since &
can be arbitrarily small.

Now let ¢ be an arbitrary C(R9)-function with growth condition |¢(x)| <
C(1+|z|P~1). For each N > 0 we can find 1, g2 € C(R?) such that ¢ = @1+ ¢
where 1 has a compact support and ¢a(z) = 0 for |z| < N, and |p2(z)| < |p(z)]
for all z. It is clear that
2C(1 + |zf?)

N for z € R%.

lpa(z)] <

[Elp(Ya)] — Elp(YV)]] = [Efpr (Ya) + @2(Yn)] = Bl (V) + (V)]
< [Efpr (Ya)] = Elpr (V)] + Elle2(Ya)[] + Elle2(Y)]
< [Efp1 (V)] - Ela (V)] + 2 2 + B[Y,17] + EY1?)

< [Efi (V)] ~ Bl (V)] + 5

where C' = 2C(2+sup,, E[|Y;[P]+E[|Y []). We thus have limsup,, . [E[¢(Y;,)]—
Elp(Y)]| < £. Since N can be arbitrarily large, E[¢(Y,,)] must converge to

E[p(Y)]- 0

Exercise 3.10 Let X; € H,i=1,2,---, be such that X, is independent from
{X1, -+, Xi}, for each i =1,2,--- . We further assume that

B[X,] = ~E[-X,] =0,
lim E[X?] =5° < oo, hm ~E[-X?] = o?,

1—00

E[|X;]?*°] < M for some § > 0 and a constant M.
Prove that the sequence {S,}2°, defined by

_ 1 <&
Sp = — X;
"= ; i
converges in law to X, i.e.,

lim Elp(S,)] = Elp(X)] for ¢ € Chiip(R),

n—oo

where X ~ N ({0} x [a T ])

In particular, if 7 = o2, it becomes a classical central limit theorem.



§3 Law of Large Numbers and Central Limit Theorem 33

Notes and Comments

The contents of this chapter are mainly from Peng (2008) |105] (see also Peng
(2007) [101]).

The notion of G-normal distribution was firstly introduced by Peng (2006)
[100] for 1-dimensional case, and Peng (2008) [104] for multi-dimensional case.
In the classical situation, a distribution satisfying equation (1)) is said to be
stable (see Lévy (1925) |77] and (1965) |78]). In this sense, our G-normal dis-
tribution can be considered as the most typical stable distribution under the
framework of sublinear expectations.

Marinacci (1999) [83] used different notions of distributions and indepen-
dence via capacity and the corresponding Choquet expectation to obtain a law
of large numbers and a central limit theorem for non-additive probabilities (see
also Maccheroni and Marinacci (2005) [84] ). But since a sublinear expectation
can not be characterized by the corresponding capacity, our results can not be
derived from theirs. In fact, our results show that the limit in CLT, under
uncertainty, is a G-normal distribution in which the distribution uncertainty is
not just the parameter of the classical normal distributions (see Exercise 2.2)).

The notion of viscosity solutions plays a basic role in the definition and
properties of G-normal distribution and maximal distribution. This notion was
initially introduced by Crandall and Lions (1983) [29]. This is a fundamentally
important notion in the theory of nonlinear parabolic and elliptic PDEs. Read-
ers are referred to Crandall, Ishii and Lions (1992) [30] for rich references of the
beautiful and powerful theory of viscosity solutions. For books on the theory of
viscosity solutions and the related HJB equations, see Barles (1994) |§], Fleming
and Soner (1992) [49] as well as Yong and Zhou (1999) [124].

We note that, for the case when the uniform elliptic condition holds, the vis-
cosity solution (II0) becomes a classical C''* %2+ solution (see Krylov (1987)
[76] and the recent works in Cabre and Caffarelli (1997) [17] and Wang (1992)
[119]). In 1-dimensional situation, when o > 0, the G-equation becomes the
following Barenblatt equation:

Ou + 0| = A, |y] < 1.

This equation was first introduced by Barenblatt (1979) |7] (see also Avellaneda,
Levy and Paras (1995) [4]).
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Chapter 111

(G-Brownian Motion and
Ito’s Integral

The aim of this chapter is to introduce the concept of G-Brownian motion, to
study its properties and to construct Itd’s integral with respect to G-Brownian
motion. We emphasize here that our definition of G-Brownian motion is con-
sistent with the classical one in the sense that if there is no volatility uncer-
tainty. Our G-Brownian motion also has independent increments with identical
G-normal distributions. G-Brownian motion has a very rich and interesting
new structure which non-trivially generalizes the classical one. We thus can
establish the related stochastic calculus, especially It6’s integrals and the re-
lated quadratic variation process. A very interesting new phenomenon of our
G-Brownian motion is that its quadratic process also has independent incre-
ments which are identically distributed. The corresponding G-1t6’s formula is
obtained.

81 G-Brownian Motion and its Characterization

Definition 1.1 Let (2, H,E) be a sublinear expectation space. (Xi)i>o is called
a d-dimensional stochastic process if for each t > 0, X; is a d-dimensional
random vector in H.

Let G(-) : S(d) — R be a given monotonic and sublinear function. By
Theorem [Z1] in Chapter [, there exists a bounded, convex and closed subset
¥ C S4(d) such that

G(A) = l]i}ég (A,B), AeS(d).

By Section 2lin Chapter [, we know that the G-normal distribution N ({0} x X)
exists.
We now give the definition of G-Brownian motion.

35
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Definition 1.2 A d-dimensional process (By)i>0 on a sublinear expectation
space (Q,H,E) is called a G—-Brownian motion if the following properties
are satisfied:

(i) Bolw) = 0;

(ii) For each t,s > 0, the increment Byrs — By is N ({0} x sX)-distributed and is
independent from (By,, By, -+ ,Bu,), foreachn € Nand 0 <t <--- <t, <t

Remark 1.3 We can prove that, for each to > 0, (Biti, — Biy)i>o is a G-

Brownian motion. For each A > 0, ()féB)\t)tzo 18 also a G-Brownian motion.
This is the scaling property of G-Brownian motion, which is the same as that
of the classical Brownian motion.

We will denote in the rest of this book
B2 = (a,B;) for eacha = (a1, --,aq)" € R%

By the above definition we have the following proposition which is important
in stochastic calculus.

Proposition 1.4 Let (B;);>0 be a d-dimensional G-Brownian motion on a
sublinear expectation space (0, H,E). Then (B2)i>0 is a 1-dimensional Ga-

Brownian motion for each a €R?, where Ga(e) = 3(02 rat — 0% _ra7),
UiaT = 2G(aaT) = EKav B1>2]; O'Q,aaT = _2G(_aaT) = —E[—(a, Bl>2].

In particular, for each t,s >0, B, , — B} < N({0} x [s0? 7,502, 7]).
Proposition 1.5 For each convex function ¢ , we have

2

1 o0
= [ el 5
27TSO’§aT —oo 250 o1

For each concave function ¢ and aiaaT > 0, we have

Elp(Bfys — Bf )da.

2

1 oo
B} = 7/ z)exp(———s——
i)l Femc p(x) exp( 7507
—aa

In particular, we have
E[(Bf — BY)?) = 02e(t — 5),  EI(BY — BY'] = 304 (t — 5)2,
E[—(B} = BY)’] = =02 par(t = 5),  E[~(B} = B2)"] = =302 r (t — 5)*.

—aaT —aaT

Elp(B s — )d.

The following theorem gives a characterization of G-Brownian motion.

Theorem 1.6 Let (B;)i>0 be a d-dimensional process defined on a sublinear
expectation space (0, H,E) such that

(i) Bo(w)=0;

(ii) For each t,s > 0, Byys— By and By are identically distributed and By — By
is independent from (By,, By, -+ , By, ), foreachn € Nand0<t; <--- <t, <
t.

(lll) E[Bt] = E[—Bt] =0 and limtio E[|Bt|3]t_l =0.
Then (By)i>o0 is a G-Brownian motion with G(A) = 3E[(ABy, B1)], A € S(d).
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Proof. We only need to prove that B; is G-normal distributed and By 4 ViB;.
We first prove that

E[(AB,, B;)] = 2G(A)t, A e S(d).
For each given A € S(d), we set b(t) =E[(ABy, B;)]. Then b(0) =0 and |b(t)| <
|A|(E[|B;]?])?/® — 0 as t — 0. Since for each t,s > 0,
b(t + s) = E[(ABys, Biys)] = EKA(BH-S — By + B;), Biys — Bs + Bs)]
EKA(BHS - Bs)a (Bt+s - BS)> + <ABS, BS> + 2<A(Bt+s - BS)7 Bs>]
b(t) +b(s),
we have b(t) = b(1)t =2G(A)t.

We now prove that By is G-normal distributed and By 4 VtB:. For this,
we just need to prove that, for each fixed ¢ € Cy.rip (R%), the function

u(t,x) := Elp(x + By)], (t,2) € [0,00) x R?
is the viscosity solution of the following G-heat equation:
O — G(D*u) =0, uli—o = . (1.1)

We first prove that u is Lipschitz in z and %-Hélder continuous in ¢. In fact,
for each fixed t, u(t,-) €Cy 1ip(R?) since

lu(t,z) —u(t,y)| = [Elp(z + By)] — Elp(y + By)]|
< E[l¢(z + Bt) — ¢(y + Bi)|]
< Clz -y,

where C' is Lipschitz constant of ¢.
For each ¢ € [0,t], since B; — Bs is independent from By, we also have

u(t,z) = Elp(x + Bs + (B: — Bs))
= E[E[cp(y + (Bt - B5))]y:I+Bs]7
hence
u(t,z) = Elu(t — §,z + By)]- (1.2)
Thus

u(t, z) —u(t = 6,2)| = [Efu(t — 0,2 + Bs) — u(t — 6, 2)]|
< El|u(t — §,2 + Bs) — u(t — 6, 2)|]
< E[C|Bs|] < Cv/2G(I)V5.
To prove that u is a viscosity solution of (LLI)), we fix (t,x) € (0,00) x R? and
let v € C%([0,00) x R?) be such that v > u and v(t,z) = u(t,x). From (L2)

we have
v(t,x) = E[u(t — §,z + Bs)] < E[v(t — 6, + Bs)].
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Therefore by Taylor’s expansion,
0 <E[v(t — 6,2 + Bs) — v(t,x)]
=E[v(t —§,2 4+ Bs) — v(t,x + Bs) + (v(t,x + Bs) — v(t, x))]

= E[-0w(t,2)0 + (Dv(t,x), Bs) + %(D%(t, x)Bs, Bs) + Is]

< —0p(t,2)s + %E[(D%(t, 2)Bs, Bs)] + E[I]
= —0w(t,x)6 + G(D*v(t,x))s + E[I5],

where

1
Is = / —[0vv(t — 86, @ + Bs) — dyo(t, x)]ddp
0

11
+ / / (D*v(t,x + affBs) — D*v(t, x))Bs, Bs)adfda.
0o Jo

With the assumption (iii) we can check that lims o E[|I5|]6~* = 0, from which we
get Qyv(t, r) — G(D?v(t,z)) < 0, hence u is a viscosity subsolution of ([LT]). We
can analogously prove that u is a viscosity supersolution. Thus u is a viscosity
solution and (B;);>0 is a G-Brownian motion. The proof is complete. O

Exercise 1.7 Let B, be a 1-dimensional Brownian motion, and By < N({0} x
[02,52]). Prove that for each m € N,

BB, = 2(m — DIE™t% /2 m is odd,
T (m-1)EmtE m is even.

§2 Existence of G-Brownian Motion

In the rest of this book, we denote by Q = C4(R™T) the space of all R%valued
continuous paths (w;)ier+, with wo = 0, equipped with the distance

plw',w?) =" 27 [(max | = wl) ALl
i=1 "

For each fixed T' € [0,00), we set Qp := {w.ar : w € Q}. We will consider the
canonical process B (w) = wy, t € [0, 00), for w € Q.
For each fixed T € [0, c0), we set

L'L'p(QT) = {<P(Bt1/\T7 te 7Btn/\T) n e N; tla e atn € [Oa OO), (7S] Ol.Lip(Rdxn) }
It is clear that L;,(2)CL;p(Qr), for t <T. We also set

Lip(Q) := | Lip(Q)-
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Remark 2.1 [t is clear that C 1;(R¥*™), Liy(Qr) and Liy(Q) are vector lat-
tices. Moreover, note that ¢, € Cyrip(R™) imply ¢ - € C) 1ip(R¥*™),
then X, Y €L;p(Qr) imply X - Y €L;p,(Qr). In particular, for each t € [0, 00),
B; € Lip (Q)

Let G(-) : S(d) — R be a given monotonic and sublinear function. In the
following, we want to construct a sublinear expectation on (2, L;p(£2)) such
that the canonical process (By)¢>o is a G-Brownian motion. For this, we first
construct a sequence of d-dimensional random vectors (§;)52; on a sublinear
expectation space (ﬁ,ﬁ,INE) such that ¢&; is G-normal distributed and &1 is
independent from (&1,---,&;) for each i =1,2,---.

We now introduce a sublinear expectation E defined on L;p(92) via the fol-
lowing procedure: for each X € L;,(Q2) with

X = ¢(Bt, — By, Bt, = Biy, -+, By, — By, ;)

for some ¢ € C’l_LZ—p(RdX") and 0 =tg <t; < -+ < t, < o0, we set

E[‘P(Btl - BtoaBt2 - Btn e 7Btn - Btn—l)]
= Elp(VE — tof1, s V/tn — ta1&n)]-

The related conditional expectation of X = ¢(By,, B, — By, -+, B, —
By, _,) under €y, is defined by

E[X|Qt]] = E[@(Btl’Bt2 - Btu U 7Btn - Btn71)|Qtj] (23)

where

1/)(171a"' aIJ) :E[<P('rla y Ljs A/ tj+1 _tj§J+17 sV t’n._t'n,fl 'n,)]

It is easy to check that IE[] consistently defines a sublinear expectation on

L;p(22) and (By)i>0 is a G-Brownian motion. Since L;,(Q7)CL;,p(2), E[] is also
a sublinear expectation on Ly, (7).

Definition 2.2 The sublinear expectation K[-]: Lip(2) — R defined through the
above procedure is called a G—expectation. The corresponding canonical process

(Bt)i>0 on the sublinear expectation space (2, Lip(2), E) is called a G-Brownian
motion.

In the rest of this book, when we talk about G-Brownian motion, we mean
that the canonical process (By):>o is under G-expectation.

Proposition 2.3 We list the properties of K[|€%] that hold for each X, Y €Liy(2):
(i) If X >V, then B[X|Q] > E[Y|Q].
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(i) E[n|Q%] =n, for eacht € [0,00) and n €Lip(Q).
(i) E[X|Q]) - B[Y]Q] <E[X - Y|0).
(iv) E[nX[Q] = n"E[X|Q] + 0~ E[-X|Q] for each n € Li(Q).
(v) E[E[X]|Q]|Qs] = E[X|Q4ns], in particular, E[E[X]|Q,]] = E[X].
For each X € L;, (), RE[X|Q] = E[X], where L, (") is the linear space of

random variables with the form
@©(Bt, — By, Bt, — By, By, — Bi,),
n=12-, ¢€CrLpR™™), t1, -+ ,ty,tay1 € [t,00).
Remark 2.4 (ii) and (iil) imply
E[X +n|Q] = B[X[Q] + 71 for n € Lip().

We now consider the completion of sublinear expectation space (€, L, (2), E).

We denote by LZ(Q2), p > 1, the completion of L;,(€2) under the norm
1X1l, == (E[|X|P)/?. Similarly, we can define L% (Qr), L%(Q%) and LE(QF).
It is clear that for each 0 < ¢ < T < oo, L () C LE(Qr) € L(Q).

According to SecH] in Chaplll IET[] can be continuously extended to a sub-
linear expectation on (€, L5(Q)) still denoted by E[-]. We now consider the
extension of conditional expectations. For each fixed t < T, the conditional
G-expectation E[|€] : Li,(Qr) — Liy(€) is a continuous mapping under ||-||.
Indeed, we have

E[X|] - B[Y|Q] < E[X - Y] < E[|X - Y|,

then A A R
IE[X[Q] — E[Y|]] < E[|X — Y|S].

We thus obtain
|Bix 10 - B i) | < 1x - Y.

It follows that E[-|Q] can be also extended as a continuous mapping
E[-|] : L&(Qr) = L ().
If the above T is not fixed, then we can obtain E[-|Q¢] : L5 (Q) — L& ().

Remark 2.5 The above proposition also holds for X,Y € L5(Q). But in (iv),
n € L§(S%) should be bounded, since X,Y € L§(Q) does not imply X - Y €

In particular, we have the following independence:

E[X|Q] =E[X], VX € L&(Q).

We give the following definition similar to the classical one:
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Definition 2.6 An n-dimensional random vector Y € (L§(Q))™ is said to be
independent from Q for some given t if for each ¢ € Cp rip(R™) we have

Elp(Y)[€] = Ele(Y)].
Remark 2.7 Just as in the classical situation, the increments of G-Brownian
motion (Biys — Bi)s>0 are independent from Q.

The following property is very useful.
= —R[-Y|Q], for

Proposition 2.8 Let X,Y € L5(Q) be such that E[Y|Q] =
some t € [0, T]. Then we have

E[X +Y|Q] = E[X|Q] + E[Y]].
In particular, if B[Y|Q] = Eg[=Y|Q] = 0, then E[X + Y|Q] = E[X|Q].

Proof. This follows from the following two inequalities:

E[X + Y|Q] < E[X|Q] + E[Y|Q],
E[X +Y|Q] > E[X|Q] - B[-Y|Q] = E[X|Q] + E[Y]Q].
O
Example 2.9 For each fived a €R?%, s < t, we have
E[B} - B2|Q,] =0, E[-(B} — B2)|2] =0,
E[(B} — B2|]) = 020r (t = 5),  B[—(Bf = B2)?|Q) = =07 pur (t — 9),
(t - 5)25

4

E[(Bf - B)'Q] = 30,r (t — 5)°, E[=(Bf = B)'Q] = =30 0

where 02, =2G(aa’) and 0? __, = —2G(—aa’).
Example 2.10 For each a€R% n € N, 0 <t < T, X € LL() and ¢ €
Ci.rip(R), we have

E[X¢(Bf — BY)|] = X" Elp(Bf — BY)|] + X E[~0(B} — B})|]
= X*E[p(B} — BY)] + X E[~w(B} — BY)).

In particular, we have
E[X (B} — BY)|Q] = X TE[(B} — BY)| + X E[-(B} — B)] = 0.

This, together with Proposition [2.8, yields
E[Y + X(Bf — BY)|%4] = E[Y|Q], Y € Ls(9).
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We also have
E[X (B} — BY)?|] = XE[(Bf — B)’] + X E[-(B} — B})?]

=XVl — X 0 (T —t)
and

E[X(Bf — B} ') = XVE[(Bf — BY)* ']+ X E[-(B} - BY)*™ ]

= | X[E[(Bf_,)" ).
Example 2.11 Since
E[2B2(B} - B2)|Q] = E[-2B3 (B} — B[] =
we have
E[(Bf)* — (B2)*|Q] = E[(Bf — B2 + B2)” — (B2)*|]

E[(Bf — B2) +2(B} — B2)B2[Q]
ia (t—s).

Exercise 2.12 Show that if X € Lip(Qr) and E[X] = —E[-X], then E[X] =
Ep[X], where P is a Wiener measure on €.

Exercise 2.13 For each s,t > 0, we set Bj := Byys — Bs. Let n = (mj);-i)j:l S
L§(25S(d)). Prove that

E[(nB;, B)|2] = 2G(n)t.

83 Ito’s Integral with G—Brownian Motion

Definition 3.1 For T € RT, a partition w1 of [0,T] is a finite ordered subset
mr = {to,t1, -+ ,tn} such that 0 =g <t <--- <ty =T.

w(mp) :=max{|t;y1 —t;| : 1=0,1,--- N —1}.

We use ml = {tIV, t]V,--- [t¥} to denote a sequence of partitions of [0, T such
that im0 u(7) = 0.

Let p > 1 be fixed. We consider the following type of simple processes: for
a given partition mp = {to, -+ ,tn} of [0,T] we set

Z (W)Xt t40) (1)

where &, € L%,(Q,), k =0,1,2,--- ,N — 1 are given. The collection of these
processes is denoted by Mg’O(O, 7).
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Definition 3.2 For an n € Mg’O(O,T) with n(w) = Zg;(f S (W)t 1) (1),
the related Bochner integral is

T N—-1
| it i= Y- @itnn - ).
0 k=0
For each 7 € M%°(0,T), we set
_ R T . N—-1
Barln) = B[ mdt] = ZB1Y 6u0) (0 — 1))
0 k=0

It is easy to check that Er: M 8’0(0, T) — R forms a sublinear expectation. We
then can introduce a natural norm |[|[5z (0,7, under which, Mg’O(O, T) can be
extended to M5 (0,T) which is a Banach space.

Definition 3.3 For each p > 1, we denote by M{(0,T) the completion of
MgP°(0,T) under the norm

T
Hn”Mé(O,T) = {E[/o |77t|pdt]}

It is clear that MZ(0,T) D MA(0,T) for 1 < p < q. We also use M (0,T;R™)
for all n-dimensional stochastic processes n; = (n},---,n), t > 0 with 5} €
ME(0,T),i=1,2,--- ,n.

We now give the definition of It6’s integral. For simplicity, we first introduce
It0’s integral with respect to 1-dimensional G—Brownian motion.

Let (B;)¢>0 be a 1-dimensional G-Brownian motion with G(a) = 3(5%a™ —

a?a”™), where 0 < g < & < o0.

Definition 3.4 For each n € Mé’O(O,T) of the form

1/p

N—-1
nt(w) = Z gj (w)I[tj;tj+1)(t)’
§=0

we define
N-1

T
1(77) :‘/0 ntdBt = Z é—j(Btj+1 - Btj)-

Jj=0

Lemma 3.5 The mapping I : MZ°(0,T) — L%(Qr) is a continuous linear
mapping and thus can be continuously extended to I : MZ(0,T) — L%(Qr).
We have

T
E[/(J nedB:] =0, (34)

T T
Bl [ nan?) < o8| o, (3.5)
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Proof. From Example 210} for each 7,
E[ﬁj(Btj«#l - Btj)|Qtj] = E[_gj (Btj+1 - Btj)lgtj] =0.
We have

T R tN—1
E[/ ntdBt] = E[/ nedBy + §N—l(BtN - BtN—l)]
0 0

Il
=

tN—1 R
[ / 0dBy + Elen—1(Biy — Biy_)|Qn ]
0

R tN—1
]E[/ ntdBy).
0

Then we can repeat this procedure to obtain (3.4]).
We now give the proof of (3. Firstly, from Example 210, we have

B " ndB)?) = B (/ By + €y (Buy Bm))Q]
2

. tN—1
= E[ (/ ntdBt> + 5]2\[—1(3151\7 - BtN—l)z
0

tN -1
+ 2 (/ ntdBt) fN—l(BtN - BtN—l)]
0
2

— & ( / mdBt> £ &\ (Buy — By )]

. N—-1
= =R[Y &(Bi,, - B.)Y.
1=0

Then, for each ¢ =0,1,--- , N — 1, we have
B¢} (Biiyy — Bt,)* —77€ (ti1 — )]
=BR[] (By.y, — Br,)” —7°& (L — £5)|9,]]
=E[67 (tip1 — ti) — & (tiy1 — ;)] = 0.

