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Chapter 1

General Introduction

This thesis consists of three self-contained essays and a concluding chapter. The
summary of the main results of the essays is the following: First, we prove a
Donsker result for the G-Brownian motion with finite state-space. In the second
essay, we give an elementary and more intuitive introduction to nonstandard mea-
sure theory and we also provide an alternative construction of the renowned Loeb

measure. Following, we develop the basic theory for the hyperfinite G-expectation.

Recently, it has become increasingly clear that in addition to randomness that can
be captured by probability, financial markets are also sensitive to the so-called
model uncertainty, in the sense that the probability distribution of randomness is
unknown. Thus, it becomes problematic to measure the uncertainty associated
to a given financial security in such a market. Faced with this problem, financial
economists (researchers and practitioners) need to develop a new model that can
capture several sources of uncertainty. The theory of G-expectation (also known as
sublinear expectation), motivated by coherent risk measures, henceforth referred
to as G-stochastic calculus, introduced by Peng [87, 89], provide a convenient
mathematical tool to model uncertainty. The G-expectation and its corresponding
canonical process, the G-Brownian motion, can be seen as the central objects of

the G-stochastic calculus.

In the first essay (see Chapter, we refine the discretization of the G-expectation
by Dolinsky et al. [38], in order to obtain a discretization of the sublinear expec-
tation where the martingale laws are defined on a finite lattice rather than the
whole set of reals. Dolinsky et al. [38] introduced a notion of volatility uncertainty

on a discrete timeline and defined a sequence of sublinear expectations (discrete

1



General Introduction 2

G-expectation) on the canonical space of the discrete time paths. By the analogue
of Donsker’s theorem, the discrete-time sublinear expectation converges to the G-
expectation on the continuous paths. In their approach, they only discretize the
timeline but not the state-space of the canonical process. For certain applications,
especially in nonstandard analysis, a discretization of the state space would be nec-
essary. Thus, we develop a modification of the construction by Dolinsky et al. [3§]
which even ensures that the sublinear expectation operator for the discrete-time
canonical process corresponding to this discretization of the state space converges

to the G-expectation.

Despite the usefulness of the powerful tool of nonstandard analysis, the fact that
the language of the theory is based on logic has deterred and limited the number
of potential practitioners of nonstandard analysis. Thus, in the second essay (see
Chapter [3)), we give a simplified introduction to nonstandard measure theory that
does not presuppose prior acquaintance with mathematical logic. The method-
ology is presented in terms of sequences, equivalence relations and equivalence
classes with respect to binary measures. This procedure is based on Lindstrgm’s
[73] work. However, our approach is more simplified, in the sense that we con-
struct the extended nonstandard enlargement in measure theoretic language. We
also show how the language of logic relates to the mathematical discourse in prob-
ability theory. Finally, we provide an alternative construction of the Loeb measure

using basic knowledge of real analysis.

The third essay (see Chapter [4]) provides a mathematical foundation for the ap-
plication of the powerful tools of nonstandard analysis to G-stochastic calculus
and also potentially prepares the ground for the application of both nonstandard
analysis and G-stochastic calculus to financial economics. We apply Robinsonian
nonstandard analysis to G-stochastic calculus in order to provide an alternative,
combinatorially inspired construction of the G-expectation. Thus, we prove a lift-
ing theorem for the G-expectation. Herein, we use our discretization theorem
for the G-expectation from Chapter [2 Theorem [2.3.13] Very roughly speaking,
we extend the discrete time analogue of the G-expectation to a hyperfinite time
analogue. Then, we use the characterization of convergence in nonstandard anal-
ysis to prove that the hyperfinite discrete-time analogue of the G-expectation is
infinitely close to the classical G-expectation. We hope that this result may even-

tually become useful for applications in financial economics (especially existence of
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equilibrium in continuous-time financial markets with volatility uncertainty) and

that it provides additional intuition for G-stochastic calculus.

1.1 Financial markets with model uncertainty

Starting from Bernoulli, through Wiener, and then Kolmogorov, It6 and many
more, modern finance received its mathematical foundation. Kolmogorov [63]
postulated the fundamental axioms for modern probability theory. The edifice
of the theory is built on measure theory introduced by Emile Borel and Henry
Lebesque and developed by Radon and Fréchet. A probability space is a triple
(Q, F,P). That is, a measurable space (£2, F) equipped with a probability measure
P. On the one hand, with this space, it is possible to predict future scenarios from
current events (P is used to define null events). On the other hand, if there are
many probability measures P within a given set P with equal possibilities, then it
becomes uncertain which one is the true[] probability. As such a probability space
cannot be defined by any single probability measure, the notion of expectation
and its non-additive counterpart capacity plays a significant role. Kolmogorov’s
[63] success can also be traced to the idea of conditional expectation, equivalent
measures and stochastic processes. These tools make possible the mathematical

formulation of financial markets.

Fischer Black and Myron Scholes articulated the ground breaking model for pric-
ing European call and put options in their seminal paper Black and Scholes [18].
The key concepts in their derivation are replication and the no-arbitrage option
pricing theory. Ross [96] described the general principle of arbitrage option pricing
theory. Accordingly, if a market is arbitrage free, then there exists a probability
measure on the future scenarios such that today’s worth of the option is the ex-
pected discounted payoﬂﬂ Duffie and Protter [40]. This probability measure is
called martingale measure, see Harrison and Kreps [48]. The uniqueness of a mar-
tingale measure translates into market completenesﬂ Harrison and Kreps [48] and
Harrison and Pliska [49] introduced the mathematical theory of semimartingales

and stochastic integrals needed for adequate financial modeling. Harrison and

ITrue probability gives a perfect statistical description of measurable quantities in a financial
market.

2This is known today as the first fundamental theorem of asset pricing.

3In a complete market, there exists a unique hedging strategy for replication of a contingent
claim.
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Kreps [48] asserted that both the no-arbitrage and the equilibrium asset prices (in
the spirit of Arrow-Debreu equilibrium, Debreu [35]) can be formalized in terms
of the state prices |7_f] However, this is only possible on a probability space that
allows state price density or equivalent martingale measures, in the sense that the
state price of a given asset is proportional to the marginal utility consumption of

individuals in that state.

A basic problem in general equilibrium theory is to prove the existence of equilib-
rium in a financial market in which each agent takes the best possible decision and
the demand and supply are balanced. The existence of equilibrium in continuous-
time Arrow-Debreu economy has been proved in the literature, see Mas-Colell
and Richard [81], Dana [33] and Bank and Riedel [§]. The martingale representa-
tion theorem links the concept of market completeness with a stochastic spanning
condition in Arrow-Debreu economy whose dynamics is driven by Brownian mo-
tion. However, in more general security markets, the limitation to trade only a
prespecified set of securities results in market incompleteness. Duffie and Huang
[39] articulated the idea of Kreps [65] on implementing an Arrow-Debreu allo-
cation into a Radner [91] economy. Such an economy is said to be dynamically
complete if agents can acquire all the consumption allocations they could achieve
in an Arrow-Debreu market by continuously trading the given set of securities.
In continuous-time models with a single agent, a large amount of literature has
concentrated on proving the existence of equilibrium in such markets, see for ex-
ample, Bick [14], Cox et al. [26], Herzberg [53] to mention but a few. All existing
literature studies the case where the markets are dynamically complete. In this
instance, they establish a standard method of constructing equilibrium in the fi-
nancial markets. However, the general condition under which equilibrium exists
varies. Herzberg [53] provided the foundation for equilibrium analysis in a financial
market whose dynamics of the dividends is driven by an exponential Lévy process.
He proved the existence of equilibrium in a Radner economy with a single agent
and trading using nonstandard analysis. Anderson and Raimondo [5] proved the
existence of equilibrium in a Radner economy for multiple agents with Brownian
information and trading using nonstandard analysis (see Section for a detailed
discussion). The paper of Anderson and Raimondo [5] was the first in a series
of papers to prove the existence of equilibrium for a multi-agent financial market

with Brownian information.

4The state price for a given state at a particular time dictates how much an investor is ready
to part with today in return for an extra payment of a unit in the future state.
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1.1.1 Model uncertainty

Based on Knight’s [62] remark, risk can be regarded as randomness that can
be captured by probability and uncertaz’ntf] can be regarded as all other forms
of randomness. A large amount of literature has focused on uncertainty as it
relates to financial markets, see for example Bewley [13], Rigotti and Shannon
[93], Epstein and Wang [46], Dana and Riedel [34], Epstein and Schneider [45],
Chen and Epstein [22], and Trojani and Vanini [I05]. Our economic motivation
for studying model uncertainty lies in asset pricing and equilibrium analysis of
financial markets in the presence of volatility uncertainty. Ultimately, we aim
to prove the existence of equilibrium in a continuous-time financial market with
volatility uncertainty and multiple agents. Typically, the required probabilistic
setup for most financial economic analysis, assumes that all priorsﬁ are equivalent
(i.e., they agree which events are null). Accordingly, many results in the literature
invariably depend on the Girsanov theorem for a change of measure. The drift
uncertainty can be reduced to uncertainty in which the equivalent probability
measure is the physical probability measure. But in light of Girsanov’s theorem,
this does not affect pricing, which always occurs with respect to a risk-neutral
probability measure (also known as equivalent martingale measure). Thus, drift
priors are equivalent (for example, see Chen and Epstein [22] and Cheng and
Riedel [23]). However, modeling volatility uncertainty generates a set of priors
that are non-equivalent (mutually singular, i.e., they disagree about which events

are possible.).