Finally, we have

R T ) N-1
BI( [ mdB =By € (B, - B
0 i=
R N—-1 N-—1 ) N—-1
<E[Y & (B, — Bi) = Y 58 (b — 1) + B[ 72 (tir1 — 1))
N—TOA = . N—-1 o
<N EEHBi,, — B)? =5 (tigr — )] + B)Y | 722 (i1 — 1)
i=0 =0

R R T
~E[Y 762t — 0] = 7Bl [ ]
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O
Definition 3.6 We define, for a fivzed n € MZ(0,T), the stochastic integral

T
/ ntdBt = I(’I])
0

It is clear that ([34) and ([B.35) still hold for n € MA(0,T).
We list some main properties of It6’s integral of G—Brownian motion. We
denote, for some 0 < s <t < T,

t T
/ NudBy := / I, 4 (u)nudB.,.
s 0

Proposition 3.7 Let 1,0 € Mé(O,T) and let 0 < s <r <t <T. Then we
have

() [ udBo = |7 udBo + [* 1udBy.
(i) [H(nu +60.)dB, = a ['1,dBy + [! 0,dBuy, if a is bounded and in L5 (S).
(i) B[X + [ ndB.|Q) = B[X|Q]  for X € LL(Q).

We now consider the multi-dimensional case. Let G(-) : S(d) — R be a
given monotonic and sublinear function and let (B;);>0 be a d-dimensional G-
Brownian motion. For each fixed a €R?, we still use B2 := (a, B;). Then

(B#)¢>0 is a 1-dimensional Ga—Brownian motion with Ga(a) = (02 ;o —

o2 .ra”), where 02, = 2G(aa”) and 02 __, = —2G(—aa’). Similar to 1-

dimensional case, we can define It6’s integral by

T
1) = [ mdBg, for € MEO.T)
0

We still have, for each n € MZ(0,T),

T
| / ndB2) = 0,
0

T T
BI( | mdBy)?) < 2Bl ]
0 0
Furthermore, Proposition [37 still holds for the integral with respect to B2.
Exercise 3.8 Prove that, for a fized n € MZ(0,T),

> T 2 > r 2 —21% r 2
Bl ot <Bl( [ man) <oBl [ o]

where @ = E[B2?] and o? = —K[—-B2].
Exercise 3.9 Prove that, for each n € M} (0,T), we have

Bl ) < / " &l 7t
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84 Quadratic Variation Process of G—Brownian
Motion

We first consider the quadratic variation process of 1-dimensional G-Brownian
motion (By)i>o with By 4 N({0} x [¢2,5%]). Let #)¥, N = 1,2,---, be a
sequence of partitions of [0,t]. We consider

N-1
B =) (Bix — B
7=0
N-1 N-1
_ 2
- 2Bt]f." (Bt;V+1 - Bt;") + Z (Btjf.\’+1 - BtJN) :
j=0 j=0

As p(mN) — 0, the first term of the right side converges to 2 fot BsdB; in L,(9).
The second term must be convergent. We denote its limit by (B),, i.e.,

N—-1 +
(B), == § 1;3?% JZO (Bu,, — Bw)* = B} — 2/0 B.dB,. (4.6)
By the above construction, ((B),)¢>0 is an increasing process with (B), = 0.
We call it the quadratic variation process of the G-Brownian motion B.
It characterizes the part of statistic uncertainty of G-Brownian motion. It is
important to keep in mind that (B), is not a deterministic process unless =g,
i.e., when (B;)i>0 is a classical Brownian motion. In fact we have the following
lemma.

Lemma 4.1 For each 0 < s <t < oo, we have
E[(B), - (B),|Q] = 0°(t — s),
E[-((B), — (B),)|] = —a*(t — 9).

Proof. By the definition of (B) and Proposition 3.1 (iii),

B((3), ~ (B),10.] = B152 ~ B2 > [ Bas.jo)

S

= RE[B? — B?|Q,] = 52(t — s).

The last step follows from Example 2111 We then have (£7). The equality
([ER) can be proved analogously with the consideration of E[—(B2 — B2)|Q,]=
—a?(t — s). O

A very interesting point of the quadratic variation process (B) is, just like
the G-Brownian motion B itself, the increment (B)_,, — (B), is independent
from €, and identically distributed with (B),. In fact we have
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Lemma 4.2 For each fized s,t > 0, (B)
(B), and independent from .

(B), 1is identically distributed with

s+t - S

Proof. The results follow directly from
s+t s
(B = (B), =B —2 [ Bdb, - (B2 =2 [ B.aB)
0 0
s+t
= (Bsyt — Bs)? — 2/ (B, — B,)d(B, — B,)
= <Bs>t )
where (B*) is the quadratic variation process of the G-Brownian motion B} =
Byt — Bs, t > 0. O

We now define the integral of a process n € ML(0,T) with respect to (B).
We first define a mapping:

Qur(n) = [ md(B), = 3 &(B),,, - (B),): My (0.T) = Li(@r).

Lemma 4.3 For each n € MCITJO(O, T),

. . T
B[1Qo.r(n)]) < 58| / ). (4.9)

Thus Qo,r : Mé’O(O,T) —L&(Qr) is a continuous linear mapping. Conse-
quently, Qo can be uniquely extended to ME(0,T). We still denote this map-
ping by

T
/O md (B, = Qor(n) forn € ME(0,T).

We still have

T T
i / md<B>tnsf}2E[/o ldt] forn € ME0.T).  (4.10)

Proof. Firstly, for each j =1,--- | N — 1, we have
E[&1((B)ty 40 — (Bliy) = 2151 (41 — 1)

=E[E[|&((B),,, — (B)i,)|%,] — 721&;|(tj1 — t)]
E[l&[°(tj+1 — t;) — T21&|(tj41 — )] = 0.
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Then (@9]) can be checked as follows:

N-—1
fEnZ&j«BnM— , stZm B), . — (B),]
) N-—1
Zm Bl — (B),) — (51 — )] + Bl0? 3 161t 10
j=0 7=0
N— 1A ) N—-1
B (B, — (B)r,) — 72 (1 — )] + BB S 6]t
i=0 =0
N—-1 T
FO| (b1 — )] = E[/O e d].

Proposition 4.4 Let 0 < s <t, £ € L%(Qs), X €LL(Q). Then

E[X +¢(B] - BY)] = E[X +¢(B, - B,)’]
E[X +£((B), — (B),)].
Proof. By () and Proposition [31 (iii), we have

BIX + €5~ B2 = BIX +£(8), ~ (B), +2 [ BudBu)

E[X +£((B), — (B),)].

We also have

E[X +&((B; — Bs)? +2(B, — Bs)By)]
E[X + &(B; — B,).

E[X +¢(BF - BY)]

We have the following isometry.

Proposition 4.5 Let n € MZ(0,T). Then

T T
i[( / mdBm:fE[/o 72 (B),).

Proof.  We first consider n € Mé’O(O, T) of the form

N-1

§J t],t]+1) )
7=0

t;))

—t;)]

(4.11)
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and then fOT ndBy = E;V:_Ol &i(Bt,,, — By;). From Proposition 3.7, we get

E[X +2&(By,,, — By,)&(By,,, — Bi,)] = E[X] for X € L§(9Q), i # .

Thus
. T R N-1 R N-1
E[(/ ntdBt)2] = E[(Z gj (Btj+1 - Btj))2] = E[ ggz'(Btj+1 - Btj)2]'
0 =0 =0

From this and Proposition 4] it follows that
T T
B[ man?) = Z (B, ~ B, =E [ wtam))

Thus (@II) holds for n € Mé’O(O, T). We can continuously extend the above
equality to the case n € MZ(0,T) and get ({1T). O

We now consider the multi-dimensional case. Let (B;):>0 be a d-dimensional
G-Brownian motion. For each fixed a €RY, (B2);>¢ is a 1-dimensional Ga—
Brownian motion. Similar to 1-dimensional case, we can define

t
B*), = i Blv - B B2dB?,
< ln)l—>0 Z ]+1 ( t) /0 s s

where (B?) is called the quadratic variation process of B*. The above
results also hold for (B?). In particular,

T T
&) / md<Ba>tusU§aTI€[/ mildf] for € ME(0,T)
0 0

and

T T
£ / mdBf>21—E[/0 72d (B, for n € M2(0,T).

Let a = (ay,---,aq)” and a = (ay,--- ,aq)” be two given vectors in R?. We
then have their quadratic variation processes of (B?) and (B®). We can define
their mutual variation process by

_ 1 _ _
<Ba7Ba>t = Z[<Ba+Ba>t - <Ba - Ba>t]
1 _ L
= Z[<Ba+a>t - <Ba a>t]'
Since (B*®) = (B3 2) = (—B*®), we see that (B* B*), = (B* B*),. In
particular, we have (B2 B®) = (B2). Let 7V, N = 1,2,---, be a sequence of
partitions of [0,¢]. We observe that

=2

N—
a a a 1 a+a a+a a—a a—a
( tkN+1_ tfcv)( tfc\7+ _Z B e Bt;:r) (B Btk )2]
k=0

4 trt1 tht1

>
Il
=)
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Thus as u(r¥) — 0 we have

N-1
i, 37 (B, ~ BB, - B = (B 5%,

N —o00

We also have

<Ba7 B5.>t — [<Ba+§>t _ <Ba—a>t]

g I N

¢ t
(B =2 [ Brtaps - ez [ B tane
0 0
= B}B; — / B2dB2 — / B2dB3.
0 0
Now for each n € M}(0,T), we can consistently define
T _ 1 T _ 1 T _
/ T]td <Ba, Ba>t = Z / ﬁtd <Ba+a>t — Z / ﬁtd <Ba_a>t .
0 0 0
Lemma 4.6 Let nV € Mé’O(O,T), N =1,2,---, be of the form
e (W) = fljcv(W)I[tQ’,tkN+l)(t)

with p(r7) = 0 and N — n in MZ(0,T), as N — oo. Then we have the
following convergence in LZ(Qr):

N-1 T
N _ _ _
> By, - BB, - 2= [ ma (s 5%,
=0
Proof. Since
<Ba’Bé>tkN+l - <Ba’Ba>t§f :( ?fchrl - ta;c\])( iv+1 - ’iv)

tzkv+1 a a a tkN+l a a a
_/t (Bs - tkN)st _/t (Bs _Btzkv)st7

N r
we only need to prove
N thi -
BIS (N[, (B2 - BB

k=0 by
For each k =1,--- ,N — 1, we have

BlEY?( [, (B2 — B )dBE? - O Ptk — )
BB (B2 — By BRI - CE Pt — 1)

k

<E[CE ) (t — ) = C&)* (R — )1 =0,
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where C = U TUQET/2
Thus we have

L N-L thp _
BIS ()2, (B2 - By
k=0 ty
LNl thi _
<BIY (@[ (B2 - By)aBI - ol — )
k=0 ty
N—-1
+ [Z CEN ) (R — 1))
k=0
N-—-1 . ti\’+1 ~
BGYPL [ (B2~ BB - Cely — 1))
k=0 ty
N—-1
+ [Z CEN ) (R — 1))
k=0
-1 ) T
Z P =) < CuleEL [ P,
As p(m) — 0, the proof is complete. O

Exercise 4.7 Let B, be a 1-dimensional G-Brownian motion and ¢ be a bounded
and Lipschitz function on R. Show that
 N-1
tim B Y ¢(Bp)[(Biy . — Bu)? — (Bl — (Bl Il = 0,

N—ooo k+1 k
k=0

where tY = kT/N,k=0,2,--- N — 1.

)

Exercise 4.8 Prove that, for a fized n € M}(0,T),

T T T
21 G 27
QE[/O Imldt]SE[/O |nt|d<B>t1sUE[/0 e,

where 7° = B[B2] and o2 = —K[—B2].

§5 The Distribution of (B)

In this section, we first consider the 1-dimensional G-Brownian motion (By)¢>o
with By £ N({0} x [02, 52]).
The quadratic variation process (B) of G-Brownian motion B is a very in-

teresting process. We have seen that the G-Brownian motion B is a typical
process with variance uncertainty but without mean-uncertainty. In fact, (B) is
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concentrated all uncertainty of the G-Brownian motion B. Moreover, (B) itself
is a typical process with mean-uncertainty. This fact will be applied to measure
the mean-uncertainty of risk positions.

Lemma 5.1 We have
E[(B)7] < 1052 (5.12)

Proof. Indeed,

E((B)¢] = E[(B,* -2 /Ot BudB.)’]

t
< 2R[B} + 8E[( / B.dB,)?]
0
R t
< 65 + 85°E| / B, dul
0
t A
< 66** + 852 / E[B,*]du
0
= 105%2.

O

Proposition 5.2 Let (bt)i>0 be a process on a sublinear expectation space (2, H,E)
such that

(1) bo = 0,’
(ii) For eacht,s >0, byys — by is identically distributed with by and independent
from (be,, by, -+ ,be,) for eachn € N and 0 < tq1,--- ,t, <t;

(iii) limy o E[b2])t~! = 0.
Then by is N ([ut,fit] x {0})-distributed with 7@ = E[bi] and p = —E[—by].

Proof. We first prove that

E[b;] = @it and — E[—bs] = pt.

We set o(t) := E[b;]. Then ©(0) = 0 and limyj ¢(t) =0. Since for each t,s > 0,

ot +s) =E[beys] = E[(bt-i-s — bs) + b
(t) +¢(s).

Thus () is linear and uniformly continuous in ¢, which means that &[b;] = 7t.
Similarly —E[—b,] = put.

We now prove that b, is N([ut,7it] x {0})-distributed. By Exercise [LI7 in
ChaplIll we just need to prove that for each fixed ¢ € Cj, Lip(R), the function

u(t,z) = Elp(z + b)), (t,z)€[0,00) x R
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is the viscosity solution of the following parabolic PDE:
du—g(0pu) =0, ufi=o=¢ (5.13)

with g(a) = a™ — pa™.
We first prove that u is Lipschitz in  and %—Hélder continuous in ¢. In fact,
for each fixed ¢, u(t,-) €Ch.rip(R) since

Elp(z + b)) — Elp(y + b)]| < Ellp(@ +be) — @y + bo)]]
< Clz -yl

For each ¢ € [0, ], since b; — bs is independent from by, we have

u(t,z) = E[p(z + bs + (by — bs)]
E[E[p(y + (b — bs))]y=a-tbs];

hence
u(t,z) = Elu(t — 6,z + bs)). (5.14)

Thus

[Efu(t — 6,2 + bs) — u(t — 6, 2)]|
< Ef|u(t — 6,2 + bs) — u(t — §,)]]
< E[Clbs]] < C1V5.

lu(t, x) — u(t — 0, x)|

To prove that u is a viscosity solution of the PDE (5.13]), we fix a point
(t,x) € (0,00) x R and let v € CP*([0,00) x R) be such that v > wu and
v(t,x) = u(t,z). From (EI4), we have

v(t,z) = Elu(t — 6,2 + bs)] < E[o(t — 8,z + bs)].
Therefore, by Taylor’s expansion,
[v(t — 8,2+ bs) — v(t, x)]
[v(t — 3,24+ bs) —v(t,x + bs) + (v(t, z + bs) — v(t,x))]
E[-0w(t,2)d + Opv(t, x)bs + Is]
—Op(t, 2)6 + K[, v(t, 2)bs] + E[Is]
—8{0(15, {E)5 + g(aiv(ta I))(S + E[I5]7

Il
=

0<E

IN

where
1
Is = 5/ [Ow(t — Bd, x + bs) + Opv(t, x)]dS
0

1
+ b(;/ [0.v(t, x 4+ Bbs) — Ov(t, z)]dS.
0
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With the assumption that lim oE[b?]¢t~! = 0, we can check that
HmE([|Zs[)6~" =
im B(|I5[jo~" =0,

from which we get d;v(t, ) — g(9;v(t,x)) < 0, hence u is a viscosity subsolution
of (BI3). We can analogously prove that u is also a viscosity supersolution. It
follows that b; is N ([ut, it] x {0})-distributed. The proof is complete. O

It is clear that <§> satisfies all the conditions in the Proposition 52 thus
we immediately have

Theorem 5.3 (B), is N([o?t,52t]x{0})-distributed, i.e., for each ¢ € Cy.Lip(R),

Elp((B),)] = sup o(vt). (5.15)

g2<v<52
Corollary 5.4 For each 0 <t <T < 0o, we have
X (T =) < (B)p — (B), <X (T —t) in Lg(9).

Proof. It is a direct consequence of

E[({B)y — (B), =a*(T = 1))*] = sup (v=0°)"(T'~t)=0

o2<v<5?

and
E((B)y — (B), ~o*(T =) ] = _swp_(v=0) (T =) =0.
O
Corollary 5.5 We have, for each t,s >0, n € N,
E[((B),,, — (B),)"Q] = E[(B)}] = 5°"¢" (5.16)
and
E[=((B),y, — (B))"|%] = E[- (B)}] = —a™"¢". (5.17)

We now consider the multi-dimensional case. For notational simplicity, we
denote by B? := B®i the i-th coordinate of the G-Brownian motion B, under a
given orthonormal basis (ey,--- ,e4) of R?. We denote

(<B>t)ij = <Bi7Bj>t'
Then (B),, t > 0, is an S(d)-valued process. Since

E[(AB;, By)] = 2G(A)t for A € S(d),
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we have

d
E[ Y ai; (B',B7),

i,j=1

t
B ay(BB] - / BB - | BlaB))
0 0

ij=1

E>

d
=E[> a;B{B]] =2G(A)t for A € S(d),

i,7=1

where (aij)ﬁjzl = A.
Now we set, for each ¢ € Cj.1;p(S(d)),

v(t, X) == E[p(X + (B),)], (t,X)€[0,00) x S(d).

Let ¥ C Si(d) be the bounded, convex and closed subset such that

G(A) = %Zté% (A,B), AeS(d).

Proposition 5.6 The function v solves the following first order PDE:
0w — 2G(Dv) =0, v|t—0 = ¢,

where Dv = (0,,,v)¢

ij=1- We also have

v(t, X) = 216112) o(X +tA).

Sketch of the Proof. We have

olt +8,X) = Blp(X + (B); + (B), 5 — (B)y)]
=E[v(t, X + (B)s)]-
The rest part of the proof is similar to the 1-dimensional case. [
Corollary 5.7 We have
(B), et :={txy:vyeX},
or equivalently, ds;((B),) = 0, where dy(X) = inf{\/(X - Y, X —-Y):Y € U}.
Proof. Since .
Eldin((B),)] = sup dix(tA) =0,

it follows that dix((B),) = 0. O

Exercise 5.8 Complete the proof of Proposition [5.0.
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86 G—Ito’s Formula

In this section, we give It6’s formula for a “G-It6 process” X. For simplicity,
we first consider the case of the function @ is sufficiently regular.

Lemma 6.1 Let ® € C?*(R") with 9,v®, (’ﬁuwufb € CpripR™) for p,v =

1,---,n. Lets € [0,T] be fired and let X = (X, , X"™)T be an n—dimensional
process on [s,T] of the form

Xy =X!+a(t—s)+n" (B, B)), — (B',B7) ) + 8" (B] — B]),
where, forv=1,---,n,i,j=1,---,d, o, n*% and %7 are bounded elements

in L% () and Xg = (X1, -+, X7 is a given random vector in L%,(S)s). Then
we have, in L% (),

t ) ) t
<I>(Xt)—<1>(XS):/ 8mu<1>(Xu)[3’”dB]u+/ Dpe B(X,) 0" du (6.18)

t
+/ [0 ®( X )1 + azw (X,)pHB*9)d (B",B7),

Here we use the , i.e., the above repeated indices pu,v, i and j imply the sum-
mation.

Proof. For each positive integer N, we set § = (¢t —s)/N and take the partition

St] =t N, Ny ={s,54+0,--- , 5+ N5 =t}.
We have
N—1
B(X) ~ B(X) = S [B(Xpy ) — B(X,y) (6.19)
k=0
N-1
= {awu(b(XtN)(X k+1 - tug)
k=0
1 v v
10 DX ) (Xf = XB(XG = Xi) + i),
where
[‘ﬁuzv (thN +9k(thN+1_Xt§g’)) 6mHzV(I)(XtN )](thzvﬂ_X&V)( f;c\fﬂ_ tV;CV)

with 0 € [0,1]. We have
Ellnd 2] = B[00 (X + 06(Xpy, | — Xp)) — Do ®(X0)]
v v 2
(Xé\;l _XtHN)( tkN+1 - tfg’)' ]

<c HthNH - thN| | < C[6° + 67,
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where c is the Lipschitz constant of {92, .. @}, and C is a constant inde-
pendent of k. Thus

N—-1 N-—1
E|Y aPI<N> E
k=0 k=0

The rest terms in the summation of the right side of (6I9) are &Y + ¢V with

N-1
@ kzo{aqu’(Xtﬁ)[aU(tkNﬂ ty) + 0" (B, Bj>tkN+1 <Bl’BJ>tkN)
BBl B+ 50 (X )35 By~ Bly) (Bl ~ Biy))

and

Z oo (X ){[0 (51 — 1) + 0" ((B', BY)

k+1

<Bi’Bj>tkN)]

X [a (tk+1 — )+ (BB = (BLB™) )]

+ 200’ (i — ) + 0" (B B )y = (B BY) )18 (B, — By )}
We observe that, for each u € [t} , 7, ),

N—-1
B0y ®(X,) = Y 0w ®(X,n)T
k

=0
Haﬂc”q)( u) _az’/q)( tkN)| ]
< PE[ Xy — X P] < Cl6 + 67,

(w)]?]

tN 4N
th otre1)

where ¢ is the Lipschitz constant of {9,»®}7_, and C' is a constant independent
of k. Thus YN ' v (X3 ) o () converges to 9,v®(X.) in MZ(0,T).
Similarly, Y0 a%umy(b(thN)I[tkNﬁti\;l)(') converges to 92, ®(X.) in MZ(0,T).

From Lemma (4.6 as well as the definitions of the integrations of dt, dB; and
d(B),, the limit of & in L% () is just the right hand side of (6I8). By the
next Remark we also have (/¥ — 0 in L%(€2;). We then have proved (6I8). O

Remark 6.2 To prove ¢ — 0 in LG(Qt) we use the following estimates: for
oN € MZ°(0,T) with v = S5, &k Lo g, 1><t), and ©f = {t{’,--- ,t}}
such that limpy_ oo u(ﬂ'T) =0 and B[ |§tk| (tyy —t)] < C, for all N =
1,2,---, we have EHEk o {k (t —tN) 2] — 0 and, for any fived a,a €RY,

N1

EH Z 5 (<Ba>tkN+l <Ba>tN Z |§k Ba tN <Ba>t§j)3]
k=0 =0

N-1
CE[ Y & Pogar (thy1 — t8)°] = 0,

k=0

IN
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N—-1
Bl 3 6 (B, = (Bt~
<CEZ|5 (N~ (B — (B))?]

+1

N—-1
<SCE[Y &) Popar (R — )] = 0,
k=0

as well as
N-1
2 N (N N 2
E[] i (U — e )( f;cvﬂ — Bix)I’]
k=0
—1
<CE[Y | 160 (0 — )1 By, | — Biwl’]
k=0
N-1
<CE[)_ & Poqar (th1 — 1) = 0
k=0
and
N-1
R N B L
Bl Y 6V (B, — (B ) (B — Byl
k=0

1
SCR[Y 6V PUBY y, — (B),)|B — B[]

il
,_.o

SCE[ |§k aaTUz_iz_iT (tk-i-l tkN)Q] — 0.
k

Il
o

We now consider a general form of G-It6’s formula. Consider
Xy = Xy +/ ads +/ neid (BB, +/ BYidB].
0 0 0

Proposition 6.3 Let ® € C?(R") with 0,9, 6§W<1> € Cy.Lip(R™) for p,v =
1,---,n. Leta”, f* andn’,v=1,--- ,n,4,j=1,---,d be bounded processes
in MZ(0,T). Then for each t > 0 we have, in L2G(Qt)

t - t
(X)) — P(Xs) :/ 0, ®(X,,) B dB], +/ O O (X))l du (6.20)

t
b [ X 4 508 BB (B BY),
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Proof. We first consider the case where o, 7 and 3 are step processes of the

form
N-1

&C (W)I[tkvtk+l) (t)
k=0

From the above lemma, it is clear that (6.20) holds true. Now let
¢ t o ¢
xpN = xy +/ 2N ds +/ nyNd (B, B) +/ BriNaBI,
0 0 0

where oV, n and gV are uniformly bounded step processes that converge to
a,nand B in MZ(0,T) as N — oo, respectively. From Lemma [G.1]

t t
<I>(XtN)—<I>(XSN):/ 6mV¢(X§)BZj’NdBi+/ D ®(X NN du (6.21)

t
; 1 . 4 o
b [ 0w @CE Y 4 08 @ N)SY BN (B )

Since
7 lI,N 1
E[|X;" — X7

T
<CE[ [ (@™ = al)? + 1t = ni P+ 18N = BEP)ds],
0

where C is a constant independent of N, we can prove that, in MZ(0,7T),

m]

v ®(X N3N 5 9, B(X

g ®(XN) BN BN — 07

xhx?

!
2 ®(X) BB,
D (XM N = 0,0 (X )
D ®( XM BN 5 9, B(X.)BY

(e

We then can pass to limit as N — oo in both sides of (621)) to get ([@20). O
In order to consider the general ®, we first prove a useful inequality.
For the G-expectation E, we have the following representation (see ChapIVI]):

E[X] = sup Ep[X] for X € LL(Q), (6.22)
PeP

where P is a weakly compact family of probability measures on (€, B(£2)).

Proposition 6.4 Let 8 € ME(0,T) with p > 2 and let a € R? be fized. Then
we have fOT BidBg € LL.(Qr) and

i) / B.ABRY] < G| / B2d(BR),[7/?). (6.23)
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Proof. It suffices to consider the case where [ is a step process of the form

Z gk [tk,tk+1 ( )

For each § € L;,(£;) with ¢ € [0, T], we have

T
E[g/t BsdB2] =0

From this we can easily get Ep[¢ ftT BsdB2] = 0 for each P € P, which implies
that ( fot BsdB2)ico,1) is a P-martingale. Similarly we can prove that

t t
— a2 _ 2 a
—</0 6.dB2) /OMB Yo t€[0,T]

is a P-martingale for each P € P. By the Burkholder-Davis-Gundy inequalities,
we have

I/ Brd By |?] <CEP|/ BRa(B)|P?] < |/ BRa(B)["?],

where C) is a universal constant independent of P. Thus we get ([6.23)). O
We now give the general G-It6’s formula.

Theorem 6.5 Let ® be a C2-function on R™ such that (95Mu<1> satisfy polyno-

mial growth condition for p,v =1,--- ,n. Let o, B and 0¥, v =1,--- ,n,
i,j =1,---,d be bounded processes in MZ(0,T). Then for each t > 0 we have

(X, /amy@ W)BYdBI + /amy@ o du (6.24)

/ 0 (X + S0, B(X BB (B BY),

Proof. By the assumptions on ®, we can choose a sequence of functions ®y €
C2(R™) such that

()00 0 By () Do () 10 oy ()~ ()| < SO,

where C7 and k are positive constants independent of N. Obviously, ® 5 satisfies
the conditions in Proposition [6.3] therefore,

‘I)N(Xt) (I)N /8mV<I>N )ﬂVJdBJ /8zuq)N ) Vdu (625)

t
+ [0 (X + 508 O (XS B0 (B B7),
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For each fixed T' > 0, by Proposition [6.4] there exists a constant Cy such that
E[| X, |**] < Cy for t € [0,T).

Thus we can prove that ®x(X;) — ®(X;) in LZ(Q:) and in MZ(0,T),

m]

D ® N (X )04 —>8zu<I>( '
02, O (X.)BI BT = 02,0, ®(X) B BT,

aqu)N(X)Oé %aqu)( )Oé N

D ®N(X)BY = 0, ®(X.)BYY.

We then can pass to limit as N — oo in both sides of ([625) to get ([@24). O

Corollary 6.6 Let ® be a polynomial and a,a”cR? be fized for v =1,--- .n
Then we have

B(X,) — /8zu<1> )dB" / 2, @ <Ba“ Ba> :

where X; = (B?l, e ,Bf‘n)T. In particular, we have, for k =2,3,---,
t t
k(k—1
o) = [ eyt + MY [y,
0 0

If E becomes a linear expectation, then the above G-It6’s formula is the
classical one.

87 Generalized G-Brownian Motion

Let G : R? x S(d) — R be a given continuous sublinear function monotonic in
A € S(d). Then by Theorem 21]in Chaplll there exists a bounded, convex and
closed subset X C R? x Sy (d) such that

1
G(p,A) = sup [str[AB]+ (p,q)] for (p,A) € R? x S(d).
(¢.B)ex 2

By Chapter[Ill, we know that there exists a pair of d-dimensional random vectors
(X,Y) which is G-distributed.
We now give the definition of the generalized G-Brownian motion.

Definition 7.1 A d-dimensional process (Bi)i>0 on a sublinear expectation

space (Q,H,fE) is called a generalized G-Brownian motion if the follow-
ing properties are satisfied:

(i) Bow) = 0;

(ii) For each t,s > 0, the increment Biys — By identically distributed with
VsX + sY and is independent from (By,,By,, - ,By,), for each n € N and
0<t1 <---<t, <t, where (X,Y) is G-distributed.
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The following theorem gives a characterization of the generalized G-Brownian
motion.

Theorem 7.2 Let (By)i>0 be a d-dimensional process defined on a sublinear
expectation space (Q, H,E) such that

(i) Bo(w)z 0;

(ii) For eacht,s > 0, Biys— B and By are identically distributed and Byys— By
is independent from (By,, By, -+ , By, ), foreachn € Nand0<t; <.-- <t, <
t

(iii) limgyo BB, ]t~ = 0.
Then (By)i>0 is a generalized G-Brownian motion with G(p, A) = lims o E[(p, Bs)+
1(ABs, Bs)|6~1 for (p, A) € R? x S(d).

Proof. We first prove that lims,o E[(p, Bs) + 1(ABs, Bs)]6 ! exists. For each
fixed (p, A) € R? x S(d), we set

(t) = Ellp, Ba) + 5 (ABy, By
Since
|t + k) = F()] < E[(Ip| + 2| Al|Bi)| Bern — Bil + |Al|Bivn — Bil*] = 0,
we get that f(t) is a continuous function. It is easy to prove that
E[(g, B:)] = E[(¢g, B)]t for ¢ € RY.
Thus for each t,s > 0,
£t +5) = f(t) = f(s)] < CE[|Byls,

where C = |A[E[|B,|]. By (iii), there exists a constant &y > 0 such that
E[|B:?] < t for t < §. Thus for each fixed t > 0 and N € N such that
Nt < g, we have

3
[F(Nt) = Nf(1)] < SCNHY2.
From this and the continuity of f, it is easy to show that lim; o f(t)t~1 exists.
Thus we can get G(p, A) for each (p, A) € R? x S(d). It is also easy to check

that G is a continuous sublinear function monotonic in A € S(d).
We only need to prove that, for each fixed ¢ € Cy 1ip (R%), the function

u(t,x) := Elp(z + By)], (t,x) € [0,00) x R?
is the viscosity solution of the following parabolic PDE:

Owu — G(Du, D*u) = 0, ul—o = . (7.26)
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We first prove that u is Lipschitz in z and %-Hélder continuous in ¢. In fact,
for each fixed ¢, u(t, ) €Cy 1ip(R?) since

[Elp(x + By)] — Elo(y + By)]| [lo(x + Bt) — ¢y + Bt)l]

<E
< Clz —yl.
For each ¢ € [0,t], since B; — Bj is independent from Bs,

u(t,z) = E[p(x + Bs + (B; — Bs)]
E[E[e(y + (B — Bs))ly=r+5s]-

Hence A
u(t,x) = Elu(t — 0,z + By)]. (7.27)

Thus

[E[u(t — 6,2 + Bs) — u(t — 6, 2)]|
< E[ju(t — 6,2 + Bs) — u(t — §,)]]
<E|

C|Bs|] < C\/G(0,1) + 1V53.

To prove that u is a viscosity solution of (Z.26]), we fix a (¢,2) € (0,00) x R?
and let v € C2°([0,00) x R%) be such that v > u and v(t,z) = u(t,z). From

[CZ10), we have
v(t,x) = Blu(t — 6,z + Bs)] < E[u(t — 6,2 + Bj)].

lu(t, ) — u(t — 6, )]

Therefore, by Taylor’s expansion,
0 < Efv(t — §,2 + Bs) — v(t, )]
=E[v(t — 6,2+ Bs) — v(t,x + Bs) + (v(t,x + Bs) — v(t, ))]
= E[-9yv(t, )5 + (Dv(t,z), Bs) + %(D%(t, z)Bs, Bs) + 1]

. 1 .
< _atv(tv {E)5 + E[<D1}(t, I)a B5> + §<D2U(t, I)B(;v B5>] + E[IJL
where
1
Is = / —[Owv(t — BS, 2 + Bs) — Owu(t, x)]6dS
0
1 1
+ / / ((D*v(t,z + a8Bs) — D*v(t, x))Bs, Bs)adfda.
o Jo
With the assumption (iii) we can check that limso E[|Z5]]6~" = 0, from which
we get dy(t,x) — G(Du(t,x), D*v(t,x)) < 0, hence u is a viscosity subsolution

of (C28). We can analogously prove that u is a viscosity supersolution. Thus u
is a viscosity solution and (B;)>0 is a generalized G-Brownian motion. O
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In many situations we are interested in a generalized 2d-dimensional Brow-
nian motion (By, b;)i>o such that E[B;] = —E[-B;] = 0 and E[|b;|?]/t — 0, as
t } 0. In this case B is in fact a G-Brownian motion defined on Definition 2.1 of
Chapter [l Moreover the process b satisfies properties of Proposition 5.2. We
define u(t, z,y) = E[p(z + By, y + b;)]. By the above proposition it follows that
u is the solution of the PDE

Ou = G(Dyu, Dizu), Ultmo = @ € Cl,Lip(Rm).

where G is a sublinear function of (p, A) € R, defined by

G(p, A) == E[(p, bs) + (ABy, By)).

Here <'7 > = <'7 '>]Rd'

88 G-Brownian Motion under a Nonlinear Ex-
pectation

We can also define a G-Brownian motion on a nonlinear expectation space

(Q,H,E).

Definition 8.1 A d-dimensional process (B)i>0 on a nonlinear expectation

space (Q,H,E) is called a (nonlinear) G-Brownian motion if the following
properties are satisfied:

(i) Bo(w) =0;

(ii) For each t,s > 0, the increment Biys — By identically distributed with Bg
and is independent from (By,, Bi,, -+, By, ), for eachn € N and 0 <3 <--- <
tn <t

(iii) limgyo B[ B, [t~ = 0.

The following theorem gives a characterization of the nonlinear G-Brownian
motion, and give us the generator G of our G-Brownian motion.

Theorem 8.2 LetE be a nonlinear expectation and E be a sublinear expectation
defined on (Q,H). let E be dominated by E, namely

EX]-E[Y]<E[X-Y], X,Y €H.

Let (By,by)i>0 be a given R??—valued G-Brownian motion on (Q,H,E) such
that B[By] = E[-By] = 0 and lim;_,o E[|b;|2]/t = 0. Then, for each fized ¢ €
C'b_Lip(Rw), the function

it z,y) = Elp(z + Bi,y + b)), (t,2,9) € [0,00) x R**
is the wviscosity solution of the following parabolic PDE:

Oy — G(Dyit, D26) = 0, uli—o = . (8.28)
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where

G(p. 4) = El{p, bi) + 5{AB1, B, (p, A) € RY x S(d).

Remark 8.3 Let G(p, A) := E[(p,b1) + 1(AB1, B1)]. Then the function G is
dominated by the sublinear function G in the following sense:

G(p, A) =G, A) <Gp—p,A=A), (p,A), (), A) € R? xS(d). (829)
Proof of Theorem We set
F(8) = fa(t) = Elp,b) + 5(ABy, B, 62 0.
Since
|£(t+h) — F()] < B(Ip| + 2|Al|Bi)| Besn — Bil + |Al| Beyn — Bif?] = 0,

we get that f(¢) is a continuous function. Since E[Bt] = I@[—Bt] =0, it follows
from Proposition B.7] that E[X + (p, B;)] = E[X] for each X € H and p € R9.
Thus

fit+h) = INEKI% biyn — by) + (0, by)

1 1
+§<ABt+h — By, Byyn — By) + 5 (ABy, By)]

= Ellp,tn) + 5{ABu, Bu)] + El(p, ) + 5 (4B, B)
= 0+

It then follows that f(¢t) = f(1)t = G(A,p)t. We now prove that the function
u is Lipschitz in x and uniformly continuous in ¢. In fact, for each fixed ¢,
u(t,-) €Cp. 1ip(R?) since

Elp(z + Bi,y + b)) = E[p(z’ + Bry' + b,
< Ello(@ + B,y +be) — (@’ + B,y + b)) < C(lz — /| + |y = /).
For each ¢ € [0,¢], since (B, — Bs, b, — bs) is independent from (Bs, bs),

i(t,x) = E[p(x + Bs + (B, — Bs),y + bs + (b, — bs)]

=E[E[p(Z + (By — Bs), 5+ (b — b5)))a—a-+Bs.g—y-bs)-

Hence R
u(t,z) = Elu(t — 6,2 + Bs,y + bs)]- (8.30)

Thus

[a(t, z,y) — a(t — 8,2,y)| = [E[a(t — 6,z + Bs,y + bs) — a(t — 0, z,y)]|
E[|a(t — 6,z + Bs,y + bs) — u(t — 6, 2,y)]]
< E[C(|Bs| + [bs])].

IN
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It follows from (iii) of Definition Bl that u(¢, x,y) is continuous in ¢ uniformly
n (t,z) € [0,00) x R%,

To prove that 1 is a viscosity solution of (828), we fix a (¢, z,y) € (0, 00) xR??
and let v € C7°([0,00) x R?%) be such that v > w and v(t,z,y) = u(t,z,y).
From (8.30), we have

v(t,x,y) = E[u(t — 6,2+ Bs,y+bs)] < IE[U(t — 6,2+ Bs,y + bs)].
Therefore, by Taylor’s expansion,
0 < E[v(t — &,z + Bs,y + bs) — v(t, z)]
= E[v(t — 6,2 + Bs,y + bs) — v(t, x + Bs,y + bs)
+ (v(t,z + Bs,y + bs) — v(t, z,y)]

- 1
= E[-0w(t,z,y)0 + (Dyv(t,x,y),bs) + —<D§zv(t, x,y)Bs, Bs) + Is]

2
(D2 v(t, x,y)Bs, Bs)] + K[Is],

(t,x,y),B(5> +

(0s
< —dw(t,z,y)5 + E[(Dyv(t, z,y),bs) + %

where
1
Is = / —[0w(t — 6,2+ Bs,y + bs) — 0w (t, z,y)]ddy
0
1
b [ @yt +aBssy 4 ) — it ). bs)
0
1
+ / (Ozv(t, 2,y + vbs) — Oxv(t, x,y), Bs) dry
0
1,1
+ / / <(D§xv(t7 T+ 047357 Yy + 7b5) - Dng(tu x, y))367 B5>’7d7da
0

With the assumption (i) we can check that lims o E[|I5]]6~" = 0, from which
we get Qy(t,x) — G(Du(t,x), D*>v(t,x)) < 0, hence u is a viscosity subsolution
of (B28)). We can analogously prove that u is a viscosity supersolution. Thus u
is a viscosity solution. O

89 Construction of G-Brownian Motions under
Nonlinear Expectation

Let G(-) : R? x S(d) — R be a given sublinear function monotonic on A € S(d)
and G() : R? x S(d) — R be a given function dominated by G in the sense of
(B29). The construction of a R24-dimensional G-Brownian motion (B;, bt)t>0
under a nonlinear expectation E dominated by a sublinear expectation E is
based on a similar approach introduced in Section 2. In fact we will see that
by our construction (Bg,b:):>0 is also a G-Brownian motion of the sublinear
expectation E.
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We denote by Q = C24(R™T) the space of all R*¢—valued continuous paths
(wi)ter+. For each fixed T € [0,00), we set Qp := {w.ar : w € Q}. We will
consider the canonical process (B, by)(w) = wy, t € [0,00), for w € . We also
follow section 2 to introduce the spaces of random variables L;,(Q7) and L;,(£2)

so that to define [ and E on (€, L;p(82)).
To this purpose we first construct a sequence of d-dimensional random vec-

tors (X;,n;)$2, on a sublinear expectation space (€2, H,E) such that (X;,n;) is
G-distributed and (X;41,7i+1) is independent from ((Xi,m1),---, (X;,m;)) for
each i = 1,2,---. By the definition of G-distribution the function

ult, z,y) = Elp(z + ViX1,y +tm)], t>0, z,yeR?

is the viscosity solution of the following parabolic PDE, which is the same as
equation (6] in Chap.IL.

Owu — G(Dyu, D2, u) =0, uli—o = ¢ € Crip(R?).

We also consider the PDE (for the existence, uniqueness, comparison and dom-
ination properties, see Theorem in Appendix C).

Oyt — G(Dyit, D?,it) = 0, iili—o = ¢ € CLiy(R?D),

and denote by P,[¢](x,y) = @(t, z,y). Since G is dominated by @, it follows from
the domination theorem of viscosity solutions, i.e., Theorem [3.5lin Appendix C,
that, for each ¢, v € Cp, 1ip(R?),

Bie(z,y) — Biy)(z,y) <El(p — ¥)(x + VEX1,y + tm))].

We now introduce a sublinear expectation E and a nonlinear E defined on
L;,(2) via the following procedure: for each X € L;,(2) with

X = o(By, — Biy,byy — by, , By, — Biy, by, — by, )
for p € Cl,Lip(RwX") and 0 =tg <t1 <--- < t, < 0o, we set
E{@p(By, — Bigs bty — bigs- -+, Bi,, — Bu, 15 b, — by, )]
= E[p(Vt1 — toX1, (t1 — to)n1, -+ s v/t — tne1 X, (tn — tne1)1m)-

and

E[@(Btl - Btoa btl - btov T 7Btn - Btn—l’btn - btnfl)] = @n(oa O)

where ¢,, € Cj, 1ip(R??) is defined iteratively through

901(£U1ay17"' 7$n—17yn—1) = ﬁtn—tn71[g01(x17ylu"' 7xn—17yn—17')](070)7

</7n71($17y1) = }:)t27t1[90n72(171;y17')](0,0)7
en(1,91) = Pry—ty[pn—10)](1,91).



68 Chap.III G-Brownian Motion and Ité’s Integral

The related conditional expectation of X =¢(By, — By, b1, — big, -+, B, —
By, _,,bt, — by, _,) under €y, is defined by
E[X|Qt]] = E[¢(Bt1 - Btoabtl - btov e aBtn - Btn 19 btn - btn—l) |Qt]‘] (931)
= T/J(Btl _Btovbtl _btoa"' 7B — B bt _btj—l)v

j—1)

where
V(e zy) =Elo(@r, 25, /s — X401, Gi—to) i1, sV — a1 X, (¢
Similarly

E[X|Q,] = ¢n—j(Be, — Bigsbsy — bugs - s Bey — By, 4, by, — be, ).

It is easy to check that K[-] (resp. E) consistently defines a sublinear (resp.
nonlinear) expectation and E[-] on (€, L;,(2)). Moreover (B, by)i>0 is a G-
Brownian motion under [ and a G-Brownian motion under E.

Proposition 9.1 We also list the properties of E[-|] that hold for each X,Y €L;p(Q):

(i) If X >V, then E[X|Q)] > E[Y|Q].
(ii) IE[X + nl€%] =E[X[] + 7, for each t >0 and n €Lip(2).

(i) E[X[0] - B[Y]Q,] < BIX — V]2
(iv) E[E[X[][Q] = E[X[Quns], in particular, IE[ [X|]] = [X]
(v) For each X € Liy(Q'), E[X|Q:] = E[X], where Li,(Q') is the linear space

of random variables with the form

@(Wtz - WtUWtS - Wt2a e 7th+1 - th)v
n= 1725 e, P E Ol-Li;D(Rdxn)v tlv to atnathrl € [t,OO)

Since E can be considered as a special nonlinear expectation of E dominated
by its self, thus E[-|2;] also satisfies above properties (i)—(v). Moreover

Proposition 9.2 The conditional sublinear expectation B[-|Q] satisfies (i)-(v).
Moreover E[. €] itself is sublinear, i.e.,

(vi) E[X|0:] - B[Y|Q] <E[X - Xlszt],

(vil) E[nX|Q] = nTE[X|Q] + 7 E[-X|Q] for each n € Lip(%).

We now consider the completion of sublinear expectation space (Q, L, (2), E).
We denote by LZ(2), p > 1, the completion of L;,(€2) under the norm

X1, = (E[|X|P)/P. Similarly, we can define L% (Qr), L%(Q%) and L2 (QY).
It is clear that for each 0 < ¢ < T < oo, L{(Q4) C LE(Qr) € L(Q).

According to Secdlin Chaplll IE[ | can be continuously extended to (2, L5 (Q)).
Moreover, since E is dominated by [, thus by Deﬁn1t1on|ﬂ1n Chap.1, (Q, LL (), I@)

forms a sublinear expectation space and (€2, L (), ) forms a nonlinear expec-
tation space.

tO nn)]
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We now consider the extension of conditional G-expectation. For each fixed
t < T, the conditional G-expectation E[-|Q] : L;, (1) — Lip(Qy) is a continu-
ous mapping under ||-||. Indeed, we have

E[X|Q] - E[Y|)] < E[X - Y|Q) <E[X - Y]|Q],

then _ _ .
IE[X[Q¢] — E[Y ]| < E[|X - Y|Q].