1.1.2 Volatility uncertainty

The volatility of a continuous time model is a function of the quadratic variation of
the underlying state process. In a sense, this describes the random buffeting power
of all sources of risk that influence the financial environment in which the asset
price is determined. There is an extensive literature (see for recent examples,
Eraker and Shaliastovich [47], Bollerslev et al. [19]) on stochastic time varying
volatility models. They often argue that the dynamics of the volatility is driven
by complicated structures, for example, the dynamics of volatility of volatility.

However, the confidence of modelers in these models is still questionable. Carr

SUncertainty is also known as ambiguity.
6 A prior is a well known term in economics denoting a probability measure.
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and Lee [2I] object the assumption of modeling volatility based on a particular

parametric process. They remark that:

“The problem is particular acute for volatility models because the quan-
tity being modeled is not directly observable. Although an estimate
for the initially unobserved state variable can be inferred from market
prices of derivative securities, noise in the data generates noise in the
estimate, raising doubts that a modeler can correctly select any para-

metric stochastic process from the menu of consistent alternatives.”

However, the knowledge that the volatility of the state variable lies within a partic-
ular confidence interval still remains plausible. One approach to model volatility
uncertainty would be to consider several models with the objective of capturing all

sources of uncertainty that can initiate misspecification of the model parameter.

In the spirit of Epstein and Ji [43], we give an illustration on modeling volatility

uncertainty using a trinomial tree.

In a game we are to pick from a sequence of n independent urns that
describe uncertainty and each urn contains 100 balls with three differ-
ent types: D (Down), C' (Constant) or U (Up). The time varies over
T = {0,A,2A,...,nA = T}. The dynamic of each urn, that is the
state variable B, = (B)er with By = 0 is given by

+VA U,
Bin — Bi-na =140 C,
—VA D.

e First scenario: Here we are told the number of balls of type
U equals to the one of type D and there are no balls of type
C' (uncertainty is weakened here because we have a full hand
information on the ball composition in each urn) for each urn.
We also know that all the urns are identically composed. The
resulting probability measure on the set of increment paths is a

product measure whose factors are all identical and given by

5—\/Z+5+\/Z
2 ?
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where for all A C R,

1, r€A

0.(A) = .
0, x¢ A

Thus, we have a random walk. By Donsker’s theorem, the random
walk converges weakly to a Brownian motion in the continuous-
time limit as A tends to 0 (see for example, Billingsley [16, The-
orem 14.1 and Example 12.3]). Cox et al. [27] uses this approach
to derive the Black-Scholes option pricing formula, as the limit of

a discrete-time binomial option pricing formula.

e Second scenario: We are told the number of balls of type U
equals to the one of type D in each urn. But we only know the
number of balls of type C'is less than 30. Any probability measure
on the path of B with this information makes B a martingale.
The variance o7 of the difference between two paths depends on
the number of balls of type C' in the urns and its uncertainty is
then defined on this range as 1o = o7 < 07 < 57 = 1. Since
the urns are independent, i.e., we cannot predict the future draws
from the past draws, the composition of the balls might not be
the same. Thus, the value of oy on the bound [g, @] might vary.
In the continuous-time limit as A goes to 0, the discrete-time
trinomial model converges weakly in distribution to a continuous-
time model on [0, 7] (this type of convergence is discussed below).
And the canonical process B = B, still inherits the martingale
property of the discrete-time setting, where o; lies in the interval
[0,]. To be more detailed about the notion of volatility, we
denote the quadratic variation of B as follows:

(B)i(w) = lim » " |B,a — Bispjal®

A—0
s<t

Then, the volatility (B); lies in the confidence interval [o7,77]. Tt
is important to note that volatility uncertainty leads to a set of
nonequivalent probability measures. The canonical process B is
called the G-Brownian.

A very sketchy summary of the used convergence result is the
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following: Let © be a set of continuous paths on [0,7] that
starts at the origin which is zero. Informally, a sublinear ex-
pectation, £(-), is a function that is defined on a linear space of
random variables that satisfies monotonicity, constant preserving,
sub-additivity and positive homogeneity. Consider a sequence of
real-valued random variables (&)g>; such that &4 and &, are
identically distributedm and &gy 1S independentﬂ from (&,..., &)
for k=1,2,.... We assume that

Elal =¢€l-&] =0, £&[-¢f]l=c" and £[E] =7"

We also introduce a sequence of partial sums Z,, = > | & where
Zy = 0. By linear interpolation, a continuous process §A/t can be

obtained from the sequence of Z,,:

~

Vi=(t]+1=8)Zy + (¢ = [t])Z )41,

where |y| denotes the greatest integer less than or equal
to y. For instance, if Zy,=0, Z; =035 Z;=—1.16,

Z3 =158, Zy=041, for 0<t<1, Y, = (1 — )Z +
tZy = 0, for 1<t<2Y,=(2—1)Z + (t—1)Zy = 0.35;

for  2<t<3, Y,=@B-1)Zy+(t—2)Zy=—1.16, for
3<t<d, Zy=@A—1)Zs+(t—3)Zy =158, for 4<t<5,
Zy=(5—1)Zy+ (t —4)Zs = 0.41. The graph of Y, against ¢ is
plotted in Figure [1.1]

Y can be seen in a sense as a G-Brownian motion, see Ruan [97].
The increments of the G-Brownian motion are zero mean, inde-
pendent and stationary, uncertain variance in the interval [o?, 77|,
and can be proved to be G-normally distributed N(0, [0, 72]).
We can assume that each experiment about all the urns’ compo-
sition discussed in the second scenario constitutes a probability

measure on ). By performing series of experiments, we obtain

a set of probability martingale measures P, on €. Let P be a

Let X = (X1,...,X,) and Y = (Y7,...,Y,) be two random variables. They are identically
distributed if £(¢(X)) = E(W(Y)) for any ¢ € Cp(R™) where C,(R™) is the space of bounded
continuous functions.

8For any two random variables X and Y, X is said to be independent from Y if for each

1/) € Cb(R2)7 5(7/}(X7 Y)) - S(E(w(xay))r:X)
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2.0

0.0 0.5 1.0 15 20 25 3.0 35 4.0
t

FiGURE 1.1: Graph of ?t against ¢ .

given set of measures on (). For any bounded continuous function
§:Q = R, if suppep, E[€] converges to suppep EF[¢], then P,
converges weakly to P. The supremum of the expectation over P
is the G-expectation. In Chapter [2] we discuss this type of con-
vergence in the spirit of Donsker’s theorem on a finite state space.
We remark that our convergence is much more general than it was

suggested by this analogy.

Shige Peng in a series of papers has recently developed a paradigm of probability
theory involving sublinear expectation operators. With this new theory, a new
type of Ito-integral with respect to the G-Brownian motion (see, Peng [87, 89]),
It6 formula (see, Li and Peng [69]), martingale representation theorem (see Soner
et al. [99], Song [102]), Levy processes (see, Hu and Peng [50]), have emerged.
Peng [87] introduced a notion of G-expectation and G-Brownian motion via a
fully one-dimensional nonlinear heat equation} There also exists an alternative
representation of the G-expectation known as the dual view on G-expectation via

volatility uncertainty, see Denis et al. [37]. Denis et al. [37] constructed consistent

9This is similar to the classical heat equation, dating back to 1900s, that describes the Brow-
nian motion.
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G-expectation and G-Brownian motion. They also construct the G-stochastic in-
tegral using quasi-sure stochastic analysis. Cohen et al. [24] presented a theory
of sublinear martingales in a discrete setting. By the natural properties of sub-
linear expectation, one can consider coherent (i.e., sublinear) risk measures{r_gl as
sublinear expectations defined on the space of risk measure, Peng [87]. Thus, the
G-expectation appears as a natural tool to measure risk under uncertainty, Bion-
Nadal and Kervarec [I7]. The G-Brownian motion provides a powerful tool for
modeling path dependent derivatives where volatility uncertainty generates a set

of probabilities that are non-equivalent.

Epstein and Ji [43], 144] provided the mathematical foundation for an equilibrium
analysis of assets markets with G-Brownian stochasticity. They present a model of
utility for continuous-time financial markets that captures the agent’s concern with
G-Brownian stochasticity. They also present some no-arbitrage pricing arguments
based on hedging strategies. Asset pricing theory characterized by model uncer-
tainty was originally investigated by Avellaneda et al. [7] and Lyons [80]. They
characterized the lower and upper bounds of the interval of no-arbitrage prices
that generate as the paths of volatility vary in such a confidence interval as a so-
lution to the nonlinear Black-Scholes PDE. This nonlinear equation is associated
with the G-Brownian motion, see Vorbrink [106]. Avellaneda et al. [7] assert that
the presence of volatility uncertainty in a market generates market incomplete-
ness. Thus, perfect hedging is implausible. Accordingly, hedging strategies only
yield an interval prediction of asset prices. This bolstered the idea of considering

preferences and equilibrium. In the words of Epstein and Ji [43]:

“Sharper predictions can be obtained by assuming preference maximiza-

tion and equilibrium”.