We thus obtain _ _
|ELxi00] - By iod|| < 1X - Y.

It follows that E[|€] can be also extended as a continuous mapping
E[ Q] : L§(Qr) = LE ().
If the above T is not fixed, then we can obtain E[-|(] : LE(Q) = LE(Q).

Remark 9.3 The above proposition also holds for X, Y € L§(Q). But in (iv),
n € L& () should be bounded, since X,Y € LL() does not imply X -Y €
L (Q).

In particular, we have the following independence:

E[X|Q) = E[X], VX € LL(Q).

We give the following definition similar to the classical one:

Definition 9.4 An n-dimensional random vector Y € (L(2))™ is said to be
independent from Q for some given t if for each ¢ € Cy 1ip(R™) we have

E[p(Y)|] = Elp(Y)).

Notes and Comments

Bachelier (1900) [6] proposed Brownian motion as a model for fluctuations of the
stock market, Einstein (1905) [42] used Brownian motion to give experimental
confirmation of the atomic theory, and Wiener (1923) |121] gave a mathemati-
cally rigorous construction of Brownian motion. Here we follow Kolmogorov’s
idea (1956) |74] to construct G-Brownian motion by introducing infinite di-
mensional function space and the corresponding family of infinite dimensional
sublinear distributions, instead of linear distributions in [74].

The notions of G-Brownian motion and the related stochastic calculus of
Ito’s type were firstly introduced by Peng (2006) [100] for 1-dimensional case
and then in (2008) [104] for multi-dimensional situation. It is very interesting
that Denis and Martini (2006) [38] studied super-pricing of contingent claims
under model uncertainty of volatility. They have introduced a norm on the
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space of continuous paths = C([0, T]) which corresponds to our LZ,-norm and
developed a stochastic integral. There is no notion of nonlinear expectation
and the related nonlinear distribution, such as G-expectation, conditional G-
expectation, the related G-normal distribution and the notion of independence
in their paper. But on the other hand, powerful tools in capacity theory enable
them to obtain pathwise results for random variables and stochastic processes
through the language of “quasi-surely” (see e.g. Dellacherie (1972) [32], Del-
lacherie and Meyer (1978 and 1982) [33], Feyel and de La Pradelle (1989) [4]])
in place of “almost surely” in classical probability theory.

The main motivations of G-Brownian motion were the pricing and risk mea-
sures under volatility uncertainty in financial markets (see Avellaneda, Levy and
Paras (1995) [5] and Lyons (1995) [82]). It was well-known that under volatil-
ity uncertainty the corresponding uncertain probabilities are singular from each
other. This causes a serious problem for the related path analysis to treat,
e.g., path-dependent derivatives, under a classical probability space. Our G-
Brownian motion provides a powerful tool to such type of problems.

Our new It6’s calculus for G-Brownian motion is of course inspired from
Ito’s groundbreaking work since 1942 [65] on stochastic integration, stochastic
differential equations and stochastic calculus through interesting books cited
in Chapter [Vl It6’s formula given by Theorem is from Peng [100], [104].
Gao (2009)[54] proved a more general It6’s formula for G-Brownian motion.
An interesting problem is: can we get an Itd’s formula in which the conditions
correspond the classical one? Recently Li and Peng have solved this problem in
[79].

Using nonlinear Markovian semigroup known as Nisio’s semigroup (see Nisio
(1976) [86]), Peng (2005) 98] studied the processes with Markovian properties
under a nonlinear expectation.



Chapter IV

G-martingales and Jensen’s
Inequality

In this chapter, we introduce the notion of G-martingales and the related
Jensen’s inequality for a new type of G-convex functions. Essentially differ-
ent from the classical situation, “M is a G-martingale” does not imply that
“—M is a G-martingale”.

81 The Notion of G-martingales

We now give the notion of G-martingales.

Definition 1.1 A process (Mi)t>o is called a G—martingale (respectively, G—
supermartingale, G—submartingale) if for each t € [0,00), My € L&(Q4)
and for each s € [0,t], we have

I@[Mt|Qs] = M, (respectively, < My, > My).

Example 1.2 For each fired X € LL(Q), it is clear that (E[X|Q])i>0 is a
G-martingale.

Example 1.3 For ecach fired a € RY, it is easy to check that (B2);>o and
(=Bf)¢>0 are G-martingales. The process ((B*);—02_rt)i>0 is a G-martingale
since

E[(B*); — 02art|Qs] = E[(B?)s — o2art + ((B*): = (B)s)|0]
= (B%)s — 0part + E[(BY): — (B*),]
=

Ba> — O'aaTS.

71
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Similarly we can show that (—((B); — 02 1t))¢>0 is a G-submartingale. The
process ((B2)?)i>0 is a G—submartingale since

E[(BP)?|9] = E[(B2)* + (B -
B?)? + E[(B? -
B?) aaT(t

+2B3(B} — BY)[9]
1625

9)?
Bg)?
s) = (B2)™.

= (
= (
Similarly we can prove that ((B2)? — 02 1t)i>0 and ((Bf)? — (B*);)i>0 are
G-martingales.

In general, we have the following important property.
Proposition 1.4 Let My € R, ¢ = (¢7)1_, € M&(0,T;RY) andn = (n9)},_, €

MA(0,T;S(d)) be given and let

t t t
Mt:MO+/ wgngJr/ n;jd<Bi,Bj>u—/ 2G(n,)du fort € [0,T).
0 0 0

Then M is a G—martingale. Here we still use the , i.e., the above repeated
indices i and j imply the summation.

Proof. Since I@[f; @l dBi|Q,] = E[— fst 0l dBI|Qs] = 0, we only need to prove
that

t t
M, = / nijd<Bi,Bj>u —/ 2G(ny)du for t € [0,T]
0 0

is a G—martingale. It suffices to consider the case where 1 € Mé’O(O, T;S(d)),
i.e.,

N-1
e = Z ntkj[tk7tk+l)(t>
k=0
We have, for s € [ty—1,tn],

E[M:|Q] = My + E(ney ., (B), = (B),) = 2G(ey_, ) (t = 5)| 9]
M, +E[(A,(B), = (B))]a=niy_, = 2G(ny_)(t = 5)

= M,.

Then we can repeat this procedure backwardly to prove the result for s €
[0,tn—1]. O

Corollary 1.5 Let n € M}(0,T). Then for each fized a € R, we have

e BL[ et B[ a7 < o20eBL[ it (1)
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Proof. For each £ € M (0,T), by the above proposition, we have

/ €d(B), — / 2Ga(E)dt] = 0,

where Ga(a) = (02, rat — 0% ra7). Letting £ = |n| and £ = —|n], we get

N T T
B[ mld(B%) — o2 [ Imlar) =
0 0
. T T
Bl / el d(B): + 0 o / el ] = 0
0 0

From the sub-additivity of G-expectation, we can easily get the result. ([l

Remark 1.6 It is worth to mention that for a G-martingale M, in general,
—M is not a G-martingale. But in Proposition[1.4], when n =0, —M is still a
G-martingale.

Exercise 1.7 (a) Let (My)i>0 be a G-supermartingale. Show that (—My)i>o s
a G-submartingale.
(b) Find a G-submartingale (My);>0 such that (—My);>o is not a G-supermartingale.

Exercise 1.8 (a) Let (My)i>0 and (Ny)i>0 be two G—supermartingales. Prove
that (My + Ni¢)i>o is a G-supermartingale.

(b) Let (My)i>0 and (—My)i>0 be two G—martingales. For each G-submartingale
(respectively, G-supermartingale) (Ny)i>o0, prove that (M; + Ni)i>o is a G-
submartingale (respectively, G-supermartingale).

82 On G-martingale Representation Theorem

How to give a G-martingale representation theorem is still a largely open prob-
lem. Xu and Zhang (2009) [122] have obtained a martingale representation for
a special ‘symmetric’ G-martingale process. A more general situation have been
proved by Soner, Touzi and Zhang (preprint in private communications). Here
we present the formulation of this G-martingale representation theorem under
a very strong assumption.

In this section, we consider the generator G : S(d) — R satisfying the uni-
formly elliptic condition, i.e., there exists a 3 > 0 such that, for each A, A € S(d)
with A > A,

G(A) — G(A) > ptr[A — A].

For each & = (¢/)7_, € M&(0,T;R%) and n = (n)¢,_, € ML(0,T;S(d)),
we use the following notations

T d T T
/0<§tadBt> 12;/0 f‘gngQ/O (1, d(

We first consider the representation of w(Bp — By,) for 0 < t; < T < oo.

Z/ 7d(B',B7),.

7,j=1
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Lemma 2.1 Let £ = ¢(Br— By,), ¢ € Cy.1ip(RY). Then we have the following
representation:

T

T T
€ =Bl + / (B, dBy) + / (e, d(B)y) — / 26 ().

ty1 t1 t1

Proof. We know that u(t, z) = E[o(z+ Br— By)] is the solution of the following
PDE:
dyu+ G(D*u) =0 (t,x) €[0,T] x RY, w(T,x) = ¢(x).

For each £ > 0, by the interior regularity of v (see Appendix C), we have
[ullgraszta(or—exray < 00 for some a € (0,1).

Applying G-1t&’s formula to u(t, By — By, ) on [t1,T — €], since Du(t,x) is uni-
formly bounded, letting ¢ — 0, we have

T T
5 = E[g] + 8tu(t, Bt - Btl)dt + / <Du(t, Bt - Btl); dBt>
t1 tl
1 T
+ 5/ (D*u(t, By — By, ), d(B):)
t1

T T
=R[¢] +/ (Du(t, By — By,),dBy) + %/ (D?u(t, B; — By,),d(B);)

t1 t1
T
—/ G(D?u(t, B; — By,))dt.
ty

0
We now give the representation theorem of £ = ¢(By,, By, — Biy, -+ , Biy —
BtN—l)'

Theorem 2.2 Let g = <P(Bt17Bt2 — Bt17 cee ;BtN — BtN—l)’ [%2) S vaLip(RdXN),
0<t; <ty < - <ty =T < o0. Then we have the following representation:

T T T
= / (5. dBy) + / (e, d(B)y) — / 2G (s ) .

Proof. We only need to prove the case £ = ¢(By,, Br — By, ). We set, for each
(z,y) € R*,

U(t,.’l],y) = E[QD(QC, Y+ By — Bt)]; ¥1 (‘T) = E[‘P(% Br - Btl )]
For each z € R?, we denote £ = p(z, By — By, ). By Lemma 2] we have

- T 1 /7
E=pi(x) —|—/ (Dyu(t,x, By — By, ),dB;) + 5/ (Diu(t,x, B — By,),d(B)t)

t1 tl

T
—/ G(DZu(t,z, By — By,))dt.
t1
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By the definitions of the integrations of dt, dB; and d{B);, we can replace x by
B;, and get

T
€= o1(Bu) + / (Dyu(t, Buy, B, — Byy),dB,)
t1

1 /7 T
+ §/t (D2u(t, By,, By — By, ), d(B)) — t G(DZu(t, By, By — By, ))dt.
1 1
Applying Lemma 2T to ¢1 (B, ), we complete the proof. O

We then immediately have the following G-martingale representation theo-
rem.

Theorem 2.3 Let (My):epo,1) be a G-martingale with Mr = ¢(By,, By,— By, , - -

Bthl), Y e Ob_Lip(RdXN), 0<t1<ta<---<ty=T < o00. Then

M =B+ [(pdB) + [ sy - [ 26 1<

Proof. For M, by Theorem 2.2, we have

T T T
My = E[My] 1 / (B, dB.) + / (1 d(B).) — / 2G () ds.

Taking the conditional G-expectation on both sides of the above equality and
by Proposition [[L4] we obtain the result. O

83 G—convexity and Jensen’s Inequality for G-
expectations
A very interesting question is whether the well-known Jensen’s inequality still

holds for G—expectations.
First, we give a new notion of convexity.

Definition 3.1 A continuous function h : R — R is called G—convex if for
each bounded & € LE(Q), the following Jensen’s inequality holds:

E[R(€)] > h(E[g])-

In this section, we mainly consider C2-functions.
Proposition 3.2 Let h € C?(R). Then the following statements are equivalent:
(1) The function h is G—convex.

ii) For each bounded ¢ € LL(Q), the following Jensen’s inequality holds:
G

E[R(€)[Q] > h(E[¢|%]) fort > 0.
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iii) For each ¢ € , the following Jensen’s inequality holds:
iii) Fi h C? R?), the following J ’s 1 lity hold
Eh(¢(By)] 2 h(E[p(B)]) fort > 0.

(iv) The following condition holds for each (y,z, A) € R x R? x S(d):
G(I' (y) A+ 1" (y)zz") — I (y)G(4) > 0. (32)
To prove the above proposition, we need the following lemmas.

Lemma 3.3 Let ® : R? — S(d) be continuous with polynomial growth. Then

o e . .
ggE[A (B(B.), d(B).))6~" = 2E[G(®(B,))]. (3.3)

Proof. If @ is a Lipschitz function, it is easy to prove that
. t+36
B [ (®(B.) - 0(B).d(B).)]) £ Cub*
t
where (1 is a constant independent of §. Thus

. t+6 .
B[ (BB, d(B) = BB, (Buss — (B).))5"
50, 510

= 2E[G(®(By)))-
Otherwise, we can choose a sequence of Lipschitz functions ®x : R? — S(d)
such that

Cs
Pn(2) = 2(2)] < 7 (1 + jz|),
where C5 and k are positive constants independent of N. It is easy to show that
R t+6 O
B [ (@B, - en(B).dB))) < £
t

and
E[|G(®(By) — G(On (By))]] <

)

zlQ

where C' is a universal constant. Thus

t+6 R
b / (B(B.), d(B),)]5 " — 2E[G(D(B,))]|

Then we have

R t+6 N
Jim sup [15] / (®(B,), d(B),)]6~" — 2B[G(®(B,))]| < ==
510 t

Since N can be arbitrarily large, we complete the proof. O
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Lemma 3.4 Let U be a C?-function on R% such that D*¥ satisfy polynomial
growth condition. Then we have

%1(1@[\1/(35)] —U(0))6~" = G(D*¥(0)). (3.4)

Proof. Applying G-1t6’s formula to ¥(Bjs), we get

5 5
¥(B5) = 90 + [ (D¥B).aB) + 5 [ (DPHEB).AB).)

Thus we have

1 R 5
Bl (5;)] - ¥(0) = 3Bl [ (D*0(B.).d(B).).
0
By Lemma B3] we obtain the result. O

Lemma 3.5 Let h € C?(R) and satisfy B2). For each ¢ € Cy 1ip(R?), let
u(t, z) be the solution of the G-heat equation:

O —G(D*u) =0 (t,x) €[0,00) x RY, u(0,z) = p(z). (3.5)

Then a(t, x) := h(u(t,x)) is a viscosity subsolution of G-heat equation [B.3]) with
ingtial condition 4(0,x) = h(p(x)).

Proof. For each € > 0, we denote by u® the solution of the following PDE:
Ot — Ge(D*uf) =0 (t,z) € [0,00) x RY, u(0,z) = ¢(z),

where G.(A) := G(A) + etr[A]. Since G, satisfies the uniformly elliptic condi-
tion, by Appendix C, we have u® € C12((0,00) x RY). By simple calculation,
we have
Orh(u®) = K (u®)dsu® = K (u®)G.(D?*u)

and

Qih(u) = Ge(D?h(u7)) = f(t,z), h(u®(0,2)) = h(p(x)),
where

fo(t,z) = B (u¥)G(D*uf) — G(D*h(u®)) — eh” (u)| Duf|?.

Since h is G—convex, it follows that fo < —eh”(u®)|Duf|>. We can also deduce
that |Du®| is uniformly bounded by the Lipschitz constant of . It is easy to
show that u® uniformly converges to u as e — 0. Thus h(u®) uniformly converges
to h(u) and h”(u®) is uniformly bounded. Then we get

Oih(u®) — Ge(D?h(u%)) < Ce, h(u®(0,)) = h(p()),

where C is a constant independent of . By Appendix C, we conclude that h(u)
is a viscosity subsolution. O
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Proof of Proposition Obviously (ii)==(i)=(iii). We now prove
(iii)==(ii). For £ € L5(Q) of the form

5 = (p(Bt17Bt2 - Bt17" : 7Btn _Btn71)7

where ¢ € CZ(R>™), 0 < t; < --- < t, < oo, by the definitions of [ and
E[-|€4], we have

EIL(€)[Q4] > h(E[E[Q]), ¢ > 0.

We then can extend this Jensen’s inequality, under the norm || - || = E[| - [], to
each bounded £ € L ().

(iii) = (iv): for each ¢ € C2(R?), we have E[h(p(B;))] > h(E[p(B;)]) for each
t > 0. By Lemma B4 we know that

1(;{1(}(]@[90(35)] —¢(0)07" = G(D*¢(0))

and

lgfr(}(ﬁ[h(sﬁ(Ba))] — h(9(0))0~" = G(D*h(1)(0)).

Thus we get
G(D*h(9)(0)) = 1 ((0))G(D*¢(0)).

For each (y,z,4) € R x R? x S(d), we can choose a ¢ € CZ(R?) such that
(0(0), Dp(0), D?>¢(0)) = (y, z, A). Thus we obtain (iv).

(iv)==(iii): for each ¢ € CZ(R?), u(t, ) = E[p(z+ B;)] (respectively, a(t, z) =
E[h(p(z 4+ By))]) solves the G-heat equation (3H). By Lemma B5, h(u) is a
viscosity subsolution of G-heat equation B.5]). It follows from the maximum
principle that A(u(t,z)) < a(t,x). In particular, (iii) holds. O

Remark 3.6 In fact, (i)<=(ii)<=-(iii) still hold without the assumption h €
C%*(R).

Proposition 3.7 Let h be a G-convex function and X € L (Q) be bounded.
Then Yy = h(E[X|Q4]), t > 0, is a G—submartingale.

Proof. For each s <,
E[Y;|Q] = E[R(E[X|Q])|Q] > h(E[X|Q]) = Y.
O

Exercise 3.8 Suppose that G satisfies the uniformly elliptic condition and h €
C?(R). Show that h is G-conver if and only if h is convex.
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Notes and Comments

This chapter is mainly from Peng (2007) |102].

Peng (1997) [92] introduced a filtration consistent (or time consistent, or
dynamic) nonlinear expectation, called g-expectation, via BSDE, and then in
(1999) 94] for some basic properties of the g-martingale such as nonlinear Doob-
Meyer decomposition theorem, see also Briand, Coquet, Hu, Mémin and Peng
(2000) [14], Chen, Kulperger and Jiang (2003) |20], Chen and Peng (1998) [21]
and (2000) [22], Coquet, Hu, Mémin and Peng (2001) [26], and (2002) [27],
Peng (1999) [94], (2004) [97], Peng and Xu (2003) [107], Rosazza (2006) [112].
Our conjecture is that all properties obtained for g-martingales must has its
correspondence for G-martingale. But this conjecture is still far from being
complete. Here we present some properties of G-martingales.

The problem G-martingale representation theorem has been raised as a prob-
lem in Peng (2007) [102]. In Section 2, we only give a result with very regular
random variables. Some very interesting developments to this important prob-
lem can be found in Soner, Touzi and Zhang (2009) [114] and Song (2009) [116].

Under the framework of g-expectation, Chen, Kulperger and Jiang (2003)
[20], Hu (2005) [60], Jiang and Chen (2004) [70] investigate the Jensen’s in-
equality for g-expectation. Recently, Jia and Peng (2007) [68] introduced the
notion of g-convex function and obtained many interesting properties. Certainly
a G-convex function concerns fully nonlinear situations.
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Chapter V

Stochastic Differential
Equations

In this chapter, we consider the stochastic differential equations and backward
stochastic differential equations driven by G-Brownian motion. The conditions
and proofs of existence and uniqueness of a stochastic differential equation is
similar to the classical situation. However the corresponding problems for back-
ward stochastic differential equations are not that easy, many are still open. We
only give partial results to this direction.

81 Stochastic Differential Equations

In this chapter, we denote by MZ (0, T;R™), p > 1, the completion of Mg’o((), T;R")
under the norm (fOTE[|nt|p]dt)1/p. It is not hard to prove that MZ(0,T;R™) C
MZ(0,T;R™). We consider all the problems in the space Mg (0,T;R™), and the
sublinear expectation space ({2, H, I@) is fixed.

We consider the following SDE driven by a d-dimensional G-Brownian mo-
tion:

t t
hij(s,Xs)d<Bi,Bj>S+/ oi(s, Xs)dBI, t € ]0,T),
0

(1.1)
where the initial condition X, € R" is a given constant, and b, h;j, 0; are given
functions satisfying b(-, ), hy; (-, z), o;(-,x) € MZ(0,T;R") for each z € R"™ and
the Lipschitz condition, i.e., |¢p(t,x) — ¢(t,2")| < K|z — 2/|, for each t € [0,T],
z, ' € R", ¢ = b, h;; and o;, respectively. Here the horizon [0,7] can be
arbitrarily large. The solution is a process X € MZ(0,T;R") satisfying the
SDE (LI)).

We first introduce the following mapping on a fixed interval [0, T:

t
X; = X0+/ b(s,XS)ds—i—/
0 0

A. s ME(0,T;R™) — MZ(0,T;R™)

81
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by setting Ay, t € [0, T], with

t t t

A(Y) = X0 + / b(s,Ys)ds + / hij(s,Ys)d (B, B7) + / oi(s,Ys)dBl.
0 0 0

We immediately have the following lemma.

Lemma 1.1 For each Y,Y' € MZ(0,T;R"), we have the following estimate:
t
BIAY) - 0¥ £ C [ BV~ ViPlds, te 0.7, (12
0

where the constant C' depends only on the Lipschitz constant K.

We now prove that SDE (L1]) has a unique solution. By multiplying e=2¢*

on both sides of (I.2) and integrating them on [0, T7, it follows that
T T t
/ B[IA(Y) — A(Y")[2e2Cdt < c/ e*wt/ Bo[|Y, — Y/ Pldsdt
0 0 0
T T R
= c/ / e 2O AR, — Y!|!]ds
0 s
1 /7T

— 5‘/ (e—QCs _ 6—2CT)IAE[|YS _ YS/|2]dS.
0

We then have
T 1T
/ B[IAL(Y) — Au(Y")[2e=2Cdt < 5/ B — V/Ple-2Ctdr.  (1.3)
0 0

We observe that the following two norms are equivalent on Mé(o, T;R"), i.e.,

T T
> 2] 7:\1/2 > 21,—20t g1\1/2.
</0 B{|Y;[2)de)/ ~ ( / B{|Y;[2le>C"dt)

From ([3)) we can obtain that A(Y") is a contraction mapping. Consequently,
we have the following theorem.

Theorem 1.2 There exists a unique solution X € MZ(0,T;R™) of the stochas-
tic differential equation ().

We now consider the following linear SDE. For simplicity, we assume that
d=1andn=1.

t t t
X, = X0+/ (bSXS+BS)ds+/ (hSXS+BS)d<B>S+/ (0sXs+65)dBs, t €[0,T],
0 0 0
B (1.4)
where Xy € R is given, b, h , 0. are given bounded processes in MZ(0,T;R) and
b, h.,&. are given processes in MZ(0,T;R). By Theorem[[2, we know that the
linear SDE (4]) has a unique solution.
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Remark 1.3 The solution of the linear SDE (L4) is

t t t
X, =T, (Xo —|—/ bsI'sds —|—/ (hs — 0504)[sd(B)s —i—/ ssdBs), t €[0,T],
0 0 0

t t t
where T'y = exp(— [y bsds — [; (hs — $02)d(B) - fQ 0sdBy).

In particular, if b.,h_,o. are constants and b, h_,G. are zero, then X is a
geometric G-Brownian motion.

Definition 1.4 We call X is a geometric G-Brownian motion if

X = exp(at + B(B); +vBy), (1.5)
where «, B, are constants.
Exercise 1.5 Prove that M%(0,T;R"™) C ME(0,T;R™).

Exercise 1.6 Complete the proof of Lemma L1l

§2 Backward Stochastic Differential Equations

We consider the following type of BSDE:
A T T . .
Y; = E[¢ —I—/ f(s,Ys)ds —I—/ hij(s,Ys)d(B*, B?) |, te[0,T], (2.6)
t t

where & € L& (Qr; R™) is given, and f, h;; are given functions satisfying f(-,v),
hij(-,y) € ML(0,T;R"™) for each y € R™ and the Lipschitz condition, i.e.,
lo(t,y) — o(t,y)| < Kly —y'|, for each t € [0,T], y, ¥’ € R", ¢ = f and
hij, respectively. The solution is a process Y € ML(0,T;R") satisfying the
above BSDE.

We first introduce the following mapping on a fixed interval [0, T']:

A. s ME(O, T;R™) — M&(0,T;R™)
by setting Ay, ¢t € [0, T], with
A T T . .
ANY)=E[¢ +/ f(s,Yy)ds +/ hi; (s, Ys)d<BZ, BJ>S |:]-
t t
We immediately have

Lemma 2.1 For each Y,Y' € M}(0,T;R™), we have the following estimate:
A T A
BAY) - Ay <C [ BIY. - Yilds, te 0T, (2)
t

where the constant C' depends only on the Lipschitz constant K.
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We now prove that BSDE (Z6) has a unique solution. By multiplying ¢?¢*
on both sides of ([27) and integrating them on [0, T}, it follows that

T T T
/)MMGU—MWNWwﬁgC/‘/]WK—KWMth
0 0 t
T . s
:C/IMK—KW/QmMB
0 0

1"
5 [ BV - Y - 1as
2 0

T
<%/1mm_nmww& (2.8)
0

We observe that the following two norms are equivalent on M (0, T;R™), i.e.,

T . T .
| B~ [ Bviecar
0 0

From (28)), we can obtain that A(Y") is a contraction mapping. Consequently,
we have the following theorem.

Theorem 2.2 There exists a unique solution (Y3)e 1) € ME(0, T;R™) of the
backward stochastic differential equation ([20]).

Let YV, v = 1,2, be the solutions of the following BSDE:

Yy =Rle" + / (F(s, Y2) + o2)ds + / (hij(s,Y2) + 49)d (B BY)_|)

Then the following estimate holds.

Proposition 2.3 We have

T
BV~ V2] < CeCT-D (&[] + / Blli! — 2|+ [ —2[1ds), (2.9)

where the constant C' depends only on the Lipschitz constant K.

Proof. Similar to Lemma 2.1] we have
~ T ~ ~
BV — Y2 < / BV} — Y2[)ds + B€" — €]
t
T A~ .. ..
4 / Bllo! — 2| + [0 — i92(|ds).
t

By the Gronwall inequality (see Exercise [Z]), we conclude the result. O
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Remark 2.4 In particular, if £ =0, 2 = —f(s,0), ¥92 = —h;;(s,0), ¢l =
0, ¥l =0, we obtain the estimate of the solution of the BSDE. Let Y be the
solution of the BSDE (Z8). Then

A~ T A
E[|Y,]] < Ce“TIE]¢] + / E[|f(s,0)] + |hi;(s,0)|}ds), (2.10)

where the constant C' depends only on the Lipschitz constant K.

Exercise 2.5 (The Gronwall inequality) Let u(t) be a nonnegative function
such that

<C+A/ s)ds for0<t<T,
where C' and A are constants. Prove that u(t) < Ce?t for 0 <t < T.

Exercise 2.6 For each € Lg(Qr;R™). Show that the process (E[§|Qt])t€[07T]
belongs to MA(0,T; R™).

Exercise 2.7 Complete the proof of Lemma[Z1l
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Consider the following SDE:
dX08 = b(XP0)ds + hij(XE4)d (B!, B7) + 0;(X14)dBI, s € [t,T],
Xpe =g,

where & € LZ(Q:;R") is given and b, h;j, 0; : R* — R" are given Lipschitz
functions, i.e., |¢p(z) — ¢(2')| < K|z — 2/|, for each z, ' € R", ¢ = b, h;; and
gj.

We then consider associated BSDE:

(3.11)

T
Y€ = BD(XLE) + / FOXEE Y dr+/ 05 (XEE V)d (B B7) |0,

(3.12)
where ® : R” — R is a given Lipschitz function and f, g;; : R” x R = R are
given Lipschitz functions, i.e., |¢p(z,y) — ¢(z',v')| < K(|Jz — 2’| + |y — ¥'|), for
eachz, 2’ € R", y, ¢y €R, ¢ = f and g;;.

We have the following estimates:

Proposition 3.1 For each &, ¢’ € LL(Q;R™), we have, for each s € [t, T,

B[ X5 — X5 1210,) < Ofe - €')? (3.13)

and A
B XLE210) < C(A+ 1€?), (3.14)

where the constant C' depends only on the Lipschitz constant K.
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Proof. It is easy to obtain

BXES - X0€PI) < Gl - P + [ BIXEE - X0 Pigkan).
t

By the Gronwall inequality, we obtain
B[ X3¢~ XD Pl < Cre®Tle — €1
Similarly, we can get (3.14). O
Corollary 3.2 For each & € LZ(Q4;R™), we have
B[IX7E5 — €P10] < CQUL+ [¢*)8 for 5 € [0,T —1], (3.15)

where the constant C' depends only on the Lipschitz constant K.

Proof. It is easy to obtain

A~ t+6 ~
mm%—%&ua[ (1 + B X5 20,])ds.

By Proposition [3.I] we obtain the result. O
Proposition 3.3 For each &, & € L%(Q4;R™), we have
V¢ - ¥ < Ole - ¢ (3.16)

and
Y4 <o+ fg)), (3.17)

where the constant C' depends only on the Lipschitz constant K.
Proof. For each s € [0,T], it is easy to check that
T
v < GRS = X0 [0S = ]

Since

(X0 - X0%)10] < (BIXDS - X0 1P10)'2,

we have
A ’ T A !
B¢ - vI€ 00 < Callg — €1+ [ BV - Y2 1ular)

By the Gronwall inequality, we obtain ([B.I6]). Similarly we can get B117). O
We are more interested in the case when & = z € R™. Define

u(t,x) :==Y)", (t,z) € [0,T] x R". (3.18)

By the above proposition, we immediately have the following estimates:
ju(t, ) — ult, )] < Cla — ], (319)
lu(t, z)] < C(1+ |z|), (3.20)

where the constant C' depends only on the Lipschitz constant K.
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Remark 3.4 [t is important to note that u(t,x) is a deterministic function of
(t, ), because X% and Y1 are independent from €.

Theorem 3.5 For each & € L%(Q4;R™), we have
u(t,€) =Y. (3.21)

Proposition 3.6 We have, for § € [0,T —t],

R 46 t+6 o
u(t, ) = Elu(t+94, Xttfé)—i— t f(xbe, Yrt’m)d”‘/t g5 (X5 Y1) d (B B]>r]'

(3.22)

t+6,X

N 6z 57Xt,z
Proof. Since X4* = X, " for s € [t + 6, T], we get Y, = }/ttj_é . By

Theorem 3.5 we have Ytt;; =u(t+ 9, Xff(;), which implies the result. O
For each A € S(n), p € R™, r € R, we set

F(A,p,r,2) == G(B(A,p,r,2)) + (p,b(2)) + f(z,7),
where B(A,p,r,x) is a d X d symmetric matrix with
Bij(A,p,r,x) = (Aoi(),05(2)) + (p, hij(x) + hji(z)) + gij(z,7) + gji(z, 7).
Theorem 3.7 u(t,z) is a viscosity solution of the following PDE:

{ Oyu + F(D?u, Du,u,r) =0,

u(T,z) = ¢(x). (3.23)

Proof. We first show that u is a continuous function. By (3I9) we know that u
is a Lipschitz function in z. It follows from (ZI0) and BI4) that for s € [¢, T,
E[|Y5*|] < C(1 4 |z]). Noting BI8) and B:22), we get |u(t, z) — u(t + 6, z)| <
C(1+|z|)(61/2 + ) for § € [0,T —¢]. Thus u is 2-Holder continuous in ¢, which
implies that u is a continuous function. We can also show, that for each p > 2,

BIIX[ — o] < O+ [2]?)o"/2, (3.24)

Now for fixed (t,x) € (0,T) x R™, let ¢ € C¢*([0, T] x R") be such that 1 > u
and ¥(t,x) = u(t,z). By B22), 24) and Taylor’s expansion, it follows that,
for § € (0,7 —¢t),

t+5

0 < Bt +6,X[5) — v(ta) + [ FOXE5 Y[ 0)dr
t

t+4 ) )
[ e vema (s B,
t

E[(B(D2¢(tv ,T), Dw(tvx)vw(tvx)vx)v <B>t+6 - <B>t)]
(Ostp(t, ) + (Do(t, ), b(x)) + fla, (t,2))0 + C(1+ |z| + |z]* + [«[*)6*/
< (8p(t, o) + F(D*¢(t, @), DY(t, ), 9 (t,x),2))6 + C(1 + |z] + |z[* + |2[*)8/?,
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then it is easy to check that
Oyp(t, x) + F(D*(t, x), DY(t, x), ¢(t, x), x) > 0.

Thus u is a viscosity subsolution of [B.23]). Similarly we can prove that u is a
viscosity supersolution of (3:23)). O

Example 3.8 Let B = (B, B?) be a 2-dimensional G-Brownian motion with
G(A) = Gi(an1) + Ga(az2),

where .
Gi(a) = Q(Ef(ﬁ —o?a7), i=1,2.

In this case, we consider the following 1-dimensional SDE:
dXb" = pXbds + vXPTd(BY) + oXlTdB:, X[ =u,

where p, v and o are constants.
The corresponding function u is defined by

ult, x) == E[p(X7")].
Then

u(t,z) = Elu(t + 4, Xffls)]

and u is the viscosity solution of the following PDE:
Oru + pxdyu + 2G1 (vadyu) + 0?2 Go(92,u) = 0, u(T,z) = o(z).

Exercise 3.9 For each & € L7, (Q;R™) with p > 2, show that SDE [BI1) has a
unique solution in ME(t, T;R™). Furthermore, show that the following estimates
hold.

E[| X" - XD¥P] < Cle — 2P,

E[IX;*["] < O(1 + [2f),

E[|1X, % — «’] < C(L + |af")s?.

Notes and Comments

This chapter is mainly from Peng (2007) [102].

There are many excellent books on Itd’s stochastic calculus and stochastic
differential equations founded by It6’s original paper [65], as well as on martin-
gale theory. Readers are referred to Chung and Williams (1990) [25], Dellacherie
and Meyer (1978 and 1982) [33], He, Wang and Yan (1992) [57], It6 and McKean
(1965) [66], Tkeda and Watanabe (1981) [63], Kallenberg (2002) [72], Karatzas
and Shreve (1988) 73], @ksendal (1998) [87], Protter (1990) |110], Revuz and
Yor (1999)[111] and Yong and Zhou (1999) [124].
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Linear backward stochastic differential equation (BSDE) was first introduced
by Bismut in (1973) [12] and (1978) |13]. Bensoussan developed this approach
in (1981) |10] and (1982) [11]. The existence and uniqueness theorem of a gen-
eral nonlinear BSDE, was obtained in 1990 in Pardoux and Peng [88]. The
present version of the proof was based on El Karoui, Peng and Quenez (1997)
[44], which is also a very good survey on BSDE theory and its applications, spe-
cially in finance. Comparison theorem of BSDEs was obtained in Peng (1992)
[90] for the case when g is a C!-function and then in [44] when g is Lipschitz.
Nonlinear Feynman-Kac formula for BSDE was introduced by Peng (1991) [89]
and (1992) [91]. Here we obtain the corresponding Feynman-Kac formula under
the framework of G-expectation. We also refer to Yong and Zhou (1999) [124],
as well as in Peng (1997) 93] (in 1997, in Chinese) and (2004) [95] for system-
atic presentations of BSDE theory. For contributions in the developments of
this theory, readers can be referred to the literatures listing in the Notes and
Comments in Chap. [l
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Chapter VI

Capacity and Quasi-Surely
Analysis for G-Brownian
Paths

In this chapter, we first present a general framework for an upper expectation
defined on a metric space (€2, B(2)) and the corresponding capacity to introduce
the quasi-surely analysis. The results are important for us to obtain the pathwise
analysis for G-Brownian motion.

81 Integration Theory associated to an Upper
Probability

Let Q be a complete separable metric space equipped with the distance d, B()
the Borel o-algebra of €2 and M the collection of all probability measures on

(2, B(2)).
e L°(Q): the space of all B(f2)-measurable real functions;
e B,(Q): all bounded functions in L°();
o C(£2): all continuous functions in Bp(2).

All along this section, we consider a given subset P C M.

1.1 Capacity associated to P

We denote
¢(A) := sup P(4), Ae€B(Q).
PeP

One can easily verify the following theorem.

91
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Theorem 1.1 The set function c(-) is a Choquet capacity, i.e. (see [24,132]),
1. 0<¢(A) <1, YVACQ.
2. If AC B, then c¢(A) < ¢(B).
3. If (An)S2, is a sequence in B(R2), then c(UA,) <Y c(Ay).

4. If (Ap)S, is an increasing sequence in B(Q): A, T A = UA,, then
c(UA,) = limy, 00 ¢(Ay).

Furthermore, we have
Theorem 1.2 For each A € B(§2), we have

¢(A) =sup{c(K): K compact K C A}.
Proof. It is simply because

c(A)y=sup sup P(K)= sup sup P(K)= sup c(K).
PcP K compact K compact PEP K compact
KCA KCA KCA

O

Definition 1.3 We use the standard capacity-related vocabulary: a set A is
polar if ¢(A) = 0 and a property holds “quasi-surely” (q.s.) if it holds outside
a polar set.

Remark 1.4 In other words, A € B(2) is polar if and only if P(A) = 0 for
any P € P.

We also have in a trivial way a Borel-Cantelli Lemma.

Lemma 1.5 Let (Ay)nen be a sequence of Borel sets such that

c(Ap) < o0.

n=1

Then limsup,,_, ., An is polar .

Proof. Applying the Borel-Cantelli Lemma under each probability P € P. O
The following theorem is Prokhorov’s theorem.

Theorem 1.6 P is relatively compact if and only if for each € > 0, there exists
a compact set K such that ¢(K°¢) < e.

The following two lemmas can be found in [62].

Lemma 1.7 P is relatively compact if and only if for each sequence of closed
sets Fy, | 0, we have c(F,) | 0.
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Proof. We outline the proof for the convenience of readers.

“=" part: It follows from Theorem that for each fixed € > 0, there exists
a compact set K such that ¢(K°) < e. Note that F,, N K | (), then there exists
an N > 0 such that F,, N K = () for n > N, which implies lim,, ¢(F},) < €. Since
e can be arbitrarily small, we obtain ¢(F},) | 0.

“e=" part: For each ¢ > 0, let (A¥)22, be a sequence of open balls of radius
1/k covering 2. Observe that (U, A¥)¢ | (), then there exists an ny, such that
c((Ulk AR)e) < e27F Set K = N2, Uk, AF. Tt is easy to check that K is
compact and ¢(K°¢) < e. Thus by Theorem [[LG] P is relatively compact. O

Lemma 1.8 Let P be weakly compact. Then for each sequence of closed sets
F, | F, we have ¢(Fy,) | ¢(F).

Proof. We outline the proof for the convenience of readers. For each fixed e > 0,
by the definition of ¢(F},), there exists a P, € P such that P,(F,) > c¢(F,) —¢.
Since P is weakly compact, there exist P,, and P € P such that P,, converge
weakly to P. Thus

P(F,,) > limsup P, (F;,) > limsup P, (Fy,) > lim ¢(F,) —e.

k—o0 k—00 n—00

Letting m — oo, we get P(F) > lim,_,o ¢(F},) — &, which yields ¢(F},) | ¢(F).
O

Following [62] (see also [35,150]) the upper expectation of P is defined as follows:
for each X € L°(Q) such that Ep[X] exists for each P € P,

E[X] =EP[X] := sup Ep[X].

It is easy to verify

Theorem 1.9 The upper expectation E[-] of the family P is a sublinear expec-
tation on By(2) as well as on Cp(Q2), i.e.,

1. for all X,Y in By(Q), X >Y = E[X] > E[Y].
2. for all X,Y in By(Q), E[X + Y] < E[X] + E[Y].

3. for all A >0, X € By(Q), E\X] = AE[X].

Q)
4. forallceR, X € Bp(Q) , E[X 4+ ¢] =E[X] + ¢.

Moreover, it is also easy to check
Theorem 1.10 We have
1. Let E[X,,] and B[}, X,] be finite. Then E[>" 7, X,,] <> 07 E[X,].

2. Let X,, T X and E[X,,], E[X] be finite. Then E[X,] 1 E[X].

Definition 1.11 The functional E[-] is said to be regular if for each {X,,}22
in Cp() such that X, 1 0 on Q, we have E[X,,] | 0.



94 Chap.VI Capacity and Quasi-Surely Analysis for G-Brownian Paths

Similar to Lemma [[.7 we have:
Theorem 1.12 E[-] is reqular if and only if P is relatively compact.

Proof. “=" part: For each sequence of closed subsets F, | () such that
F,, n =1,2,---, are non-empty (otherwise the proof is trivial), there exists
{gn}22, C Cp(Q) satisfying

0<g,<1, gp=1onF, and g, =0on {w e Q:d(w, F,) > ~}.
We set f, = A,g;, it is clear that f, € Cp(Q) and 15, < f, J 0. E[] is
regular implies E[f,,] | 0 and thus ¢(F,,) } 0. It follows from Lemma [[.7] that P

is relatively compact.
“e=" part: For each {X,,},- | C Cy(Q) such that X,, | 0, we have

S|

E[X,] = sup Ep[X,] = sup /O h P({X, > t})dt < /O N c({Xn > t})dt.

For each fixed ¢ > 0, {X,, > t} is a closed subset and {X,, > ¢} | 0 as n 1 co.
By Lemma [[7 ¢({X, >t}) | 0 and thus [;° ¢({X, > t})dt | 0. Consequently
E[X,] | 0. O
1.2 Functional spaces
We set, for p > 0,

o LP:={X € L(Q): E[|X["] = suppep Ep[|X[’] < oo};

o N?:={X € L°%(Q) : E[|X|P] = 0};

o N:={XeL0): X =0, cq.s.}.

It is seen that £P and AP are linear spaces and N? = N, for each p > 0.
We denote LP := LP/N. As usual, we do not take care about the distinction
between classes and their representatives.

Lemma 1.13 Let X € LP. Then for each oo > 0

({IX] > a}) < EEXTT.

oP

Proof. Just apply Markov inequality under each P € P. O
Similar to the classical results, we get the following proposition and the proof
is omitted which is similar to the classical arguments.

Proposition 1.14 We have

1. For eachp > 1, LP is a Banach space under the norm || X|| , := (E[|X|p])%
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2. For each p < 1, IL? is a complete metric space under the distance
d(X,Y):=E[|X - Y|?].
We set

L2 :={X € L°(Q) : T a constant M, s.t. |X| < M, qs.};
L™ := L>®/N.

Proposition 1.15 Under the norm
| X :==inf{M >0:|X| <M, gs.},

LL*° is a Banach space.
Proof. From {|X| > [ X| .} = U2, {|X| > || X + %} we know that | X| <
I X, g-s., then it is easy to check that ||-||., is a norm. The proof of the
completeness of IL>° is similar to the classical result. O
With respect to the distance defined on L, p > 0, we denote by

e L the completion of By ().

e L2 the completion of Cy(£2).
By Proposition [[.T4, we have

L? CcLy cLP, p>0.

The following Proposition is obvious and the proof is left to the reader.
Proposition 1.16 We have

1. Let p,q>1, %4—%: 1. Then X € L? and Y € L? implies

XY e L' and E[|XY] < (E[|IX[P])7 (E[Y])" ;

Moreover X € LP and Y € LY implies XY € L!;
2. Lp CcLP2, LV C P2, L2 C LE2, 0 < pp < p1 < 005
S X, T X s for each X € L.

Proposition 1.17 Letp € (0, 00] and (X,,) be a sequence in LP which converges
to X inILP. Then there exists a subsequence (X, ) which converges to X quasi-
surely in the sense that it converges to X outside a polar set.
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Proof. Let us assume p € (0,00), the case p = co is obvious since the conver-
gence in LL°° implies the convergence in IL? for all p.
One can extract a subsequence (X, ) such that

E[|X — X, |P] < 1/kPT2, ke N.
We set for all k
A ={|X = X, | > 1/k},

then as a consequence of the Markov property (Lemma [[LI3) and the Borel-
Cantelli Lemma [[5, c(limy o0 Ar) = 0. As it is clear that on (limy_s.o A1),
(Xn,) converges to X, the proposition is proved. O
We now give a description of Lj.

Proposition 1.18 For each p > 0,
LY ={X eLP: nh_)rrgo E[|X[P1{x|>n}] = 0}.
Proof. We denote J, = {X € L? : lim, ;o E[|X[P1{/x|>n}] = 0}. For each
X € Jplet X, = (X An)V (—n) € By(2). We have
E[|X — X,[P] <E[X|P1{x|>n}] = 0, as n — oo.

Thus X € L.

On the other hand, for each X € L, we can find a sequence {Y,,},~; in By(Q)
such that E[| X —Y,,|?] — 0. Let y, = sup,,cq |Yn(w)| and X,, = (X Ayn)V(—yn).
Since | X — X,| < |X =Y, |, we have E[| X — X,,|P] — 0. This clearly implies that
for any sequence (a,) tending to 0o, limy, 00 E[|X — (X A @) V (—ap)P] = 0.
Now we have, for all n € N,

E[IX P11 x 50y = E[(IX] =1+ 1)1 1x 50y
< (V227 (E[(1X] = n)PLxpsny] + nPe(|X] > n)) .