Epstein and Ji [43] analyzed such equilibrium, thus, applied the model of utility
to a single agent economy to study equilibrium of asset returns. Denis et al.
[37], Cont [25], Vorbrink [106] analyzed hedging strategies to derive a confidence
interval of asset prices. Epstein and Ji [43] characterized this asset prices interval
in terms of state prices. Beissner [10] proved the existence of Radner equilibrium

in an endogenous incomplete market under volatility uncertainty.

19 Artzner et al. [6] introduced the concept and the axiomatic characterization of sublinear
risk measures on finite probability spaces in order to quantify the risk in finance. Delbaen [36]
extended Artzner et al. [6] result on general probability spaces.
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1.2 Bridge between discrete-time and

continuous-time models

The connection between a discrete-time stochastic process and a continuous-time
stochastic process remains a crucial issue of fundamental importance in stochastic
analysis and financial economics. In financial economics, an indepth understand-
ing of the basic economic arguments in the discrete-time framework is still the
requisite for studying the continuous-time counterpart. However, there has been
criticism that the mathematical tools used for analyzing continuous-time finan-
cial models have become too complex to capture and simplify the basic economic
arguments, see Duffie and Protter [40]. Moreover, financial economists find the
discrete-time setting easier to understand in the sense that it captures and gives a
simple interpretation to basic economic arguments. Thus, it is important to verify
that as one takes the limit of a discrete-time model, when the number of periods
increases (goes to infinity), it converges to the continuous-time counterpart. This

technique is known as weak approximation.

Weak approximation is a very crucial tool in stochastic analysis. A remarkable
result is Donsker’s theorem (see Chapter [2 for the G-Donsker result). For the
Donsker-type result for a general class of martingales and diffusion processes, see
for example, Billingsley [16]. Many authors have applied the concept of weak ap-
proximation to problems in financial economics (see for example, Cox et al. [27],
Duffie and Protter [40], Cutland et al. [32] and the references therein), especially
after Cox et al. [27] derived the Black-Scholes option pricing formula in an ele-
mentary way, as the limit of a discrete-time binomial option pricing formula. This
result proves to be more intuitive, elementary and convenient for computation.
Despite the wide application of the weak approximation technique to investigate
continuous-time models based on discrete analysis, there is no guarantee that such
limiting arguments lead to the appropriate continuous-time model, Cutland et al.
[30]. Thus, a stronger mode of convergence might be appropriate. The theory
of infinitesimals or nonstandard analysis, introduced by Abraham Robinson [94]

gives a definitive solution.
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1.2.1 The theory of infinitesimals

Abraham Robinson [94] developed a rigorous mathematical theory of infinitesimals
based on techniques from mathematical logic. His work started with a mathemat-
ical object such as the system of real numbers or some Banach space. Robinson
and Zakon [95] constructed a nonstandard enlargement even of the full superstruc-
ture over the reals. In Chapter 3| we present a more intuitive construction of the
nonstandard enlargement. Loeb [76] developed nonstandard measure theory: He
showed how every hyperfinite probability space (i.e., a probability space that may
be infinite but possesses all the “formal” properties of finite probability spaces)
induces a probability space in the standard sense, i.e. a c-additive probability
measure on some o-algebra (viz. the o-algebra generated by the internal algebra
of the hyperfinite probability space). The corresponding measure on this space
is called the Loeb measure, see Chapter [3] for an alternative construction of the
Loeb measure. Anderson [3] used Loeb’s [76] result to develop a hyperfinite con-
struction of the Brownian motion. The hyperfinite Brownian motion can be seen
simultaneously as the standard Brownian motion. He also presented the hyperfi-
nite construction of the Brownian stochastic integral. The It0 stochastic integral
with respect to the Brownian motion can be constructed as the limit of a pathwise
Stieltjes integrals. However, the limit in this construction is not pathwise, but
typically L?-limit. The reason for this is that the (standard) Brownian motion
has unbounded variation, and the Stieltjes integrals are only defined with respect
to paths of bounded variation. Since a hyperfinite random walk is of hyperfinite
variation, a Stieltjes integral with respect to hyperfinite random walk can also be
seen as a standard stochastic integral in a formal sense, see Anderson [3]. Lind-
strgm [74] proposed the notion of a hyperfinite Lévy process and proved that the
standard part of a hyperfinite Lévy process is a Lévy process, and that for each
infinitesimal generator of a Lévy process one can find a hyperfinite process whose
standard part has precisely that generator. This was further discussed in subse-
quent papers by Albeverio and Herzberg [I] and Ng [84]. Albeverio and Herzberg
[1], Hoover and Perkins [54], Herzberg [52], Lindstrgm [70, [71], [72] [75] constructed
stochastic integrals with respect to hyperfinite Lévy processes and more general

martingales.

In Chapter [4] we present the hyperfinite construction of the G-expectation and its
corresponding G-Brownian motion. We show that our hyperfinite G-expectation

is infinitely close to the classical G-expectation. We remark that we do not work
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on the Loeb space because the G-expectation and its corresponding G-Brownian
motion is not based on a classical probability measure, but on a set of martingale

laws.

The application of nonstandard analysis is not limited to measure theory. Luxem-
burg [79] developed nonstandard functional analysis using nonstandard hulls [[]
Hurd and Loeb [57] introduced nonstandard analysis to real analysis. An excellent
exposition of nonstandard analysis that puts accent on applications in stochastic

analysis and mathematical physics is Albeverio et al. [2].

1.2.2 Financial markets with nonstandard analysis

The twin frameworks of nonstandard analysis as a continuous-time setting, as
well as formally finite setting, motivate its applications to financial economics.
Nonstandard measure theory has been successfully applied in studying problems
in asset pricing (e.g. Cutland et al. [30], Kopp [64], Cutland et al. [31], Khan and
Sun [60]) and in equilibrium theory (e.g. Brown and Robinson [20], Anderson [4],
Rashid [92] Anderson and Raimondo [5] and Sun [104].). Anderson’s [4] article
in the Handbook of Mathematical Economics gives a good introduction to the

application of nonstandard analysis to economics.

Cutland et al. [30] used nonstandard analysis to construct the Black-Scholes option
pricing model. The model can be seen as the hyperfinite version of the binomial
Cox-Ross-Rubinstein model [27] and simultaneously as the classical Black-Schole
option model. Cutland et al. [31] analyzed the Cox-Ross-Rubinstein jump process
option pricing model using nonstandard methods. Kopp [64] used nonstandard
methods to establish a link between a mathematical model based on discrete and
finite probability spaces and its continuous-time counterpart. They also used
nonstandard methods to study the underlying setting. The main concern of these
papers is the convergence of discrete-time option pricing models to the continuous-

time counterpart.

The application of nonstandard analysis to general equilibrium theory was initi-
ated by the seminal work of Brown and Robinson [20] on nonstandard exchange

economies. In their work, they studied equilibria in economies with hyperfinite

1 This was extended by Henson and Moore [50]. In a sense, the nonstandard hull of an
internal Banach space corresponds to the ultraproduct of different Banach spaces.
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sets of agents in which each agent has null influence on the economy, and this
motivated further applications, e.g. Rashid [92], Anderson and Raimondo [5],
Sun [104]. Anderson and Raimondo [5] used nonstandard analysis to prove the
existence of equilibrium in a continuous time financial model with Brownian infor-
mation for multiple agents with the assumption that the dividends are only paid
at the expiry date. One way to summarize Anderson and Raimondo’s [5] result
is as follows: They begin with a standard continuous-time financial model, and
then discretize the model to a nonstandard hyperfinite model, they replace the
Brownian stochasticity in the continuous-time model with a modified version of
Anderson’s [3] hyperfinite random walks and introduce the corresponding stochas-
tic integrals. Furthermore, they prove the equilibrium consumption is nonzero
at every time and state space. By the construction of the Loeb measure, they
produce a candidate for the equilibrium of the aforementioned continuous-time
model. Then, they describe the candidate equilibrium as integrals with respect
to the normal distribution via the central limit theorem; however, having multi-
ple agents, the dividends depend on the distribution of wealth only at the expiry
date. Afterwards, they show that the hyperfinite equilibrium is infinitely close to
the candidate equilibrium. Finally, in the spirit of Brown and Robinson [20], they
prove that the candidate equilibrium is indeed an equilibrium of the continuous-
time model. In the spirit of Anderson and Raimondo [5], Herzberg [53] proved the
existence of equilibrium in a continuous-time market with a single agent where the

dynamics of the dividends is driven in a sense by hyperfinite Lévy processes.

The theory of hyperfinite G-expectation developed in Chapter [4] provides the math-
ematical foundation that will be needed for the extension of Anderson and Rai-

mondo’s [5] result to a continuous-time model driven by G-Brownian stochasticity.



Chapter 2

Weak Approximation of
G-Expectation with Discrete
State-Space

2.1 Introduction

Dolinsky et al. [38] showed a Donsker-type result for the G-Brownian motion,
henceforth referred to as G-Donsker, by introducing a notion of volatility uncer-
tainty in discrete time and defined a discrete version of Peng’s G-expectation. In
the continuous-time limit, the resulting sublinear expectation converges weakly to
the G-expectation. In their discretization, Dolinsky et al. [38] allow for martingale
laws whose support is the whole set of reals. In other words, they only discretized
the time line, but not the state space of the canonical process. Now for certain ap-
plications, for example a hyperfinite construction of the G-expectation in the sense
of Robinsonian nonstandard analysis, a discretization of the state space would be
necessary. We will show in this chapter that a modification of the construction
by Dolinsky et al. [38] suffices to obtain a discretization where the state space
for the discrete-time canonical process is discretized, too (whence the martingale
laws are supported by a finite lattice only). We will prove the convergence of this
discretization to continuous-time G-expectation. The proof is based on technique
from (linear) probability theory. Ruan [97] constructed the G-Brownian motion

via the weak limit of a sequence of G-random walks which can be seen as the

15
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invariance principle of G-Brownian motion. The proof relies heavily on the theory

of sublinear expectation.

The rest of this chapter is organized as follows: In Section [2.2] we introduce
G-expectation, the discrete-time and continuous-time version of the sublinear ex-
pectation, and the strong formulation of volatility uncertainty in the spirit of
Dolinsky et al. [38]. Unlike in Dolinsky et al. [3§], we require the discretization
of the martingale laws to be defined on a finite lattice rather than the whole set
of reals. In Section [2.3] we show that a natural push forward of our discretized
sublinear expectation converges weakly to the G-expectation as n goes to infinity
provided the domain of volatility uncertainty is scaled by 1/n. Finally, we prove
that
sup EP[¢] = lim  max E%[¢(X™)).

PeQp n—ooQeQy, ),

2.2 Framework

2.2.1 G-expectation via volatility uncertainty

Peng [89] introduced a sublinear expectation on a well-defined space L, the com-
pletion of Lip,.,;(€2) (bounded and Lipschitz cylinder function) under the norm
| [|zy,, under which the increments of the canonical process (B)e~o are zero-mean,
independent and stationary and can be proved to be (G)-normally distributed.
This type of process is called G-Brownian motion and the corresponding sublin-
ear expectation is called G-expectation. We fix a constant T > 0 and replace the
d-dimensional setting by Dolinsky et al. [38] with d = 1. We also fix a nonempty,
compact and convex set D C R, such that the volatility processes take values in
D.

The G-expectation & — £%(€) is a sublinear operator defined on a class of random

variables on ). The symbol G refers to a given function

1
G(y):=-supey:R—R (2.1)
2 ceD
where D = [rp, Rp| and 0 < rp < Rp < oo are fixed numbers. The construction
of the G-expectation is as follows. Let & = f(Br), where By is the G-Brownian
motion and f a sufficiently regular function. Then £% (&) is defined to be the initial
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value u(0,0) of the solution of the nonlinear backward heat equation,
o — G(02,u) =0,

with terminal condition u(-,T) = ¢, Pardoux and Peng [86]. The mapping £ can
be extended to random variables of the form £ = f(By,, -+, By,) by a stepwise
evaluation of the PDE and then to the completion L}, of the space of all such
random variables. Denis et al. [37] showed that Lf, is the completion of Cy(Q)
and Lipy, ., (€2) under the norm || - ||, and that L}, is the space of the so-called
quasi-continuous function and contains all bounded continuous functions on the
canonical space €2, but not all bounded measurable functions are included. Theo-
rem (our main result in this chapter) cannot be extended to the case where
¢ is defined on Lg; under the norm || - |1, (see below), thus, we work in a smaller
space L! defined as the completion of C(£2; R) under the norm || - ||.. Our setting
is based on a set of martingale laws not a single probability measure. However,
when rp = Rp = 1, the canonical process under £9(-), G-Brownian motion, be-
comes the standard Brownian motion since £9(-) will be a linear expectation under

the Wiener measure.

There also exists an alternative representation of the G-expectation known as the
dual view on G-expectation via volatility uncertainty, see Denis et al. [37]: One

can show that the G-expectation can be expressed as the upper expectation

£9(¢) = sup E7l¢], €= f(Br), (2.2)

PepPC

where P¢ is defined as the set of probability measures on €2 such that, for any
P € PY B is a martingale with the volatility d (B), /dt € D P ® dt a.e, and
D = [rp, Rp], for 0 < rp < Rp < 0.

Remark 2.2.1. (2.2]) can be seen as the cheapest super-hedging price of a Euro-

pean contingent claim where £ can be regarded as the discounted payoff.
2.2.2 Continuous-time construction of sublinear expecta-
tion

Let Q = {w € C([0,T];R) : wyp = 0} be the canonical space of continuous paths

with time horizon T" € (0, 00), endowed with uniform norm ||w||ec = supg<;<p [we|,



2.2 Framework 18

where the Euclidean norm on R is given by |- |. Let B be the canonical process
Bi(w) = wy, and Fy = 0(Bs,0 < s < t) is the filtration generated by B. A
probability measure P on €2 is called a martingale law provided B is a P-martingale
and By = 0 P a.s. Then, Pp is the set of martingale laws on 2 and the volatility
takes values in D, P ® dt a.e;

Pp = {P martingale law on Q: d(B), /dt € D, P ® dt a.e.}.

Thus, the sublinear expectation is given by

Ep(€) = sup E7[¢], (2.3)

PePp

such that, for any ¢ : 2 = R, ¢ is Fp-measurable and integrable for all P € Pp.
E? denotes the expectation under P. It is important to note that the continuous-
time sublinear expectation (2.3 can be considered as the G-expectation (for every
¢ € L, where L, is defined as the E[| - ||—norm completion of Cy(Q2; R)) provided
is satisfied (cf. Dolinsky et al. [38]).

2.2.3 Discrete-time construction of sublinear expectation

Here we introduce the setting of the discrete-time sublinear expectation. We

denote

£n:{nj—\/ﬁu _nQ\/RDSjSTLQ\/RDu fOI'jeZ},

and L = L, x -+ x L,(n + 1 times), for n € N. Let X" = (X}?);_, be the
canonical process X}'(z) = xy, defined on L and (F}),_, = o(X]", 1 =0,... k)
be the filtration generated by X". Let

=0 (3x)
D, =Dn(-N
n

be a nonempty bounded set of volatilities.  Recall D = [rp, Rp|, for
0 <7p < Rp <oo. We note that Rp = sup,p |y|, where |-| denotes the ab-
solute value. A probability measure P on £ is called a martingale law provided
X" is a P-martingale and X' =0 P a.s. The increment AX" denotes the differ-
ence by AX]' = X — X" ;. Let P be the set of martingale laws of X" on R"*!,
ie.,

Pp, = { P martingale law on R"*': rp <|AX]']> < Rp, P as.},
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such that for all n, £+ C R

In order to establish a relation between the continuous-time and discrete-time
settings, we obtained a continuous-time process z; € ) from any discrete path

x € L' by linear interpolation. i.e.,
o= (Int/T]) +1—=nt/T)xpneyr) + (nt/T — [nt/T])T|ne/7) 11

where L0 is the linear interpolation operator,
x = (xo,...,2,) = T ={(T)o<t<r}, and |y| denotes the greatest integer less
than or equal to y. If X™ is the canonical process on £ and ¢ is a random

variable on 2, then & ()/5 ") defines a random variable on £,

Remark 2.2.2. If n =T, thus for all t € N,
o= ([t] +1=)xp + (= [t])z)g41.

For instance, if 2 =0, 1 =2, 29 =1, 23=5, 2, =3, for 0<t <1, 7, =
(1 — t)zg + te; = 0; for 1 < t < 2, = = (2 — )z, + (t —
Dag = 2; for 2<t<3, Ty=0B—-t)za+(t—2)x3=1; for 3 < t < 4,
Ty=A—tas+ (t—3)xy =5, for 4 <t <5, 7 = (5—t)ay + (t —4)zs = 3.
Thus, the graph of Z; as a function of ¢ is plotted in Figure [2.1]
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FIGURE 2.1: Graph of 7y against ¢

2.2.4 Strong formulation of volatility uncertainty

We introduce the so-called strong formulation of volatility uncertainty for the
continuous-time construction, as in Dolinsky et al. [3§], Nutz [85], Soner et al.
[100, 10T], and for the discrete-time construction, as in Dolinsky et al. [38]; i.e., we
consider martingale laws generated by stochastic integrals with respect to a fixed
Brownian motion and a fixed random walk.

For the continuous-time construction; let Qp be the set of martingale laws of the

form:
Op = {PO o(M)™ M= /f(t, B)dBy, and f € C([0,T] x ; VD) is adapted}.

B is the canonical process under the Wiener measure Fy, and D is a convex set.