The first term of the right hand side tends to 0 since

E[(|X] = n)"1{x>ny] = E[[ X = (X An)V (=n)[’] = 0.
For the second term, since

n? n n
o Lix>ny < (X1 = )P Lxpsny < (X] = )P Lx1> 5y,
we have

nP n? .y
o5 X1 >n) = ZEL(x>m] < E[(1X] = 5) (x> 53] = 0.
Consequently X € J,. 0

Proposition 1.19 Let X € L}. Then for each € > 0, there exists a 6 > 0, such
that for all A € B(Q) with c(A) <, we have E[|X|14] < e.
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Proof. For each ¢ > 0, by Proposition [[LTI8 there exists an N > 0 such that
E[|X[1fx|>n}] < 5. Take 6 = 55. Then for a subset A € B(Q) with ¢(A) <0,

we have

E[[X[14] <E[|X[1alyx>ny) + E[X[1a1yx<ny]
< E[X[1fx>ny] + Ne(A4) <e.

O
It is important to note that not every element in P satisfies the condition
limy, 00 E[| X [P1fx|5n}] = 0. We give the following two counterexamples to

show that L' and L} are different spaces even under the case that P is weakly
compact.

Example 1.20 Let @ = N, P = {P, : n € N} where P,({1}) = 1 and
P,{1})=1-21 P,({n}) =2, forn =2,3,---. P is weakly compact. We
consider a function X on N defined by X(n) =n, n € N. We have E[|X|] = 2
but B[| X |1{x|5n}] =1 # 0. In this case, X € L' but X € L.

Example 1.21 Let @ = N, P = {P, : n € N} where Pi({1}) = 1 and
P,({1h)=1-%, P,({kn}) = 5, k=1,2,...,n.forn=2,3,---. P is weakly
compact. We consider a function X on N defined by X(n) =n, n € N. We
have EHX” = % and nE[l{\X|2n}] = % — 0, but E[|X|1{|X\2n}] = %—i—% 4 0.
In this case, X is in L', continuous and nE[1{x|>n}] = 0, but it is not in L.

1.3 Properties of elements in L?

Definition 1.22 A mapping X on Q0 with values in a topological space is said
to be quasi-continuous (g.c.) if

Ve > 0, there exists an open set O with c¢(O) < € such that X|oe is continuous.

Definition 1.23 We say that X : Q@ — R has a quasi-continuous version if
there exists a quasi-continuous function Y : Q@ — R with X =Y g¢.s..

Proposition 1.24 Let p > 0. Then each element in LE has a quasi-continuous
Version.

Proof. Let (X,,) be a Cauchy sequence in Cy(f2) for the distance on L?. Let
us choose a subsequence (X, )r>1 such that

E[|X — X, PP <27 VE>1,

MNk+41

and set for all &,
> 271./17}.

o0
Ay = U{|Xni+1 — Xn,
i=k
Thanks to the subadditivity property and the Markov inequality, we have

oo

c(A) €D el Xnyy — Xn, | >2777) < 27 = 27k

i=k i=k
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As a consequence, limg_, o, ¢(Ag) = 0, so the Borel set A = ﬂ?:l Ay is polar.

As each X, is continuous, for all £ > 1, Ay is an open set. Moreover, for all
k, (X,,) converges uniformly on Af so that the limit is continuous on each Af.
This yields the result. 0

The following theorem gives a concrete characterization of the space LE.
Theorem 1.25 For each p > 0,

L2 ={X € L?: X has a quasi-continuous version, nll)rrgo E[|X[P1¢x|>n}] = 0}.
Proof. We denote

Jp ={X €L : X has a quasi-continuous version, nlgxgo E[|X[P1{x|>n}] = 0}.

Let X € LP, we know by Proposition[[.24]that X has a quasi-continuous version.
Since X € Lj, we have by Proposition that lim, oo E[| X [P1{x|>n}] = 0.
Thus X € Jp.

On the other hand, let X € J, be quasi-continuous. Define ¥;, = (X An)V (—n)
for all n € N. As E[| X [P1{x|>n}] — 0, we have E[|X — Y,|P] — 0.

Moreover, for all n € N, as Y, is quasi-continuous , there exists a closed set F),
such that ¢(F¢) < np—lﬂ and Y,, is continuous on F,,. It follows from Tietze’s
extension theorem that there exists Z,, € Cp(£2) such that

|Z,| <nand Z, =Y, on F,.

We then have

E[[Y, — Z]"] < @n)Pe(FE) < .

So E[|X — Z,|P] < (1 V2P ) (E[|X — Yau|P] + E[|Ys — Zu|P]) — 0, and X € LE.
O

We give the following example to show that L? is different from L even under
the case that P is weakly compact.

Example 1.26 Let Q = [0,1], P = {6, : = € [0,1]} is weakly compact. It is
seen that LE = Cy(Q) which is different from LY.

We denote L° := {X € L : X has a quasi-continuous version}, we have
Proposition 1.27 Lg° is a closed linear subspace of L>°.

Proof. For each Cauchy sequence {X,} -, of L2 under |||, we can find
a subsequence {X,, };2; such that || X, , —Xp,|_ < 27" We may further
assume that each X, is quasi-continuous. Then it is easy to prove that for each
e > 0, there exists an open set G such that ¢(G) < € and ’Xni+1 — X, | <27¢
for all ¢ > 1 on G, which implies that the limit belongs to L2°.

As an application of Theorem [[L25, we can easily get the following results.
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Proposition 1.28 Assume that X : Q — R has a quasi-continuous version

and that there exists a function f : RT — RT satisfying lim; o O — o and

1D
E[f(|X])] < 0o. Then X € LE.

Proof. For each € > 0, there exists an N > 0 such that ft(lf) > %, for allt > N.
Thus

E[ X" 1 x5 3] < eB[f (X 1gx1>n) < E[F(X])]-
Hence limy o0 E[| X[P1{ x> ny] = 0. From Theorem [25 we infer X € L2. [

Lemma 1.29 Let {P,} ~, C P converge weakly to P € P. Then for each
X € L!, we have Ep, [X] — Ep[X].

Proof. We may assume that X is quasi-continuous, otherwise we can consider
its quasi-continuous version which does not change the value Eq for each @ € P.
For each € > 0, there exists an N > 0 such that E[|X[1¢x>n}] < §. Set
Xn = (XAN)V(=N). We can find an open subset G such that ¢(G) < ;5 and
X is continuous on G°. By Tietze’s extension theorem, there exists Y € Cp(Q2)
such that |Y] < N and Y = Xy on G¢. Obviously, for each Q € P,

|EQ[X] = Eq[Y]| < Eq[IX — Xn|] + Eq[|Xn — Y]

g g
<S4oNE -
Sg VN =@

It then follows that

limsup Ep, [X] < lim Ep, [Y]+e=Ep[Y]|+e < Ep[X]+ 2¢,

n—00 n—00

and similarly liminf,, o Ep, [X] > Ep[X]—2¢. Since € can be arbitrarily small,
we then have Fp [X]| — Ep[X]. O

Remark 1.30 For continuous X, the above lemma is Lemma 3.8.7 in [15].

Now we give an extension of Theorem [[.T2]

Theorem 1.31 Let P be weakly compact and let {X,}.-, C L. be such that
Xn 1 X, ¢s.. Then E[X,] | E[X].

Remark 1.32 It is important to note that X does not necessarily belong to LLL.

Proof. For the case E[X] > —oo, if there exists a § > 0 such that E[X,,] >
E[X]+ 48, n = 1,2,---, we then can find a P, € P such that Fp [X,] >
E[X]+ 46 — %, n = 1,2,---. Since P is weakly compact, we then can find a
subsequence {P,,};-, that converges weakly to some P € P. From which it
follows that

7

j—o0 J j—roo

Ep[X,,] = lim Ep, [X,,] > limsup Ep,, (X0, ]

> limsup{E[X] + 0 — i} =E[X]+9, i=1,2,---.
n;

J—o0
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Thus Ep[X] > E[X] + §. This contradicts the definition of E[]. The proof for
the case E[X] = —oo is analogous. O
We immediately have the following corollary.

Corollary 1.33 Let P be weakly compact and let {X,},> | be a sequence in L!
decreasingly converging to 0 q.s.. Then E[X,] ] 0.

1.4 Kolmogorov’s criterion

Definition 1.34 Let I be a set of indices, (X¢)ter and (Yi)ter be two processes
indexed by I . We say that Y is a quasi-modification of X if for allt € I,
Xy =Y gs..

Remark 1.35 In the above definition, quasi-modification is also called modifi-
cation in some papers.

We now give a Kolmogorov criterion for a process indexed by R? with d € N.

Theorem 1.36 Let p > 0 and (X¢)icp0,1]¢ be a process such that for all t €
[0,1]¢, X; belongs to P . Assume that there exist positive constants ¢ and &
such that

E[|X; — X,[P] < c|t — s]¢Te.

Then X admits a modification X such that

~ N
|Xt - X5|
sup ———— < 00,
S;ﬁt |t — S|a
for every a € [0,e/p). As a consequence, paths of X are quasi-surely Hoder
continuous of order a for every o < e/p in the sense that there exists a Borel
set N of capacity 0 such that for all w € N€¢, the map t — X(w) is Hoder

continuous of order a for every a < e/p. Moreover, if X; € LL for each t, then
we also have X, € LP.

Proof. Let D be the set of dyadic points in [0, 1]%:

D_{(%vvg_i)a neNvilv"'7id€{0517"'72n}}'

Let a € [0,e/p). We set

Xy — X
M= sup M
s,te€D,s#t |t - S|a

Thanks to the classical Kolmogorov’s criterion (see Revuz-Yor [111]), we know
that for any P € P, Ep[MP?] is finite and uniformly bounded with respect to P
so that

E[MP] = sup Ep[MP] < cc.
pPeP
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As a consequence, the map ¢t — X; is uniformly continuous on D quasi-surely
and so we can define

vt e [0,1], X, = lim  X..
s—t,s€

It is now clear that X satisfies the enounced properties. ([l

82 (G-expectation as an Upper Expectation

In the following sections of this Chapter, let 1 = CZ¢(R*) denote the space of
all R —valued continuous functions (w;);cr+, with wy = 0, equipped with the
distance

pw',w?) =" 27 [(max foi —wil) A1)
=1 ’

and let Q = (R%)[%°°) denote the space of all R¢—valued functions (@;)ycp+. Let
B(£2) denote the g-algebra generated by all open sets and let B(£2) denote the
o-algebra generated by all finite dimensional cylinder sets. The corresponding
canonical process is By(w) = w; (respectively, B, (@) = @), t € [0,00) for w € Q
(respectively, @ € Q). The spaces of Lipschitzian cylinder functions on € and
Q are denoted respectively by

Lip(Q) :={p(Bt,,Bty, -+ ,Bt,) :Yn > 1,t1,--- ,t, € [0,00),Vop € C'l_Lip(RdX")},

Ll-p(Q) = {¢(By,, By, -+, By,) :¥n>1,t1,--- ,t, € [0,00),Yp € Cl_Lip(RdX")}.

Let G() : S(d) — R be a given continuous monotonic and sublinear function.
Following Sec.2 in Chapl[Ill we can construct the corresponding G-expectation
[ on (€, Liy(€)). Due to the natural correspondence of Li,(€) and L;,(Q), we
also construct a sublinear expectation E on (Q, L;,(Q)) such that (By(@))¢>0 is
a G-Brownian motion.

The main objective of this section is to find a weakly compact family of (o-
additive) probability measures on (€2, B(Q2)) to represent G-expectation E. The
following lemmas are a variety of Lemma and [3.4

Lemma 2.1 Let 0 <ty <ty <--- <ty < 00 and {pp}p2; C Ci.pip(REX™)
satisfy on L 0. Then Elpy (By,, By, -+, By,,)] 4 0.

We denote T :={t = (t1,...,tm) : Vm eN,0 <t; <ty <+ <t < 00}

Lemma 2.2 Let E be a finitely additive linear expectation dominated by E on

Lip(Q). Then there exists a unique probability measure Q on (2, B(Q)) such

that E[X] = Eq[X] for each X € L;,(Q).

Proof. For each fixed t = (t1,...,t,,) € T, by Lemma ] for each sequence
{on}2 1 C C)Lip(R¥*™) satisfying ¢, | 0, we have E[p, (B, Bi,, -+, B, )] |
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0. By Daniell-Stone’s theorem (see Appendix B), there exists a unique probabil-
ity measure Q; on (R4*™ B(R¥™)) such that Eq, [¢] = E[¢(B,, By,, -+, Bt,,)]
for each ¢ € Cy 1;,(RY*™). Thus we get a family of finite dimensional distribu-
tions {Q: : t € T}. It is easy to check that {Q; : £ € T} is consistent. Then
by Kolmogorov’s consistent theorem, there exists a probability measure @ on
(Q,B()) such that {Q; : t € T} is the finite dimensional distributions of Q.
Assume that there exists another probability measure Q satisfying the condi-
tion, by Daniell-Stone’s theorem, @ and @ have the same finite-dimensional
distributions. Then by monotone class theorem, @ = Q. The proof is complete.
|

Lemma 2.3 There exists a family of probability measures P, on (2, B(£2)) such
that

E[X] = EglX X € Liy(Q).
[X] = max Eo[X], for X & Lip(82)
Proof. By the representation theorem of sublinear expectation and Lemma [2.2]
it is easy to get the result. 0

For this P, we define the associated capacity:

é(A) := sup Q(A), A< B(Q),
QER

and the upper expectation for each B({)-measurable real function X which
makes the following definition meaningful:

E[X] := sup Eg[X].
QER

Theorem 2.4 For (B)io , there exists a continuous modification (B)>o of B
(i.e., 6({B; # By}) = 0, for each t > 0) such that By = 0.

Proof. By Lemma 23] we know that E = E on L;,(€2). On the other hand, we
have o - o -
E[|B; — B,|*] = E[|B, — B,|*] = d|t — s|*> for s,t € [0,00),

where d is a constant depending only on G. By Theorem [[.36] there exists a

continuous modification B of B. Since é({By # 0}) = 0, we can set By = 0.
The proof is complete. 0

For each Q € R, let Qo B~ denote the probability measure on (£2, B(€))
induced by B with respect to Q. We denote P; = {Qo B! : Q € R}. By
Lemma 2.4 we get

E[|B; — B,|*] = E[|B; — B,|*] = d|t — s]%,¥s,t € [0, 00).

Applying the well-known result of moment criterion for tightness of Kolmogorov-
Chentsov’s type (see Appendix B), we conclude that P; is tight. We denote by
P = P, the closure of P; under the topology of weak convergence, then P is
weakly compact.

Now, we give the representation of G-expectation.
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Theorem 2.5 For each continuous monotonic and sublinear function G : S(d) —
R, let E be the corresponding G-expectation on (2, Ly, (Q)). Then there exists a
weakly compact family of probability measures P on (Q, B(Q)) such that

E[X] = rlglg%(Ep[X] for X € Lip(2).

Proof. By Lemma and Lemma 2.4] we have

E[X] = max Ep[X] for X € L;,().
For each X € L;p(€2), by Lemma 2.1 we get E[|X — (X AN)V (=N)[] L 0 as
N — oo. Noting that P = Pq, by the definition of weak convergence, we get
the result. O

Remark 2.6 In fact, we can construct the family P in a more explicit way: Let
(Wi)e>o0 = (Wg)zd:Lt>O be a d-dimensional Brownian motion in this space. The
filtration generated by W is denoted by F}V. Now let T' be the bounded, closed
and convex subset in R¥*? such that

G(A) = sup tr{Ayy"], A €S(d),
yel

(see (I13) in Ch. II) and Ar the collection of all ©-valued (F}V)i>o-adapted
process [0,00). We denote

T
B? ::/ vsdWs, t >0, v € Ar.
0

and Py the collection of probability measures on the canonical space (£, B(Q))
induced by {BY :y € Ar}. Then P = Py (see [37] for details).

83 G-capacity and Paths of G-Brownian Motion

According to Theorem [Z.5] we obtain a weakly compact family of probability
measures P on (2, B(2)) to represent G-expectation E[-]. For this P, we define
the associated G-capacity:

¢(A) := sup P(4), Aec B(Q)
PeP

and upper expectation for each X € L°(Q) which makes the following definition
meaningful:

E[X] := Isglelng[X].

By Theorem 25, we know that E = E on L;y(Q), thus the E[| - []-completion
and the E[| - |]-completion of L;,(Q2) are the same.
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For each T' > 0, we also denote by Qr = Cg([0,7T]) equipped with the distance

! max |w; — wi|.

7W2) = le - “)QHC(‘;([O,T]) = 0<t<T

plw

We now prove that L () = L., where L! is defined in Sec.1. First, we need

c?

the following classical approximation lemma.
Lemma 3.1 For each X € Cy(2) andn=1,2,---, we denote

™ () = / W
X'"(w) = J,réfQ{X(w )+ nlw—w ||Cg([07n])} for w e Q.

Then the sequence {X (™} | satisfies:

(i) —M < XM < XD <. <X, M =sup,,cq | X (w);

(ii) | X ™ (wy) — X (wy)| < n||wy — w2||cg([0)n]) for wy,ws €
(iii) X (w) 1+ X (w) for we Q.

Proof. (i) is obvious.
For (ii), we have

X(”)(wl) - X(”)(wg)
< supy o [X (W) + nllwr — W'l g o,n] — (X (@) + 71 llw2 = @'l cao,np ]}
< nfler = wallegqon

and, symmetrically, X (™ (wy) — X™ (w;) < nljw; — o.)g||cg([07n]). Thus (ii) fol-
lows.
We now prove (iii). For each fixed w € Q, let w,, € Q be such that

" 1
X(wn) +nllw— wn”cg([o,n]) < XM (w) +

n

It is clear that n lw — wnlca(jo,ny) < 2M +1 o1 flw = wallcg 0,0y < 2MEL - Since
X € Cp(), we get X (w,) = X (w) as n — co. We have

n 1
X(w) > X" (W) > X (wn) +nlw— Wn”cg([o,n]) Y

thus )
nlw = wnllcaon < 1X(w) = X(wn)| + o
We also have

X(wp) — X (w)+n|w-— wn”cg([o,n]) > XM (W) — X (w)

1
> X(wp) — X(w)+n|w-— wn||cg([07n]) -
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From the above two relations, we obtain
n 1
X (@) = X ()] < 1X (wn) = X(@)] + 7 lw = wnll gagony) + -
1
< 2()1X (wn) — X(w)| + E) — 0 asn — 0.
Thus (iii) is obtained. O

Proposition 3.2 For each X € Cp(Q2) and ¢ > 0, there evists Y € L;p(S2) such
that E[|Y — X|] <e.

Proof. We denote M = sup,cq |X(w)|. By Theorem and Lemma 3.1
we can find p > 0, T > 0 and X € C,(Qr) such that E[|X — X|] < /3,
Sup,cq X (w)| < M and

| X (w) — X ()] < pllw— W/Hcg([o,T]) for w,w’ € Q.

Now for each positive integer n, we introduce a mapping w™ (w) : @ — Q:

n—1 1[t2‘1t2+1) (t)

W @) (1) = _

o (1 — Ow(tR) + (€ = 1)ty 1)) + Lir,o0) (B (1),
k=0 +

where 17 = ¥I k= 0,1,--- ,n. We set X (w) := X (w(™(w)), then

X (w) = X)) < posup [wl™ (w)(t) — w™ (w)(1)]
te[0,T]
=p sup |w(ty) —w'(t;)].
kel0,- ,n]

We now choose a compact subset K C € such that E[1xc] < ¢/6M. Since
SUP,,¢ K SUPseo,77 [w (1) —w™ (w)(t)| = 0, as n — oo, we can choose a sufficiently
large ng such that

sup | X (w) — X (w)] = sup | X (w) = X (" (w))|
weK weK

<psup sup fw(t) — 0™ (w)(0)]
weK te[0,T]

<e/3.
Set Y := X (") it follows that

E[|X - Y| <E[|X - X[] + E[l.X - X™)]]

<E[X — X|] + E[1g|X — X")|] + 2ME[1 gc]
<E.

The proof is complete. O



106 Chap.VI Capacity and Quasi-Surely Analysis for G-Brownian Paths

By Proposition B2 we can easily get L5 () = L..
LE(Q) =12, ¥p > 0.
Thus, we obtain a pathwise description of L7, () for each p > 0:

Furthermore, we can get

L2(Q) = {X € L°(Q) : X has a quasi-continuous version and lim E[|X|PI{ x|>n}] = 0}.
n—oo

Furthermore, E[X] = E[X], for each X € LL().
Exercise 3.3 Show that, for each p > 0,

L2(Qr) = {X € L°(Qr) : X has a quasi-continuous version and lim E[|X|PI{ x|>n)] = 0}.
n—oo

Notes and Comments

The results of this chapter for G-Brownian motions were mainly obtained by
Denis, Hu and Peng (2008) [37] (see also Denis and Martini (2006) [38] and
the related comments after Chapter III). Hu and Peng (2009) [58] then have
introduced an intrinsic and simple approach. This approach can be regarded
as a combination and extension of the original Brownian motion construction
approach of Kolmogorov (for more general stochastic processes) and a sort of
cylinder Lipschitz functions technique already introduced in Chap. [IIl Section
1 is from [37] and Theorem is firstly obtained in |37], whereas contents of
Sections 2 and 3 are mainly from [58].

Choquet capacity was first introduced by Choquet (1953) [24], see also Del-
lacherie (1972) [32] and the references therein for more properties. The ca-
pacitability of Choquet capacity was first studied by Choquet [24] under 2-
alternating case, see Dellacherie and Meyer (1978 and 1982) [33], Huber and
Strassen (1972) |62] and the references therein for more general case. It seems
that the notion of upper expectations was first discussed by Huber (1981) [61]
in robust statistics. Recently, it was rediscovered in mathematical finance, es-
pecially in risk measure, see Delbaen (1992, 2002) |34, [35], Follmer and Schied
(2002, 2004) [50] and etc..



Appendix A
Preliminaries in Functional
Analysis

81 Completion of Normed Linear Spaces
In this section, we suppose H is a linear space under the norm | - ||.

Definition 1.1 {x,} € H is a Cauchy sequence, if {x,} satisfies Cauchy’s
convergence condition:
lim ||z, — xm| = 0.
n,m—0o0
Definition 1.2 A normed linear space H is called a Banach space if it is
complete, i.ce., if every Cauchy sequence {x,} of H converges strongly to a
point oo of H:
lim ||, — 2ol = 0.
n—oo

Such a limit point T, if exists, is uniquely determined because of the triangle
inequality ||z — 2’| < ||l — xu|| + ||z — /||

The completeness of a Banach space plays an important role in functional anal-
ysis. We introduce the following theorem of completion.

Theorem 1.3 Let ‘H be a normed linear space which is not complete. Then H
18 isomorphic and isometric to a dense linear subspace of a Banach-space H,
i.e., there exists a one-to-one correspondence x <> T of H onto a dense linear
subspace of H such that

r+y=7+4y9, ar=az, ||Z|| =]z
The space H is uniquely determined up to isometric isomorphism.