Remark 2.2.3. The elements of Qp, in particular M, with nondegenerate f which
satisfies the predictable representation condition, correspond to the analogy of

market completeness in finance (martingale representation theorem).
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For the discrete-time construction; we fix n € N, Q, = {w = (wy,...,wy,) : w; €

{£1}, i=1,...,n} equipped with the power set and let

d_1+0 d_1+0
L e N ot S

P, =
2 )
nt?;les
where for all A C R,
1, r€A
0,(A) =
0, z¢ A

be the product probability associated with the uniform distribution. Let &;,...,&,
be an i.i.d sequence of {£1} -valued random variables. The components of & are

orthonormal in L?(P,). We denote the associated random walk by

k
Zl? = Z£l7
=1

then, we can view

> - 1X)AX,

=1

as the discrete-time stochastic integrals of X, where f is F"-adapted and

1
X=—2"
NG

is the scaled random walk. We denote by Qp, the set of martingale laws of the

form:
0, = {Pn o (MPE)L £:10,... n} x LM — /D7 is F”—adapted.} (2.4)

where
n

k
MI* = (Z f(l— 1,X)Axl>
=1

2.3 Results and proofs

Theorem [2.3.1] states that a sublinear expectation with discrete-time volatility

uncertainty on a set of reals converges to the G-expectation.
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Theorem 2.3.1. (cf. Dolinsky et al. [38, Theorem 2.2]) Let £ : Q@ — R be a
continuous function satisfying |£(w)| < a(1+ || w ||eo)? for some constants a, b > 0.
Then,

lim sup E2¢(X™)] = sup EP[¢]. (2.5)
"7 QePy,, PePp

To prove , we prove two separate inequalities which imply . The proof of
the first inequality (for < in (2.5))) will be discussed below while the proof of the
second inequality (for > in (2.5])) is embedded in the proof of Proposition [2.3.11]
Before then, we introduce a smaller space L. that is defined as the completion of
Cy(2; R) under the norm

HfﬂhzggE%KW Q:=PpU{Po(X")",PePp,.ncN}.

This is because Theorem will not hold if ¢ just belong to L}, where L} is
the completion of Cy(£2; R) under the norm

1 € llg:=sup E"[|¢]]. (2.6)
PEPD

In fact, a random variable which is defined on a set of paths of finite variation will
have zero expectation under any martingale law P € Pp because the support of
the martingale laws is disjoint to a set of paths of finite variation whereas it will

have non zero expectation under an element of Q.

Lemma 2.3.2. (cf. Dolinsky et al. [38, Lemma 3.4]) Let £ : 2 — R be a continuous
function satisfying |£(w)| < a(1+ || w ||«)° for some constants a,b > 0. Then,
¢ell.

We shall prove Lemma later.

To prove the first inequality (for < in (2.5))),

limsup sup EC[(X™)] < sup EP[¢], (2.7)
n—oo QePp PePp

we need to prove the following lemmas. The main idea is to establish the stability
result for the quadratic variation of the process B. This will be done in Lemma
2.3.6, and the necessary tightness condition is as a result of the compactness of D

in the sense that Rp is finite.
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Lemma 2.3.3. (cf. Dolinsky et al. [38, Lemma 3(i) and (i7)]) For any given
1 < g < oo, there exists a positive constant C' such that for all 0 < k£ <1 < n and
Q e Pp,

E%[ sup |X7 < C(nRp)! and E[|X] — X7|Y] < CRE(I — k)2
k=0,...,n

Proof. The main idea is the Burkholder-Davis-Gundy inequalities: For any given

1 < ¢ < 00, and a positive universal constant K = K(q, 1),

EY sup [ X7 < KEY[|[(X),]7).
k=0,...,n

Since Q € Py, [(X)n| = |-, (AX)?] < nRp Q as.
With similar argument,

EC[IX] — Xp[Y] < KER[(X): — (X)x[?],

then, Q € Pg implies that [(X); — (X)x|*> < (I — k)*R} Q a.s.
It is important to note that if v1,7v9,..., 7%, € D, then 4 + % + ... + ¥, € mD
by the convexity of D. O]

The next lemma shows that all the expressions in (2.5 are well-defined and finite.

Lemma 2.3.4. (cf. Dolinsky et al. [38, Lemma 3.2]) Let £ : © — R be a continuous
function satisfying [£(w)| < a(14 || w ||«)? for some constants a,b > 0. Then,

| €|+ is finite. i.e.,

sup sup E¢(X™)]] < oo (2.8)
neN QePp .
and
sup EF[|¢]] < oo. (2.9)
PePp

Proof. Using the condition on &, for any 1 < ¢ <oo,n € Nand Q € P/

EQ[¢(X™)] < a+ aE2 [ sup |f<f|q] < a4 aEQ [

0<t<T

sup |X73|q}-
k=0,...,n

.....

RD/n = RD/”?
EQ[|¢(X™)[] < CRY®.
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Thus, (2.8) follows. (2.9)) also follows from the Burkholder-Davis-Gundy inequal-

ities and from the condition on D (D is bounded), i.e.,

E”[ sup |By|] < K, forall P € Pp.

0<t<T

Now, we want to prove the tightness result.

Lemma 2.3.5. (cf. Dolinsky et al. [38, Lemma 3.3(¢)]) Let M"™ = (M}")}_, be a
martingale with law @” in P Jn, OLL R"*! and let M™ be martingale with law Q"

on €, for each n € N. Then, the sequence (Q"),, is tight on (.

Proof. Let 0 < s <t <T. Using that Rp/,, = Rp/n and from Lemma m
EY'(|B, — Bu|'] = E¥'[|M} — M7['] < K(t — 5)?

for a positive constant K. By the Kolmogorov’s criterion moment for weak relative
compactness, (see Klenke [61, Theorem 21.42]), (Q™),, is tight. O

Lemma 2.3.6. (cf. Dolinsky et al. [38, Lemma 3.3(i7)]) Let M"™ = (M}")}_, be
a martingale with law @" in Pp Jn ON R+ and let M™ be martingale with law
Q" on , for each n € N. Then, any cluster point @) of the sequence (Q"),, is an

element in Pp.

Proof. Let @ be a cluster point. B (in Lemma is ()-martingale as a result of
the uniform integrability condition by Lemmal[2.3.3] Now, it remains to prove that
d(B);/dt € D holds @ ® dt a.e. The main technique used here is the separating
hyperplane theorem which implies that for v € R,

7€D e J() < sup f(B) = K, (2.10)

where f : R — R is an arbitrary linear function. Let AY; = Y, — Y, for
fix 0 < s <t < T. Consider an arbitrary continuous and adapted function
U:[0,7] x @ —[0,1]. We then introduce an arbitrary neighborhood D of D.

Then we have for sufficiently large n,

EQ[(AMP)? | o(MP:0<u<s—e)]€(t—sD Qas.
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It follows from ([2.10)) that

B (U(s — & BI{F((AB)*) = Kb(t = 5)}]
=E"[U(s — &, M"){f((AM]")?) = KL (t — 5)}].

Then,

RY[U(s — &, B{S((ABL) = Kb(t = )}
=B [U(s — &, MM){F((AM)) = Kfy(t = 5)}]
=E[EY"[U(s — &, M")(F(AM])?) = Kb(t = 8)] | o(M] 0 <u<s—¢)

]
=E[U(s — &, M") E¥[(f(AM)?) = Kb (t — )] | (Mg : 0 <u < s — )]

-~

= EV[F((AM)) | oMy :0Su < s =) = Ky(t =)

-

= fECAMPP [ o(M; 0 <u<s—e)]) — Kh(t—s)

t—s f
< (supgy f—KL) (t—s).

Since D is an arbitrary neighborhood of D, supsep f(B) will be arbitrary close to
supgep f(8) = K, thus,

sup f(8) — K,
BeD

is arbitrary close to zero. Hence,

limsup E9"[U(s — &, B){f((AB,)*) = Kp(t — s)}]

—limsup EX [U(s — e, M"){ F((AM™?) — KL (t — s)}] < 0.

n—oo

By the integrability condition of Lemma [2.3.3] these sequences of means converge,

whence the lim sup is actually a limit and in each case said to be
EQ[U(s — <, B)f(AB)Y)] S BOU(s — 2, B)KD(t —5).  (211)

Since U(s — ¢, B) is Fs,-measurable and EQ[(AB;)?) | F,] = E9[(B); — (B),|F]
(note that B is square martingale, @-martingale), (2.11)) equals

E°[U(s — &, B)f({(B): — (B),)] < E?[U(s — &, B)K§ (t — 5)]. (2.12)
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By the continuity condition of U and the dominated convergence theorem as ¢ — 0,

becomes
E°[U(s, B)f({(B): — (B)s)] < E?[U(s, B)K{(t — 5)]
and then
T T
E? [/ Uls, B)f(d<B>t)] < E° U Uls, B)K,{,dt] .
0 0
By Lemma [2.3.7] (see below for Q' = [0,7] x Q and p = Q ® dt), it follows that
f(d(B),/dt) < K, holds Q ® dt a.c.

Since f is arbitrary, (2.10)) implies that

d(B
<dt>t €D holds Q ® dt a.e.

]

Lemma 2.3.7. If there exists some C' € R.( and a measure p on €’ such that for
all measurable f: Q" — [0, 1],

[xsau<c [ san

then X < C' p a.s.

Proof. We prove by contradiction. Let assume that there exists some measurable
A C Q' such that u(A) > 0and X > C on A. Put f =14. Then,

/XlAduz/Xdu>Cu(A):C/1Ad,u,
A

which contradicts the claim. O
We can now prove Lemma [2.3.2]

Proof of Lemma[2.3.3 Let &™ = (£ Am)V m. We want to show that the upper
expectation

()~ g
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is continuous along the decreasing sequence |§ — ™| where
Q:=PpU{Po(X")",PePp,.ncN}

By the proof of Lemma|2.3.5|we can say that Q is tight and by the proof of Lemma

B34, || € |l < oo ie.,

Ep(-) = sup E9[] < oo.
QeQ

For a decreasing sequence |§ — £,
sup B¢ €[] = sup [ Qllg €7 = )
QeQ Qe Jo

For each fixed t > 0, the set {|¢ — ™| > t} is closed and {|¢ — ™| >t} | 0 as
m — oo. By Denis et al. [37, Lemma 7]: Q is relatively compact if and only if for

each sequence Y, | (), we have supgeo @(Yy) 4 0. Thus,

sup E[|¢ — £™] 1 0.
QeQ

Finally, we can now prove the first inequality of Theorem [2.3.1]

Proof of Theorem (for < in (2.5)) ). Let £ : Q@ — R be a continuous function
satisfying |£(w)] < a(1+ || w ||o)® for some constants a,b > 0 and let ¢ > 0. Let
there exists an e-optimizer Q" € P Jn> that is, if Q™ is the martingale law of Xr

on 2 under Q™ for each n € N, then

E'[6] = EC[e(X™)] > sup EQE(X")] —e.
QePy,,,

By Lemma and Lemma [2.3.6] the sequence (Q"),, is tight and any cluster
point of (Q™),, is an element of Pp. Since ¢ is continuous and Lemma implies
that sup, E?"[¢] is finite, tightness yields that

sup EP[¢] > limsup E9"[¢].

PePp n—o00

Thus,

sup E[¢] + ¢ > limsup sup EC[E(X™)).

PePp n—00 erg/n
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For arbitrary € > 0,

limsup sup EQ¢(X™)] < sup EP[¢].

n—co QEP . PePp

O

Proposition 2.3.8. (cf. Dolinsky et al. [38, Proposition 3.5]) The convex hull of

Op is a weakly dense subset of Pp.

Proof. This proof is divided into three parts, discretization, randomization tech-

nique and the smoothing part.

e Discretization: First, let us recall that
Pp = {P martingale law on Q: d(B), /dt € D, P®dt a.e.} .

Let M be a martingale whose law lies in Pp such that

M = /Oztth with  a:=/d{(M);/dt and W := /atlth.

To see that W is a Brownian motion, it suffices to show that W is a local
martingale such that (W), = ¢. From the definition of W, W is a local

martingale since M is a martingale, and W, = 0. Then,

(W), = /Ot ﬁdu\@s _ /Dtds .y

Thus, (W), = t, and then W is a Brownian motion. Fix n > 1, we consider
M™ = /aﬁ”)th,
where o™ is real-valued piecewise constant process that satisfies

(™% = Ap(2),

for

n kT /n
Yy = ?/ asdsa t € (kT/n’ <k + 1)T/n]’
(

k—1)T/n
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k=1,...,n—1and A\p : R — D the Euclidean projection. We can set, for
example, (™ = V7, for v € D on [0,T/n], then we have

T

lim EP[[(M™ — M)z[] =0, lim EP U o™ — atlzdt] =0,
n—oo n—oo 0

and thus M™ converges weakly to M. Next, we want to show that for a

given measure, the measure is in the convex hull of measures of Brownian

martingales.

e Randomization technique: We fix a filtered probability space (Q,F,F,P)
where F = (F;)o<i<r. Let M be a F-martingale whose law belongs to Pp

and is of the form:

M = /Oétth7
where
n—1
Qr = 1[tk:tk+1)&(k)7
k=0
for some time discretization 0 =ty < --- < t,, = T and W is a Brownian

motion on the filtered probability space. We consider another probability
space (Q, F,P) equipped with a Brownian motion I and a sequence of i.i.d
uniformly distributed random variables (f/k)gkgn which is independent of
. By the existence of regular conditional probability measures, we can

construct random variables &(k) which are
o(W,,0<s<ty)Va(V;,1<j<k)— measurable

and such that the law of (Wi, (&(i))o<i<n_1) under P equals the law of
(Wi, (a(i))o<i<n_1) under P. We can now consider the volatility correspond-
ing to a fixed realization of Vi, - - - , V,. Indeed, for v = (vy,--- ,v,) € (0,1)",

let &(k;v) be a random variable which is
o(W,,0< s <tp)Vo(v;,1 <j<k)— measurable (2.13)

and consider 3
MU = / (Z 1[tk,tk+l)d(kj; U)) th
k=0

Further, we denote P, = Po (M")~!. Consider a family of conditional prob-
ability measures (Py)ye(0,1y» of P with respect to a(f/k, 1 <k <n) and define
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P, =P, o (M")~!. For a given bounded continuous function F,

EF[F(M)] = EP [F (MY V)]

_ /(Ol)nEP“[F(M”)]dvg sup EP[F(NIY)].

ve(0,1)™

Thus, by the Hahn-Banach theorem, the law of M is contained in the weak
closure of the convex hull of the laws of S, where S = {M? : v € (0,1)"}.
For each fixed v, we note that M? = [ h(t, W)dW; where h is a measurable,
adapted, vD-valued function. Next, we want to show that these Brown-
ian martingales can be approximated by Brownian martingales with some

regularity conditions.

e Smoothing: Recall
Op = {PO o(M)™ M= /f(t, B)dB,, and f € C([0,T] x Q; VD) is adapted} :

Now, we want to approximate h by a continuous function f. Let
h:[0,T] x Q — v/D be a measurable adapted function and ¢ > 0. Let
f e C(0,T] x ;R) such that

E UOT |f(t, W) = h(t, W)[2dt| < e.

Such f exists, due to standard density arguments.
Let f(t,x) := \/Ap(f(t,2)?). Then f € C([0,T] x Q; VD) and

[f=hP < If? =12 < |2 = W < (f] + IRDIF = h] < 24/ Rolf = hl.
Using Jensen’s inequality, we can say that
T ~ ~
B | [ 1) - e, W)Par] <2y TToe,
0
which, as a result of the above steps, completes the proof.

]

Remark 2.3.9. (cf. Dolinsky et al. [38, Remark 3.6 ]) For any bounded continuous
Q= R,

sup EX[E] = sup E7e].
PeQp PePp
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This follows directly from Proposition [2.3.8] Denis et al. [37], Section 3, show
that the G-expectation as noted in Peng [87, [8§] coincides with the mapping
§ > SuPpeqy EP[¢] for a given set Qp which satisfies Op € Qp C Pp.

Lemma 2.3.10. Let
n = {Pn o (fo)—l; F:{0,...,n} xR = VDis adapted.}

where
n

k
M = (Z Fl— 1,X)Axl>
=1

k=0

Then Qp C Pj.

Proof. From the above equation, we can say that A]W,ic = f(k,X)&. And by the

orthonormality property of &, we have
B f (k, X)°€E 7] = B [f(h, X)*| 7] < B [(VRp)*| 7] = Bp Py as,
as [&] =1, f(---)? € D implies
(AMDY?| = |f(k,X) € [rp, Rp] P, as.

[]

Proposition 2.3.11. Let £ : Q — R be a continuous function satisfying |£(w)] <

a(1+ || w ||oo)? for some constants a,b > 0. Then,

lim  sup EQ[E(X™)] = sup EP[¢]. (2.14)

Proof. To prove ([2.14)), we prove two separate inequalities together with a density
argument which imply (2.14)).

First inequality (for < in (2.14])):

limsup sup EQ[S()A(")] < sup EF[¢]. (2.15)

n—0oo QGQ;LD/ /n PEQD
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By Lemma [2.3.10, we know that Qf C Pp. For each n > 1, the inequality ({2.7))
implies that

limsup sup EC[¢(X™)] < sup EF[¢].
n—oo QEQR . PePp

Since the convex hull of Qp is a weakly dense subset of Pp, see Proposition [2.3.8],

limsup sup EQ[¢(X™)] < sup EF[E].
n—00 QEQB/H PeQp

For all n, trivially \/Dj,/n C /D/n and Lp*' C R Thus, Qf, ,, € Qf .-
Hence, (2.15)) follows.