For a proof see Yosida |125] (1980, p.56).
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§2 The Hahn-Banach Extension Theorem

Definition 2.1 Let Ty and Ty be two linear operators with domains D(Ty) and
D(T3) both contained in a linear space H, and the ranges R(T1) and R(Tz) both
contained in a linear space M. Then Ty = Ts if and only if D(Th) = D(T»)
and The = Tox for oll x € D(Th). If D(Ty) C D(Ts) and Tix = Tha for all
x € D(Th), then Ty is called an extension of Ty, or Ty is called a restriction
Of Tg.

Theorem 2.2 (Hahn-Banach extension theorem in real linear spaces)
Let H be a real linear space and let p(x) be a real-valued function defined on H
satisfying the following conditions:

p(x +y) <p(z) +p(y) (subadditivity);
p(azx) = ap(x) for a > 0 (positive homogeneity).

Let L be a real linear subspace of H and fy be a real-valued linear functional

defined on L :

folax + By) = afo(z) + Bfoly) for z,y € L and a, 8 € R.

Let fo satisfy fo(x) < p(z) on L. Then there exists a real-valued linear func-
tional F' defined on H such that

(i) F is an extension of fo, i.e., F(x) = fo(z) for all z € L.

(i) F(z) < p(z) forxzeH.

For a proof see Yosida [125] (1980, p.102).

Theorem 2.3 (Hahn-Banach extension theorem in normed linear spaces)
Let H be a normed linear space under the norm || - ||, £ be a linear subspace of
H and let f1 be a continuous linear functional defined on L. Then there exists

a continuous linear functional f, defined on H, such that

(i) f is an extension of fi.

(i) [1A2ll = [1£1]-
For a proof see for example Yosida [125] (1980, p.106).

83 Dini’s Theorem and Tietze’s Extension The-

orem

Theorem 3.1 (Dini’s theorem) Let H be a compact topological space. If a
monotone sequence of bounded continuous functions converges pointwise to a
continuous function, then it also converges uniformly.

Theorem 3.2 (Tietze’s extension theorem) Let L be a closed subset of a
normal space H and let f : L — R be a continuous function. Then there exists
a continuous extension of f to all of H with values in R.



Appendix B
Preliminaries in Probability
Theory

81 Kolmogorov’s Extension Theorem

Let X be a random variable with values in R™ defined on a probability space
(Q, F, P). Denote by B the Borel o-algebra on R™. We define X’s law of distri-
bution Px and its expectation Ep with respect to P as follows respectively:

+oo
Px(B):= P(w: X(w) € B); Ep|X]|:= / xP(dz),

—0o0

where B € B.

In fact, we have Px(B) = Ep[Ip(X)].

Now let {X;}ier be a stochastic process with values in R™ defined on a prob-
ability space (€, F,P), where the parameter space T is usually the halfline
[0, +00).

Definition 1.1 The finite dimensional distributions of the process { X¢ bter
are the measures fu, ... 1, defined on R™ k=1,2,---, by

Pty (B1 X -+ X Bg):=P[Xy, €B1,---, Xy, € By, ti €T, i=1,2,--- ,k,
where B; € B,i=1,2,--- k.

The family of all finite-dimensional distributions determine many (but not all)
important properties of the process {X;}er.

Conversely, given a family {vy, ... ¢, 1 t; € T,i =1,2,--- ,k,k € N} of probabil-
ity measures on R™ | it is important to be able to construct a stochastic process
(Yi)ter with vy, ... ¢, as its finite-dimensional distributions. The following fa-
mous theorem states that this can be done provided that {vy, ... ;, } satisfy two
natural consistency conditions.

109
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Theorem 1.2 (Kolmogorov’s extension theorem) For all tq, ta, -+, tg,
k €N, let vy, ... 1, be probability measures on R" such that

Vg (Bl X X Bk) = Vty, s (Bﬂ'*l(l) X oo X Bﬂ.—l(k))

w(1)s " st (k) )

for all permutations © on {1,2,---  k} and

Uty oo 4y (B1 X -+ X B) = 1y .. By XX B xR" x -+« xR")

Stk lk41s s thym (

for all m € N, where the set on the right hand side has a total of k +m factors.
Then there exists a probability space (2, F, P) and a stochastic process (X;) on
Q, X;: Q — R”, such that

th.,---.,tk(Bl X oo X Bk) = P[th S Bl,"' ,th S Bk]
for all t; € T and all Borel sets B;, i =1,2,--- /k, k € N.

For a proof see Kolmogorov [74] (1956, p.29).

§2 Kolmogorov’s Criterion

Definition 2.1 Suppose that (X;) and (Y:) are two stochastic processes defined
on (2, F,P). Then we say that (X;) is a version of (or a modification of)
) if

P{w: X¢(w) =Yi(w)}) =1 for all t.

Theorem 2.2 (Kolmogorov’s continuity criterion) Suppose that the pro-
cess X = { X }i>0 satisfies the following condition: for all T > 0 there exist
positive constants o, 8, D such that

E[|X; — X,|*] < D|t —s|'*?, 0<st<T.
Then there exists a continuous version of X.

For a proof see Stroock and Varadhan [117] (1979, p.51).

Let E be a metric space and B be the Borel o-algebra on E. We recall a few
facts about the weak convergence of probability measures on (E,B). If P is
such a measure, we say that a subset A of E is a P-continuity set if P(0A) = 0,
where 0A is the boundary of A.

Proposition 2.3 For probability measures P,(n € N) and P, the following
conditions are equivalent:

(i) For every bounded continuous function f on E,
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(ii) For every bounded uniformly continuous function f on E,

lim [ fdP, = / fdp;

n—oo

(iii) For every closed subset F of E, limsup,,_,. Pn(F) < P(F);
(iv) For every open subset G of E, liminf, . P,(G) > P(GQ);
(v) For every P-continuity set A, lim,_,oc Pn(A) = P(A).

Definition 2.4 If P, and P satisfy the equivalent conditions of the preceding
proposition, we say that (P,) converges weakly to P.

Now let m be a family of probability measures on (E, B).

Definition 2.5 A family w is weakly relatively compact if every sequence
of m contains a weakly convergent subsequence.

Definition 2.6 A family « is tight if for every e € (0, 1), there exists a compact
set K. such that
P(K:.)>1—¢ for every P € .

With this definition, we have the following theorem.

Theorem 2.7 (Prokhorov’s criterion) If a family 7 is tight, then it is weakly
relatively compact. If E is a Polish space (i.e., a separable completely metrizable
topological space), then a weakly relatively compact family is tight.

Definition 2.8 If (X, )nen and X are random variables taking their values in
a metric space E, we say that (X,) converges in distribution or converges
n law to X if their laws Px, converge weakly to the law Px of X.

We stress the fact that the (X,,) and X need not be defined on the same prob-
ability space.

Theorem 2.9 (Kolmogorov’s criterion for weak compactness) Let { X"}
be a sequence of R%-valued continuous processes defined on probability spaces
(Q™, F", P™) such that

(i) the family {P}}g} of initial laws is tight in R®.

(ii) there exist three strictly positive constants «, 8, v such that for each s,t € R
and each n,
Epa[| X7 = X7'|*] < Bls -t

then the set (P%.) of the laws of the (X,,) is weakly relatively compact.

For the proof see Revuz and Yor [111] (1999, p.517)
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83 Daniell-Stone Theorem

Let (Q,F,u) be a measure space, on which we can define integration. One
essential properties of integration is its linearity, thus it can be seen as a lin-
ear functional on L'(Q,F,p). This idea leads to another approach to define
integral-Daniell’s integral.

Definition 3.1 Let Q) be an abstract set and H be a linear space formed by a
Sfamily of real valued functions. H is called a vector lattice if

feH=|fleH,fALEHN.

Definition 3.2 Suppose that H is a vector lattice on ) and I is a positive linear
functional on H, i.e.,

frgeM, o, e R=I(af +Bg) =al(f) + BI(g);
feH,f>0=1I(f)>0.

If I satisfies the following condition:
fn €M, fn L 0= 1I(fn) =0,
or equivalently,

fn€HMH, fnt fEeEH=I(f)= lim I(f,),

n—r oo

then I is called a Daniell’s integral on H.

Theorem 3.3 (Daniell-Stone theorem) Suppose that H is a vector lattice
on Q and I is a Daniell integral on H. Then there exists a measure p € F,
where F :=o(f : f € H), such that H C LY(Q, F,p) and I(f) = p(f), Vf € H.
Furthermore, if 1 € H’, where H == {f : fn >0, fn € H such that f, T f},
then this measure [ is unique and is o-finite.

For the proof see Dellacherie and Meyer [33] (1978, p.59), Dudley [41] (1995,
p.142), or Yan [123] (1998, p.74).



Appendix C
Solutions of Parabolic
Partial Differential

Equation

81 The Definition of Viscosity Solutions

The notion of viscosity solutions was firstly introduced by Crandall and Lions
(1981) |28] and (1983) |29] (see also Evans’s contribution (1978) [45] and (1980)
[46]) for the first-order Hamilton-Jacobi equation, with uniqueness proof given in
[29]. The the proof of second-order case for Hamilton-Jacobi-Bellman equations
was firstly developed by Lions (1982) [80] and (1983) [81] using stochastic control
verification arguments. A breakthrough was achieved in the second-order PDE
theory by Jensen (1988) [67]. For all other important contributions in the
developments of this theory we refer to the well-known user’s guide by Crandall,
Ishii and Lions (1992) |30]. For reader’s convenience, we systematically interpret
some parts of [30] required in this book into it’s parabolic version. However,
up to my knowledge, the presentation and the related proof for the domination
theorems seems to be a new generalization of the maximum principle presented
in [30]. Books on this theory are, among others, Barles (1994) []], Fleming, and
Soner (1992) |49], Yong and Zhou (1999) |124].

Let T > 0 be fixed and let O C [0,T] x RY. We set

USC(O) = {upper semicontinuous functions v : O — R},

LSC(0O) = {lower semicontinuous functions u : O — R}.

Consider the following parabolic PDE:

(E) 0pu — G(t,z,u, Du, D*>u) = 0 on (0,T) x RY, (1.1)
(IC) u(0,7) = ¢(x) for z € RV, '

where G : [0,T] x RY x R x RN x S(N) = R, p € C(RY). We always suppose

113
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that G is continuous and satisfies the following degenerate elliptic condition:
G(t,z,r,p,X) > G(t,z,7,p,Y) whenever X >Y. (1.2)

Next we recall the definition of viscosity solutions from Crandall, Ishii and Lions
[30]. Let u: (0,T) xRN — R and (t,z) € (0,7)xRN. We denote by P*Tu(t, z)
(the “parabolic superjet” of u at (¢, 7)) the set of triples (a,p, X) € RxRY x
S(N) such that

U(Say) < ’U,(t,I) + CL(S - t) + <pay - $>
1

_|_§<X(y—x),y—x>+O(|S—t|+|y_$|2)-

We define

P> Fu(t,x) :={(a,p, X) € R X RN X S(N) : 3(tn, Tn, an, P> Xn)
such that (an, pn, Xn) € P> Tu(t,,z,) and
(tna Tn, u(tna xn)u An s Pn,s Xn) — (t7 xZ, ’U,(t, :E)u a,p, X)}

Similarly, we define P®~u(t,z) (the “parabolic subjet” of u at (t,z)) by
P2 u(t,x) := —P?T(—u)(t,z) and P>~ u(t, ) by P>~ u(t,z) :== —P>T(—u)(t, z).

Definition 1.1 (i) A viscosity subsolution of (E) on (0,T)xRY is a function
u € USC((0,T) x RN) such that for each (t,z) € (0,T) x RN,

a— G(t,z,u(t,z),p, X) <0 for (a,p, X) € P>Tu(t,z);

likewise, a viscosity supersolution of (E) on (0,T) x RN is a function v €
LSC((0,T) x RN) such that for each (t,x) € (0,T) x R,

a—G(t,z,v(t,x),p,X) >0 for (a,p,X) € P> v(t,x);

and a viscosity solution of (E) on (0,T) x RN is a function that is simultane-
ously a viscosity subsolution and a viscosity supersolution of (E) on (0,T)x RN,
(i) A function u € USC([0,T) x RY) is called a viscosity subsolution of
@) on [0,T) x RN if u is a viscosity subsolution of (E) on (0,T) x RY and
u(0,7) < @(x) for x € RN; the appropriate notions of a viscosity supersolution
and a viscosity solution of (LI on [0,T) x RN are then obvious.

We now give the following equivalent definition (see Crandall, Ishii and Lions
130]).

Definition 1.2 A viscosity subsolution of (E), or G-subsolution, on (0,T) xRN
is a function v € USC((0,T) x RY) such that for all (t,x) € (0,T) x RV,
¢ € C?((0,T) x RN) such that u(t,z) = ¢(t,x) and u < ¢ on (0,T) x RN\(¢, x),
we have

Qo(t,x) — G(t,x, ¢(t, x), Do(t, z), D*$(t, z)) < 0;
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likewise, a viscosity supersolution of (E), or G-supersolution, on (0,T) x RN
is a function v € LSC((0,T) x RN) such that for all (t,z) € (0,T) x RV,
¢ € C?((0,T) xRY) such that u(t,z) = ¢(t,z) and u > ¢ on (0,T) x RN\ (¢, z),
we have

Qo(t,x) — G(t,x, ¢(t, x), Do(t, z), D*$(t, z)) > 0;

and a viscosity solution of (E) on (0, T)xRY is a function that is simultaneously
a viscosity subsolution and a viscosity supersolution of (E) on (0,T) x RN. The
definition of a viscosity solution of (LI on [0,T)xRY is the same as the above
definition.

§2 Comparison Theorem

We will use the following well-known result in viscosity solution theory (see
Theorem 8.3 of Crandall, Ishii and Lions [30]).

Theorem 2.1 Let u; €USC((0,T) x RY¢) fori = 1,--- k. Let ¢ be a func-
tion defined on (0,T) x RN1+t+Ne sych that (t,z1,...,21) — o(t,z1,...,78)
is once continuously differentiable in t and twice continuously differentiable in
(z1,--,x1) € RN 4Nk Supnose that t € (0,T), #; € RN fori=1,--- k
and

w(t,z1, - xk) = u(t, o) + - gt o) — @t 1,00, 2k)

;
< w(tAvilv"' ajk)

fort € (0,T) and x; € RNi. Assume, moreover, that there exists r > 0 such
that for every M > O there exists constant C' such that fori=1,--- k,

b; < C whenever (b, qi, X;) € P> u,(t, z;),

lz; — 2| + [t — ) <7 and |ui(t,z)| + |g] + | X6 < M. (2:3)

Then for each € > 0, there exist X; € S(N;) such that
(i) (b, Dayp(B @, 20), Xa) € P Twi(f23), i=1,---,k,
(i)
X, - 0
SCHADIS | o s Avea?
0 --- X,

(iii) b1 + -~ + b = Dpp(E, &1, -+ , &),
where A = D2p(t,2) € S(N1 + - - + Ng).

Observe that the above condition (Z3]) will be guaranteed by having each u; be
a subsolution of a parabolic equation given in the following two theorems.
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In this section we will give comparison theorem for G-solutions with different
functions G.
(G) We assume that

G:[0,T]xRY xRx RN xS(N) =R, i=1,--k,

are continuous in the following sense: for each t € [0,T), v € R, z, y, p € RY
and X € S(N),

|Gi(ta$7U7PaX) - Gi(tayuvuva”

SO+ (T =)~ +al + [yl + [olw(|z =yl +[p| - |z — y]),

where w, @ : Rt — RT are given continuous functions with w(0) = 0.

Theorem 2.2 (Domination Theorem) We are given constants §; > 0, i =
1,-++ k. Let u; €USC([0,T) x RY) be subsolutions of

owu — Gy(t,x,u, Du, D*u) =0, i=1,---,k, (2.4)

+
on (0,T) x RN such that (Zle ﬂzul(t,x)) — 0, uniformly as |x| — oco. We

assume that the functions {G;}; = 1* satisfies assumption (G) and the following
domination condition holds for :

k
ZBiGi(taxaviuphXi) S 07 (25)
1=1

for each (t,x) € (0,T) x RN and (vi,pi, Xi) € R x RN x S(N) such that

Yo Bivi > 0, 3 Bips =0, S0, BiXi < 0.

Then a domination also holds for the solutions: if the sum of initial values
Zle Biu;i(0,-) is a non-positive function on RN then Zle Biui(t,-) <0, for
all t > 0.

Proof. We first observe that for § > 0 and for each 1 < i < k, the functions

defined by ; := u; — 6 /(T — t) is a subsolution of

- 5
atai - Gi(t7 x, aiu Dah D2ai) S _mu
where éi(t,x,v,p,X) = Gi(t,z,v+ /(T —t),p, X). Tt is easy to check that
the functions Gl satisfy the same conditions as (g;. Since Zle Biu; < 0 follows

from Zf:z Biti; < 0 in the limit § | 0, it suffices to prove the theorem under the
additional assumptions:

8tui - G’L(ta T, U, Dui; D2UZ) S —C, where ¢ = S/Tzv

and lim,_,7 u;(t, ) = —oco uniformly on [0,7) x RV. (2:6)



§2 Comparison Theorem 117

To prove the theorem, we assume to the contrary that

k

sup Biui(t,x) =mg >0
(t,z)€[0,T) xRN ;

We will apply Theorem Bl for x = (z1,--- ,x%) € R¥*N and

k k-1
a
w(t,z) == Zﬁiui(f, i), p(x) = palz) = By Z |ip1 — il
i=1 1=1

For each large a > 0, the maximum of w — ¢, achieves at some (¢t*,z%) inside
a compact subset of [0,7) x R¥*N . Indeed, since

k
Mo = Biui(t®, o) = pa(@®) = mo,
i=1

we conclude ¢* must be inside an interval [0, To], To < T and z® must be inside
a compact set {z € RF*N . Supyefo, 1y W(t, ¥) > 52}, We can check that (see
[30] Lemma 3.1)

(i) limg— oo @a(x®) =0,
(11) 1ima~>oo Ma = 1imo¢~>oo ﬂlul(tav .I?) + -+ ﬂkuk(tay x%))
= SUP (4 pyejo,r)xrN [Brut(t, ) + -+ - + Brug(t, 7))

= [Brui(t, &) + - -+ + Bruk(t, 2)] = mo,

(2.7)

where (£, #) is a limit point of (%, 2%). Since u; € USC, for sufficiently large a,

we have
m,
Broan (1, + -+ B (17, 25) > .
. : k o o k .
If t = 0, we have limsup,_,.. >, Biw; (t*, %) = >, Biui(0,2) < 0. We

know that ¢ > 0 and thus t* must be strictly positive for large . It follows
from Theorem [Z1] that, for each € > 0 there exist b € R, X; € S(N) such that

k
(b, B " Dap(2), Xi) € PP Hui(t%, ), Y Biby =0fori=1,--- ,k, (2.8)

i=1
and such that
51X, ... 0 0

1 :
—(=+1AINI < : : < A+eA? (2.9)
€ Br—1Xk—1 0

0o ... 0 B Xk
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where A = D?p,(2%) € S(kN) is explicitly given by

In —Iy o oo 0
—In 2In
A = aJin, where Jyny =
: 2In Iy
0 cee e Iy Iy

The second inequality of (29]) implies Ele BiX; <0. Set

P = By ' Da,pala®) = B afaf — a5),

P8 = By Daypa(a®) = By (225 — af — af),

Pio1 = ﬂ;;_llDrkq@a(Ia) = [31:_110‘(233%—1 — iy — T}),
PR = By Daypa(a®) = B alaf —af_y).
Thus Ele Bip¥ = 0. From this together with ([Z8)) and (Z4]), it follows that
by — Gi(tY, o, u; (¢, 28), ps, Xi) < —¢, i=1,--- k.

K2 Y 7

By 27 (i), we also have lim,—, o0 [p¢] - |2¢ — 2§ — 0. This, together with the
domination condition (23] of G;, implies

k k k k
—eY Bi== D BibS — > B> =D BiGi(t* af it 2f), pf, Xi)
1=1 1=1 =1 =1
k
Z - ZﬂiGi(taaI(llvui(tav'r(il)vp?in)
=1
k
=BG i, 20, pY, X)) — G, 2, wi (7, 29), i, X))
=1
k
> = Bl 4+ (T = To) ™" + |2 + |af] + Jus(t*, 29)]) - w(|zf — 27|
1=1

+ [pi[ - o = 27))-

The right side tends to zero as @ — oo, which induces a contradiction. The
proof is complete. O

Theorem 2.3 We assume that the functions G; = G;(t,z,v,p, X),i=1,--- ,k
and G = G(t,z,v,p, X) satisfy assumption (G). We also assume G dominates
{G;}E_| in the following sense: for each (t,x) € [0,00) x RN and (vi,pi, X;) €
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R x RN x S(N),

k
ZGi(tu:EuviapiuXi) S G(t,l’, Vi, Di, Xz) (210)

i=1 i=1 i=1 i=1

Moreover there exists a constant C such that, for each (t,r,x,p) € [0,00) %
RYXRY and, Y1,Ys € S(N) such that Yo > Yq

G(ta xZ, Tap7}/2) - G(tvxvrlvp; Yl) 2 0
and there exists a constant C such that
|G(f,$,’l“,p, Xl) - G(ta%?"apa X2)| < C(|T1 - r2| + |X1 - X2|)

Let u; €USC([0,T] x RN) be a G;-subsolution and u € LSC([0,T] x RY) be a
G-supersolution such that u; and u satisfy polynomial growth condition. Then
Zle ui(t,z) < u(t,z) on [0,T) x RN provided that Zle Uilt=0 < Ul=0.

Proof. For a fixed and large constant A > C + C we set &(x) := (1 + |z]?)"/?
and

U (t, z) = ui(t,x)g(:z)efM, t=1,---,k, Ug1(t,x):= —u(t,x){(x)eiAt,

where [ is chosen to be large enough such that Y |;(¢, )] — 0 uniformly as
|x] — oco. It is easy to check that, for each i =1,--- ,k+ 1, @; is a subsolution
of

Osll; + A\ — éi(t, x, u;, D, DQ’IL) =0,

where, for each i =1,--- , k, the function éi(t, x,v,p, X) is given by
e METLG(t, x, Mg, M (p + vDE), eM(XE+ p @ DE+ DE® p + vDE)),
and ékﬂ (t,z,v,p, X) is given by
—e MGt x, —eMue, —eM (p + vDE), —e N (XE + p® DE + DE @ p 4+ vD)).
Observe that
Dg(x) = 1&(x)(1 + |2]*) e,
D*¢(x) =&(@) 1A+ =) T+ 11— 2)(A + |2*) Pz @ al.

Thus both ¢71(x)|DE(x)| and €1 (z)|D?E(z)| converges to zero uniformly as
|x| = oo.

From the domination condition ([ZI0), for each (v;,p;, X;) € R x RY x §(N),
t=1,---,k+ 1, such that Zf:ll v; = 0, Zf:ll p; = 0, and Zf:ll X; =0, we

have
k+1

Z éi(tvxvvivpiin) < 0.
=1
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Forv,reR,pe RY and X, Y € S(N) such that » >0, Y > 0 and r > 0, since
G is still monotone in X,

ék+1(t7'rvvvan) - ék+1(t7$7v _Tap7X+Y)
Gk+1(t7'rvvvan) - Gk+1(t,$,’U _Tava)

<
< c(C’ + Cy)ry

where the constant Cy does not depend on (t,z,v,p, X). We then apply the
above theorem by choosing 3; = 1,4 =1,--- ,k+ 1. Thus Zfill Uile=0 < 0.
Moreover for each v; € R, p; € RY and X; € S(N) such that ¢ = Efill v; > 0,
Zf:ll pi=0and X = Zf:ll X; <0 we have

k+1 k+1

Y Z v; + Z Gi(t, z,vi, iy Xi)
i1 i—1

k
= —AX0+ Z Gi(t, z,vi, pi, Xi) + Gry1(t, @, Vi1 — 0, D1, X1 — X)
i=1

+ G (6, 2, Vg1, Pt 1y Xot1) — G (6 2, 01 — 0, prest, X1 — X)
=0+ Gry1 (t, 2, V11, Prr1, Xir1) — Gra1 (6 2, 06101 — 0, pryr, Xpey1)
—X +¢(C+C)p <0

IA A

It follows that all conditions in Theorem are satisfied. Thus we have
Zf:ll @; < 0, or equivalently, Zf:ll ui(t,x) <wu(t,z) for (t,z) € [0,T)x RN. O
The following comparison theorem is a direct consequence of the above domi-
nation theorem.

Theorem 2.4 (Comparison Theorem) We are given two functions G = G(t,z,v,p, X)
and Gy = Gy(t,z,v,p, X) satisfying condition (G). We also assume that, for
each (t,z,v,p, X) € [0,00) x RN x R x RY and Y € S(N) such that X >,

G(t,x,v,p, X)
G(t7 x? ’U7p’ Y)

Gl(tuxuvup7X)7 (211)

>
> G(t,z,v,p, X). (2.12)

We also assume that G is a uniform Lipschitz function in v and X, namely, for
each (t,x) € [0,00) x RN and (v,p, X), (v/,p, X’) € R x RY x S(N),

|G(t,z,v,p, X) — G(t,z,v,p/, X")| < O(lv —v'| + | X — X'|).

Let uy €USC([0,T] x RYN) be a Gi-subsolution and u €LSC([0,T] x RN) be
a G-supersolution on (0,T) x RN satisfying the polynomial growth condition.
Then v > uy on [0,T) x RN provided that uli—o > uili=o. In particular this
comparison holds for the case where G = Gy, which is a Lipschitz function in

(v, X) and satisfies the elliptic condition (2.12).

The following special case of the above domination theorem is also very useful.
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Theorem 2.5 (Domination Theorem) We assume that G1 and G satisfy the
same conditions given in the previous theorem except that the condition (Z11))
is replaced by the following one: for each (t,x) € [0,00) x RY and (v,p, X),
(v, p', X') € R x RY x S(N),

Gl(t,-f,v,p,X) - Gl(tvxvvlvp/vX/) Z G(t,iE,U —v/,p—p/,X _X/)

Let u €USC([0,T) x RY) be a Gy-subsolution and v €LSC([0,T] x RN) be a
G -supersolution on (0,T) x RN and w is a G-supersolution. They satisfy the
polynomial growth condition. If (u — v)|t=o = w|t=o then u—v < w on [0,T) x
RN

The following theorem will be frequently used in this book. Let G : RN xS(N) —
R be a given continuous sublinear function monotonic in A € S(NV). Obviously,
G satisfies conditions (G) of Theorem[2:3] We consider the following G-equation:

o — G(Du, D*u) = 0, u(0,2) = ¢(x). (2.13)

Theorem 2.6 Let G : RN xS(N) — R be a given continuous sublinear function
monotonic in A € S(N). Then we have

(i) If u € USC([0,T] x RN) with polynomial growth is a viscosity subsolution
of @I3) and v € LSC([0,T] x RYN) with polynomial growth is a viscosity
supersolution of (ZI3)), then u < v.

(ii) Ifu® € C([0, T]xRY) denotes the polynomial growth solution of 2I3) with
initial condition p, then u™? = \u® for each A >0 and u?*™¥ < u® + u?.

(iii) If a given function G : RN x S(N) — R is dominated by G, i.e.

Gp,X) -G, X)<Glp—p,X —X'), forp,p €R, X,X' €S(N),
then for each ¢ € C(RN) satisfying polynomial growth condition, there
exists a unique G-solution 4% (t,z) on [0,00) x RN with initial condition
UP|i=0 = p (see the next section for the proof of existence), i.e.,

9,0f — G(Du?,D*i%) =0, @¥|i—o = .
Moreover
a?(t,x) —a¥(t,z) <u? ¥(t,x), fort>0, xRN,

Consequently, the following comparison holds: 1 > ¢ implies U¥ > ¥ .

Proof. By the above corollaries, it is easy to obtain the results. O
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83 Perron’s Method and Existence

The combination of Perron’s method and viscosity solutions was introduced by
H. Tshii [64]. For the convenience of readers, we interpret the proof provided in
Crandall, Ishii and Lions [30] into its parabolic situation.

We consider the following parabolic PDE:

{ Owu — G(t,x,u, Du, D>u) = 0 on (0,00) x RY,

u(0,z) = ¢(z) for z € RY, (3.14)

where G : [0,00) x RV x R x RY x §(N) — R, ¢ € C(RY).
To discuss Perron’s method, we will use the following notations: if u : O —
[—00, 00] where O C [0,00) x RY| then

{ w*(t,@) = limpjo sup{u(s, ) : (s,y) € O and /Js— ]+ Ty —al” <7},
us(t, ) = lim, o inf{u(s,y) : (s,y) € O and \/|s —t| + |y — z|? < r}.

(3.15)
One calls u* the upper semicontinuous envelope of u; it is the smallest upper
semicontinuous function (with values in [—o0, 00]) satisfying v < u*. Similarly,
us is the lower semicontinuous envelope of u.

Theorem 3.1 (Perron’s Method) Let comparison hold for BI4), i.e., if w is
a viscosity subsolution of BIA) and v is a wiscosity supersolution of (B14),
then w < v. Suppose also that there is a viscosity subsolution u and a viscosity
supersolution 4 of BI4) that satisfy the condition u,(0,z) = @*(0,z) = p(z)
for x € RN, Then

W(t,z) = sup{w(t,z) : u < w < @ and w is a viscosity subsolution of (BI4)}
is a viscosity solution of (B14).

The proof consists of two lemmas. For the proof of the following two lemmas,
we also see [1]. The first one is

Lemma 3.2 Let F be a family of viscosity subsolution of ([B3.14)) on (0,00)xRY.
Let w(t,z) = sup{u(t,z) : v € F} and assume that w*(t,x) < oo for (t,x) €
(0,00) x RN, Then w* is a viscosity subsolution of [BI4) on (0,00) x RY.

Proof. Let (t,2) € (0,00) x RY and consider a sequence s,, yn, u, € F such
that limy,— o (Sn, Yns Un(Sn, Yn)) = (¢, z, w* (¢, x)). There exists r > 0 such that
N, = {(s,y) € (0,00) x RN : \/|s —t| + |y — > < r} is compact. For ¢ € C?
such that ¢(t,z) = w*(¢,z) and w* < ¢ on (0,00) x RN\ (¢, ), let (t,,z,) be a
maximum point of u, —¢ over N,., hence u, (s, y) < tn(tn, Tn)+o(s,y)—d(tn, Tn)
for (s,y) € N,. Suppose that (passing to a subsequence if necessary) (¢, z,) —
(t,z) as n — oco. Putting (s,y) = (sp,¥n) in the above inequality and taking
the limit inferior as n — oo, we obtain

w* (tv :E) < hn_l)lnf un(tnv xn) + (b(tv :E) - (b(ta 1_7)

< w*(t,7) + ¢(t, z) — ¢(t, 7).
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From the above inequalities and the assumption on ¢, we get limy, o0 (tn, Tn,tn (tn, 2n)) =
(t,x,w*(t,x)) (without passing to a subsequence). Since u,, is a viscosity sub-
solution of [B.I4)), by definition we have

at(b(tnaxn) - G(tnvxnaun(tmxn)vDﬁb(tmzn)7D2¢(tmzn)) <0.
Letting n — oo, we conclude that
0up(t, x) — G(t,z,w" (t,x), Dg(t, x), D*§(t, x)) < 0.

Thus w* is a viscosity subsolution of [8I4]) by definition. O
The second step in the proof of Theorem [B1] is a simple “bump” construction
that we now describe. Suppose that u is a viscosity subsolution of (314) on
(0,00) x RN and u, is not a viscosity supersolution of ([3.14)), so that there is
(t,z) € (0,00) x RY and ¢ € C? with u.(t,z) = ¢(t,x), us > ¢ on (0,00) x
RN\ (¢,7) and

Qo(t,x) — G(t,x, §(t, x), D(t,z), D*¢(t,z)) < 0.

The continuity of G provides r, §1 > 0 such that NV, = {(s,y) : /|s —t| + |y — 2|2 <
r} is compact and
at¢_G(Say7¢+67D¢aD2¢) S 0

for all s,y,0 € N, x [0,d1]. Lastly, we obtain do > 0 for which u, > ¢ + d2 on
ON,.. Setting dp = min(d1,d2) > 0, we define

max(u,® + dp)  on N,
U p—
U elsewhere.

By the above inequalities and Lemma[3.2] it is easy to check that U is a viscosity
subsolution of (3.I4) on (0,00) x RY. Obviously, U > u. Finally, observe that
U.(t,z) > max(u«(t,x), p(t, ) + do) > u«(t,z); hence there exists (s,y) such
that U(s,y) > u(s,y). We summarize the above discussion as the following
lemma.

Lemma 3.3 Let u be a viscosity subsolution of @3I4) on (0,00) x RN. If u,
fails to be a viscosity supersolution at some point (s, z), then for any small k > 0
there is a viscosity subsolution U, of B.14) on (0,00) x RN satisfying

Us(t,z) > u(t,x) and sup(U,, — u) > 0,
Us(t,z) = u(t,x) for \/|t — s| + |z — z|? > k.

Proof of Theorem [B.Il With the notation of the theorem observe that u, <
W, <W < W* < @* and, in particular, W, (0,z) = W(0,z) = W*(0,z) = ¢(x)
for z € RY. By lemma 3.2 W* is a viscosity subsolution of (3.14) and hence,
by comparison, W* < @. It then follows from the definition of W that W = W*
(so W is a viscosity subsolution). If W, fails to be a viscosity supersolution at
some point (s,z) € (0,00) x RY let W, be provided by Lemma 3.3l Clearly
u < W, and W, (0,z) = ¢(x) for sufficiently small x. By comparison, W, < @
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and since W is the maximal viscosity subsolution between u and u, we arrive at
the contradiction W,, < W. Hence W, is a viscosity supersolution of (3.I4) and
then, by comparison for BI4)), W* = W < W,, showing that W is continuous
and is a viscosity solution of [.I4]). The proof is complete. O
Let G : RN x S(N) — R be a given continuous sublinear function monotonic in
A € S(N). We now consider the existence of viscosity solution of the following
G-equation:

Oru — G(Du, D*u) = 0, u(0,z) = ¢(z). (3.16)

Case 1: If ¢ € CZ(RY), then u(t,x) = Mt + ¢(x) and u(t,z) = Mt + ¢(x) are
respectively the classical subsolution and supersolution of (3.16), where M =
inf,cpy G(Do(x), D?¢(x)) and M = sup,cpn G(Dp(z), D*p(z)). Obviously, u
and @ satisfy all the conditions in Theorem B.Il By Theorem 2.6 we know the
comparison holds for (3I6). Thus by Theorem B.I] we obtain that G-equation
(BI8) has a viscosity solution.

Case 2: If ¢ € Cp(RY) with limy,|_, ¢(x) = 0, then we can choose a sequence
¢n € CZ(RYN) which uniformly converge to ¢. For ¢, by Case 1, there exists a
viscosity solution u%". By comparison theorem, it is easy to show that u%" is
uniformly convergent, the limit denoted by w. Similar to the proof of Lemma
B2 it is easy to prove that u is a viscosity solution of G-equation ([B.I6) with
initial condition ¢.

Case 3: If ¢ € C(RY) with polynomial growth, then we can choose a large
I > 0 such that ¢(z) = @(z)¢1(x) satisfies the condition in Case 2, where
E(x) = (1 + |x>)Y/2. Tt is easy to check that u is a viscosity solution of G-
equation ([B3.I6) if and only if a(t,2) = u(t,)¢ 1 (x) is a viscosity solution of
the following PDE:

i — Gz, @, Dii, D*@) = 0, a(0,2) = @, (3.17)
where G(z,v,p, X) = G(p + vn(x), X +p @ n(x) + n(z) @ p + vk(z)). Here
) = € @)DE) = 10+ o),
Kk(x) = & H(2)D?*¢(x) =11 + |z|) ' T+ 101 - 2)(1 + |2)*) %z @ 2.

Similar to the above discussion, we obtain that there exists a viscosity solution
of BIT) with initial condition ¢. Thus there exists a viscosity solution of G-

equation (BI6]).

We summarize the above discussions as a theorem.

Theorem 3.4 Let ¢ € C(RN) with polynomial growth. Then there evists a
viscosity solution of G-equation [BI6) with initial condition .

Theorem 3.5 Let the function G be given as in the previous theorem and let
G(t,z,p,X) : [0,00] x RN x RN x S(N) = R be a given function satisfying
condition (G) in Theorem [23. We assume that G is dominated by G in the
sense of

G(t,z,p, X) = G(t,z,p/, X') < Glp—p,X - X'),
for each t,x, p,p’ and X, X'.
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Then for each given ¢ € C (RN with polynomial growth condition the viscosity
solution of 0y — G(t,x, D, D*@) = 0 with Gl—o = @ ewists and is unique.
Moreover the comparison property also holds.

Proof. It is easy to check that a G-solution with u|;—¢g = ¢ is a é—supersolution.
Similarly denoting G.(p, X) := —G(—p, —X), a G.-solution with u|;—o = ¢ is a
G-subsolution.

We now prove that comparison holds for G-solutions. Let u; be a G-supersolution
and us-be a G-subsolution with uili=o = @1 € SC([0,T) x RN), ugli—g =
@2 € PSC([0,T) x RY), then by the above domination theorem we can ob-
tain u; — uz < @ where 4 is a G-supersolution with 4l;—g = @1 — 2. On
the other hand it is easy to prove that, in the case when @1 < @9, 4 =
(p1(x) — w2(x))1g0y(t) such type of G-supersolution. Consequently we have
u1 < ug. This implies that the comparison holds for G-equations. We then can
apply Theorem 3] to prove that G-solution u with u|,—o = ¢ exists. O

84 Krylov’s Regularity Estimate for Parabolic
PDE

The proof of our new central limit theorem is based on a powerful C'1+/2:2+e.
regularity estimates for fully nonlinear parabolic PDE obtained in Krylov [76].
A more recent result of Wang [119] (the version for elliptic PDE was initially
introduced in Cabre and Caffarelli [17)), using viscosity solution arguments, can
also be applied.

For simplicity, we only consider the following type of PDE:

Owu + G(D*u, Du,u) =0, u(T,z) = ¢(x), (4.18)

where G : S(d) x R? x R — R is a given function and ¢ € Cy(R?).

Following Krylov [76], we fix constants K > ¢ > 0,7 > 0 and set @ = (0,T") x
R?. Now we give the definition of G(e, K, Q) and G(¢, K, Q).

The following definition is according to Definition 5.5.1 in Krylov |76].

Definition 4.1 Let G : S(d) x RY xR — R be given, written it as G(u;j, u;,u),
i,7 =1,...,d. We denote G € G(e,K,Q) if G is twice continuously differen-
tiable with respect to (ui;,ui,w) and, for each real-valued w;; = uj;, Uj = Ujq,
ui, Ui, u, & and X\, the following inequalities hold:

AP <Y NN, G < KNP
0,J
|G = uij0u, Gl < ME()(1+ ) |uil?),
%7 i

10uGl + (L + ) fui) Y 100, Gl < MT(u)(1+ Y Jual® + ) lugg),
A A A 1,7
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(M5 ()] Gy < D g [ Dl + (14 Y fu
1,5 ]

%

+ Y P+ i) + (LD s )af,
i i,j i,J

where the arguments (u;j, u;,u) of G and its derivatives are omitted, n = (Qi;, Ui, 0),
and

Gy =Y lijiins0y, . G+2> iy da , G+2Y iyioy, G

4,45758 4,551 .3
+ 3 w02, G +2> wad?, G + |a*02,G,
0,3 i
ME(u) and M§ (u,ur) are some continuous functions which grow with |u| and
upUE and M2G > 1.

Remark 4.2 Letel < A= (aij) < KI. It is easy to check that
G(uij, Uy, ’U,) = Z QijUi; + Z biu; + cu
ij i

belongs to G(e, K, Q).
The following definition is Definition 6.1.1 in Krylov [76].
Definition 4.3 Let a function G = G(u;j,u;,u) : S(d) x RT x R — R be given.

We write G € G(e, K, Q) if there exists a sequence G, € G(e, K, Q) converging
to G as n — oo at every point (ui;, u;,u) € S(d) x R x R such that

() M =M =... = MF, i=12

(ii) for eachn =1,2,..., the function G,, is infinitely differentiable with respect
to (wsj, Ui, u);

iii) there exist constants 6o =: 6§ > 0 and My =: ME > 0 such that
0 0
Gn(uij,0,—Mo) > do, Gn(—usj,0,Mo) < —do
for each n > 1 and symmetric nonnegative matrices (u;;).

The following theorem is Theorem 6.4.3 in Krylov [76] , which plays important
role in our proof of central limit theorem.

Theorem 4.4 Suppose that G € G(g, K, Q) and ¢ € Cp(R?) with sup,cpa |o(z)] <
M§. Then PDE ([EIR) has a solution u possessing the following properties:

(i) v e C([0,T] x RY), |u| < M§ on Q;
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(ii) there exists a constant o € (0,1) only depending on d,K,e such that for
each kK > 0,
||u||cl+a/2,2+a([01T,K]X]Rd) < 0. (419)

Now we consider the G-equation. Let G : R? x S(d) — R be a given continuous
sublinear function monotonic in A € S(d). Then there exists a bounded, convex
and closed subset ¥ C R? x S, (d) such that

G(p,A) = ( s;)[éz[%tr[AB] +(p,q)] for (p, A) € R? x S(d). (4.20)

The G-equation is
Owu + G(Du, D*u) = 0, u(T,z) = p(z). (4.21)

We set
a(t,r) = e Tu(t, x). (4.22)

It is easy to check that @ satisfies the following PDE:
oyt + G(Di, D*u) — i =0, a(T,z) = ¢(x). (4.23)

Suppose that there exists a constant ¢ > 0 such that for each A, A € S(d) with
A > A, we have B B
G(0,A) — G(0, A) > etr[A — A]. (4.24)

Since G is continuous, it is easy to prove that there exists a constant K > 0
such that for each A, A € S(d) with A > A, we have

G(0,A) — G(0,A) < Ktr[A — A]. (4.25)
Thus for each (¢, B) € £, we have
2¢e] < B<2KI.
By Remark 2] it is easy to check that Gluij,ui,u) = Gug,uiy) —u €
G(e,K,Q) and §§ = M§ can be any positive constant. By Theorem 4] and
#22), we have the following regularity estimate for G-equation ([{.21).

Theorem 4.5 Let G satisfy (20) and @E24), ¢ € Cp(RY) and let u be a
solution of G-equation [@2I)). Then there exists a constant o € (0,1) only
depending on d,G, e such that for each k > 0,

||u||cl+a/2,2+a([01T7’,{]X]Rd) < 0. (426)
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Index of Symbols

A Coherent acceptable set [14]

By () Space of bounded functions on {2

B G-Brownian motion

(B) Quadratic variation process of B

Cp(QQ) Space of bounded and continuous functions on 2
Ch,Lip(R™) Space of bounded and Lipschitz continuous functions on R"™
Ci,Lip(R™) Space of locally Lipschitz functions

E Sublinear expectation [

E G-expectation

H Space of random variables [

LO(%) Space of all B(2)-measurable real functions Q1]

Ly Completion of B,(2) under norm || - ||,

L Completion of Cy(2) under norm || - |,

Mg’O(O7 T) Space of simple processes

ME(0,T) Completion of M%°(0,T) under norm {E[foT |n¢ [Pdt]} /P
ME(0,T) Completion of M%°(0,T) under norm {fOT E[|n|Pdt]}*/» BT
q.s. Quasi-surely

S(d) Space of d x d symmetric matrices [I8|

Si(d) Space of non-negative d x d symmetric matrices

p Coherent risk measure [I4]

(QH,E) Sublinear expectation space

d

Identically distributed [0
Scalar product of z,y € R"
Euclidean norm of «

Inner product (4, B) := tr[AB]

NEI
<
~

=
=
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Index

G-Brownian motion, 36
G-convex, 75
G-distributed, 19
G-equation, 19
G-expectation, 39

G-heat equation, 22
G-martingale, 71
G-normal distribution, 18
G-submartingale, 71
G-supermartingale, 71

Banach space, 107
Bochner integral, 43

Cauchy sequence, 107

Cauchy’s convergence condition, 107

Central limit theorem with law of large
numbers, 27

Central limit theorem with zero-mean,
26

Coherent acceptable set, 14

Coherent risk measure, 14

Complete, 107

Converge in distribution, 9, 111

Converge in law, 9, 111

Converge weakly, 111

Convex acceptable set, 14

Convex expectation, 2

Daniell’s integral, 112
Daniell-Stone theorem, 112
Dini’s theorem, 108
Distribution, 6
Domination Theorem, 116

Einstein convention, 56, 72
Extension, 108

Finite dimensional distributions, 109

Generalized G-Brownian motion, 61
Geometric G-Brownian motion, 83

Hahn-Banach extension theorem, 108

Identically distributed, 7
Independent, 9
Independent copy, 11

Kolmogorov’s continuity criterion, 110

Kolmogorov’s criterion for weak com-
pactness, 111

Kolmogorov’s extension theorem, 110

Law of large numbers, 25
Lower semicontinuous envelope, 122

Maximal distribution, 17
Mean-uncertainty, 7
Modification, 110

Mutual variation process, 49

Nonlinear expectation, 2
Nonlinear expectation space, 2
Nonlinear G-Brownian motion, 64

Parabolic subjet, 114

Parabolic superjet, 114

Polar, 92

Product space of sublinear expectation
space, 10

Prokhorov’s criterion, 111

Quadratic variation process, 46
Quasi-surely, 92

Regular, 93
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Restriction, 108
Robust expectation, 3

Stochastic process, 35
Sublinear expectation, 1
Sublinear expectation space, 2
Sublinearity, 2

Tight, 111
Upper semicontinuous envelope, 122

Variance-uncertainty, 7

Vector lattice, 112

Version, 110

Viscosity solution, 114, 115
Viscosity subsolution, 114
Viscosity supersolution, 114, 115

Weakly relatively compact, 111
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