Second inequality (for > in ([2.14))):

It remains to show that

liminf sup E9[¢(X™)] > sup EP[¢).

n—oo n
Qe QDW” PeOp

For arbitrary P € Qp, we construct a sequence (P"), such that for all n,

P" € QO 1, (2.16)
and
E”[¢] < liminf EP"[¢(X™)). (2.17)
n—oo
Fix n and let &1, ..., &, be some i.i.d sequence of random variables on €2,, as defined

in Section 2.2 ie., & : Q, — {1}, for i = 1,...,n. Now, we want to construct
martingales M™ whose laws are in Qp, /n and the laws of their interpolations tend
to P. To achieve the above task, we introduce a scaled random walk with the

piecewise constant cadlag property (right continuity with left limits),

| /T 1
W, = lzl gl:% tyr, 0<t<T, (2.18)

and we denote the continuous version of (2.18)) obtained by linear interpolation by
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By the central limit theorem;
(W™, ") = (W.W)

as n — oo on D([0,T]; R?) (= implies convergence in distribution). i.e., the law
(P,) converges to the law Py on the Skorohod space D([0,T]; R?) Billingsley [15]
Theorem 27.1]. Let g € C([0,T] x €, vD), such that

-1

P=PFo /g(t, W)dw,

| S —
M

Since ¢ is continuous and /V[Z" is the interpolated version of (2.18]), it turns out
that

(W", (g <Lnt/T JT/n,Wﬁ))tE[QT}) = (W, (g(t. W))sefo.1)

asn — oo on D([0,T]; R?). We introduce martingales with discrete-time integrals,

k
M= g (0= O/, W) Wit = Wiy (2.20)

=1
In order to construct a discretize martingale M"™ which is “close” to M and also
is such that P, o (M ”)_1 € 9p, /,- We shall choose some

gn :{0,...,n} x L — /D! /n,

such that,
M} Zk: <l 1 ! Z”) ! AZ
= In |\t — L, —= = .
k - \/ﬁ \/ﬁ l

Let dj, be the Kolmogorov metric for the Skorohod .J; topology. We choose

T : {0, ,n} x Q@ — /D’ /n such that

dj, <<ﬁn([nt/Tj T/n, /th)> ) <g(Lnt/Tj T/n, /th)>te[o,T]>

t€[0,7]
is minimal (this is possible because there are only finitely many choices for

<?Ln(Lnt/Tj T/n,/Wt")) [ ]). This implies, due to the construction of D/, as a
te[0,T
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discretization of D that

ds, ((ﬁn(tnt/T |T/n, W:)) : <g([nt/T |T/n, W:))te[w]) 50

t€[0,T]
as n — oo on D([0,T];R). From Billingsley [16, Theorem 3.1 and Theorem 14.1],
it follows that

(2, (o (Lot/T1 2/ 7)) ) = (Wt W)

t€[0,T]

as n — oo on D([0,T]; R?). We then define g, : {0,...,n} x L' — /D! /n by

~
~ —

gn 2 (0,X) = hy(€,X).

Let M™ be defined by

k
1 1
ME =Yg <l—1,—Z”) —AZ' Vke{0,---,n}
LT o)yt

By stability of stochastic integral (see Duffie and Protter [40, Theorem 4.3 and
Definition 4.1]),

(ME”/TJ)te[O,T] = M asn — ooon D([0,T];R)

because
lnt/T]

[nt/T| = Z P ((l - 1)T/n, (WkT/n> ::0> A/VV;T/n.

By Dolinsky et al. [3§], the continuous version of ([2.20]) obtained by linear interpo-
lation M" converges in distribution to M on €2 endowed with the uniform metric

on the Skorohod space, i.e., M"™ = M on Q. Since ¢ is bounded and continuous,

lim EPeM™) 7 (X)) = EPoM ' [¢]. (2.21)

n—o0

Therefore, (2.16) is satisfied for P* = P, o (M™)™' € Q», - Trivially, (2.16)
implies

T ) (222)

e n

D}, /n
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Combining (2.21) and (2.22)), and taking the liminf as n tends to oo, gives

EP[¢] < liminf sup EQ[E(X™)). (2.23)
n—00 QEQ%%/H

Taking the supremum of (2.23|) over P € Qp, the equation becomes

sup EP[¢] < liminf sup EQ[£(X™)). (2.24)
PeQp "0 QeQy,

Combining (2.15)) and ([2.24)),

sup EP[¢] > limsup sup EQ[f()?n)]
PeQp n—r00 @EQ%;I/TL
> liminf sup EQ[¢ ()A( ")

n—o0 QG on

> sup E7[¢]
PcOp
Therefore,
lim sup EQ[E(X™)] = sup E7[¢]. (2.25)
nTeQey, PcOp

Density argument: (2.14)) is established for all £ € Cy(€2,R) and also holds for all

¢ € L! (see the density argument verification below). O

Proposition 2.3.12. Let £ : Q© — R be a continuous function satisfying |£(w)| <
a(l + ||w||eo)? for some constants a,b > 0 and Qp, be the set of probability
measures as defined in (2.4]), then

sup EU[S(X")] = max E2¢(X™)]. (2.26)
Qegy, QeQp,

Proof. The left-hand side of (2.26]) can be written as

sup EC[¢(X™)] = sup EFM™D 7 [¢(X)],
Qe Qg,n feA

where A = {f:{0,...,n} x L2*' — /D! } such that f is F"-adapted. We shall
prove that A is a compact subset of a finite-dimensional vector space, and that
f— EP”O(Mf’X)_l[f()?”)] is continuous.
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First part

Recall that for fixed n € N, X™ = (X}');_, is the canonical process defined by
X (x) = xy, for @ = (20, ..., 2,) € L2V and (FP)_, = o(X], 1 =0,...,k) is the
filtration generated by X"™. We consider €, = {w = (w1, ...,w,) 1 w; € {£1}, i =
1,...,n} equipped with the power set. Let

d0_1+0 d_1 40
p =10 o o 01t 0

3 7
nt‘i?nes
where for all A C R,
1, z€A
0:(A) = ,
0, ¢ A

be the product probability associated with the uniform distribution. &;,...,&, is
the i.i.d sequence of real-valued random variables such that & belongs to {£1}
and the components of &, are orthonormal in L?(P,). We denote the associated
random walk by Z7' = Zle &.

A is closed] and obviously bounded with respect to the norm | - [ as DI,
is boundedﬂ By Heine-Borel theorem, A is a compact subset of a N(n,n)-

dimensional vector space equipped with the norm || - ||o-

Second part

Here, we want to show that F : f — EP°M"7 [¢(X™)] is continuous.
b, = {Pn o (MI*)™t f:{0,...,n} x LM — /D! is f“—adapted.}

where
n

k
MFE = (Z f(l— 1,X)Axl>
=1

!The cardinality of L,,, #L, = 2n + 1, #L = (2n + 1)1 and #({0,...,n} x L0T1) =
(n+1)(2n+ 1)"** = N(n,n). Let (™), € AN and f:{0,...,n} x L2 — R, such that
f™ = f, as m — oo, with respect to the maximum norm || - ||, (or any norm as a result of norm
equivalency) on RV (™) We have to prove that f is adapted and M—Valued (is obvious, \/IT’TL
is closed). For the first part, let j € {0,...,n}. We want to show that f(j,-) is F}'-measurable.
This, however, follows from Billingsley [15, Theorem 13.4(ii)].

2If V € Rs such that D, C [0, V], then obviously ||| = max;cqo,.. 1 [f(,w)] < VV.

weLntt

k=0
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= / (X" (M?¥))dP,, (transforming measure)
Q'n

= Y Pafwaeo (X7) 0 M (wy).
wn €
From Proposition we know that £ is continuous, X" is the interpolated
canonical process, i.e., X: L — Q. thus X™ is continuous and P, takes it values
from the set of real numbers. For F : f s EF°M™ )7 ¢(X7)] to be continuous,
Y1 f = M/* has to be continuous. Since A = {f : {0,...,n} x £ —
\/D_;l, where f is adapted with respect to the filtration generated by X} is a

compact subset of a N(n,n)-dimensional vector space for fixed n € N and
MPX:Q, — L0 for all f,g € A,

(M5 = 95| = [ flloo = llglloo] < I1f = lle-

Thus, v is continuous with respect to the norm || - ||. Hence F' is continuous with
respect to any nornff| on RN,

O

Theorem 2.3.13. Let £ : Q — R be a continuous function satisfying |{(w)| <

a(1 4+ ||w||s)? for some constants a,b > 0. Then,

sup EP[¢] = lim  max EQ[E(X™)]. 2.27
s 7l = Jim max B (227)

Proof. The proof follows directly from Proposition [2.3.11] and Proposition [2.3.12]
]

Density argument verification

Let
fi&— sup EP[¢]

PeOp

3For any two vector norms || - ||a, || |3, and C, Cy > 0, we have C1||Allo < || Allg < C2||Al|a,
for all matrices A € RN je., all norms on RN™" are equivalent because RN(™»™ has
N(n,n)-dimension for fixed n € N.
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and
g:&— lim  sup EQ[ﬁ()?")]

From (2.25)), we know that for all £ € Cy(Q2,R), f(&) = g(&). Since L! is the
completion of Cy(€2, R) under the norm || - |, Cp(€2, R) is dense in L!; and we want
to prove for all £ € L1, f(&) = g(€&). To prove this, it is sufficient to show that f

and ¢ are continuous with respect to the norm || - ||,.

For continuity of f:

For all P € Qp and &,€ € L:,

sup EP[¢] — sup EP[¢] < sup EP[¢ —¢]

PeQp PeQp PeQp
and
sup EP[¢ — €] < sup EP[le —¢|).
PeOp Pel9p
Since, QD g Q7
sup EP[|¢ — &[] < sup E@[|¢ — €[] = [|€ = € |-
PeOp Qe
Then,
sup EX[¢] — sup EP[€] < € = ¢ .. (2.28)
PeOp PeQp

Interchanging £ and fl,

sup EP[¢'] — sup EP[¢] < ||€ —¢].. (2.29)
PeQp PeOp

Adding ([2.28)) and (2.29), we have

sup EF[¢g] — sup EP[€]| < ||I€ = €. (2.30)

PeOp PeOp

Hence,

1£(&) = FE) < 1€ =€ ..
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For continuity of ¢:

We can follow the same argument as above; for all Q € OF,, In £,¢ €Ll and for

all n,

sup  EU[(X™)] — sup EC[¢(X")]
QeQy, . Qeor

D}, /n
< sup EQ[f(A)?n)—g()?n)]
QEQEW”
< sup EY¢(X™) — (X))
Qe

D;L/”

Since, Q%%/n C Q%/n and Q%/n C Q, we can say that

sup  EQ[JE(X™) — € (X™)]] < sup EQl¢ — €[] = ||€ — €I,
QeQ™ QeQ

then,

sup EQ[(X™)] — sup EQ[(X™)] < |l€ = ¢l (2.31)
Qng,n/n QEQB,”/H

Taking the limit when n goes to oo, (2.31]) becomes,

lim sup EC[((X™)]— lim sup E%E(X")]<6—&]l.. (232

Interchanging £ and fl,

lim  sup E9(X")] - lim  sup EQE(X™)] <€ —¢ll.  (233)
n—oo QE Q%’n/n n—oo QGQ%%/n

Adding (2.32)) and ([2.33)), we have

lim sup EE(X")] - lim sup E2[(X™)]] <€ =l
n—o0 QGQnD’n/n n—0o0 QGQ%%/TL

Hence,

9(6) — 9(6)] < g =€l



Chapter 3

A Simplified Approach to

Nonstandard Measure Theory

3.1 Introduction

We give a simplified introduction to nonstandard measure theory that does not
presuppose prior acquaintance with mathematical logic. This approach requires
no previous knowledge of nonstandard analysis. The methodology is presented in
terms of sequences, equivalence relations and equivalence classes with respect to
binary measures. The approach is based on Lindstrgm’s [73] work. However, our
approach is more simplified. We construct the extended nonstandard enlargement
in measure theoretic language and also show how the language of logic relates
to the mathematical discourse in probability theory. We provide an alternative

construction of the renowned Loeb measure using basic knowledge of real analysis.

Nonstandard analysis, or the theory of infinitesimals as some people prefer to call
it (see Robinson [94]), was introduced by Abraham Robinson in 1961. Robinson
in [94] introduced a mathematical foundation for infinitesimals. His work started
with a mathematical object such as the system of real numbers or some Banach
space. Being a mathematical logician, he used a formal language to express facts
about the mathematical structure he was working on, and called the structure a
standard model for the true statement expressed in the formal language. One can
think of the standard model as a universe in some sense, thus, it is also known as

the standard universe Hrbacek [55]. Robinson went further to prove that there also

40
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exists another mathematical structure called the nonstandard model such that in
the standard and the nonstandard models the same first-order statements are true,
and the nonstandard model for the system of real numbers may be constructed in
the form of ultrapowers as defined by Lo$ [7§]. This nonstandard model contains

infinitely small and infinitely large numbers in a well-defined sense.

One way to summarize Robinson’s [94] result is as follows: We have two universes,
the standard universe and the nonstandard universe, and every first-order state-
ment that is true in the standard universe is also true in the nonstandard universe
and the standard model can be embedded into the nonstandard model. This im-
plies that one can use the nonstandard model to analyze the standard model, thus,

Robinson called his method and results nonstandard analysis.

Many authors have introduced a more elementary and intuitive approach to non-
standard analysis. Schmieden and Laugwitz [98] introduced a nonstandard anal-
ysis that is more constructive, however their approach is much heavily based on
classical analysis without the use of model theory (mathematical logic). The work
of Schmieden and Laugwitz [98] was further developed in subsequent papers by
Laugwitz [60], 67, 68]. In their approach, one of the important properties of non-
standard analysis, the Transfer Principle (see Theorem , is lacking. Thus,
their nonstandard model cannot be related to the standard model as easily as
in Robinson’s result. Myecielski [83] introduced a locally constructive theory of
infinitesimals. In his theory, every proof can be interpreted in a finite model.
Lindstrem’s [73] presentation of Robinson’s approach to nonstandard analysis is
far more intuitive and user friendly. His approach is presented in terms of se-
quences, equivalence relation and equivalence classes with respect to binary mea-
sures. There are other interesting approaches in the literature, see, for example,
Keisler [59]. Our approach to nonstandard analysis is based on Lindstrgm’s [73]
work. We present the nonstandard analysis in a language that is easily accessible

to a wider audience of mathematicians rather than only logicians.

One of the important features of nonstandard analysis is that it allows one to
embed a standard mathematical theory for instance, measure theory, probability
theory or algebra, in a standard universe into the nonstandard universe. Most
results in the nonstandard universe are profound and easy to follow, for instance,
there are several existence theorems whose only known proofs use nonstandard
analysis. For example, Perkins [90] proved a global characterization of (standard)

Brownian local time with nonstandard analysis. Anderson and Raimondo [5] use
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nonstandard analysis to prove the existence of equilibrium in a continuous time
financial model where the number of underlying assets is at least one more than

the number of independent source of risk.

The embeddment of a standard universe into a nonstandard universe enables one
to establish a two way interaction between a standard universe and a nonstandard
universe in the sense that a statement is true in the standard universe if and
only if the transfer of the statement into the nonstandard universe is true. This
mechanism is basically called the Transfer Principle. However, the strength of
nonstandard analysis is not limited to the Transfer Principle. As a matter of fact,
transfer is limited between the standard entities in the standard universe and the
so-called internal entities in the nonstandard universe. The nonstandard universe

that contains only these internal entities is called the internal universe.

Another important property of nonstandard analysis is the Internal Definition
Principle (see Theorem [3.4.8)), which tells that the subsets of internal sets in
the internal universe are always internal. The Internal Definition Principle is a

consequence of the Transfer Principle.

The Saturation Principle (see Theorem [3.4.10), more precisely the Countable Sat-
uration Principle, is almost as important as the Transfer Principle and the Internal
Definition Principle. It asserts that the intersection of any decreasing countable
sequence of nonempty elements of the internal universe is always nonempty. A
nonstandard universe that is adequate for applications especially when the target
space satisfies some countability condition will satisfy the Countable Saturated
Principle. As an application of the Countable Saturated Principle, we discuss the
Loeb space, Loeb [76].

The Loeb space can be “seen” as the standard reduct of a nonstandard probability
space. The Countable Saturation Principle ensures that the measure (Loeb mea-
sure) defined on the Loeb space is countably additive. The richness of the Loeb
measures makes them applicable in a wide range of research: stochastic analysis
Miiller [82], Anderson [3], Cutland et al. [31], financial economics Cutland et al.
[30], Duffie and Protter [40], control theory Berg [12], mathematical physics Al-

beverio et al. [2], (for recent overview, see Cutland [29]).

This chapter is organized as follows: In Section we explain the construction
of the hyperreals by extending the real line to accommodate the infinitely small
and the infinitely large numbers. We begin Section by defining the standard
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universe (superstructure) and its components and then show how the language
of logic relates to the mathematical discourse in probability theory. Section
explains the construction of the nonstandard universe (the image of the super-
structure under the nonstandard embedding *). Thereafter, we explain some basic
properties of the nonstandard enlargement. In Section we provide an alterna-
tive construction of the Loeb measure using basic knowledge of real analysis. We
shall do this by establishing that an internal finitely additive measure induces a
premeasure and then extend the premeasure into a measure on the o-algebra. We

conclude by proving the uniqueness of this measure.

3.2 Preliminaries

We begin by extending the real line to contain both the infinitely small and in-
finitely large. Recall: One way to construct the real line is to add new rational
points to represent limits of convergence of rationals. In this approach one has to
identify sequences converging to the same point in R. This runs as follows: Let =
be the equivalence relation on the set S of all rational Cauchy sequences defined
by

(fa)n = (Gn)n = nh_{&(fn —gn) = 0.

Then the reals are the set
R=S/=

of all equivalence classes. In order to construct *R (hyperreals) from R, a well-
organized structure that does not entail only the limit of convergence but also the
mode of convergence is required. To achieve this, one needs to identify as few

sequences as possible. i.e., the trivial identification, (cf. Lindstrem [73]);

(fu)n ~ (Gn)n = (fn) = (9n),

where ~ is the equivalence relation. But, if f = (f,), is a sequence such that
fn = 0 if and only if n is even and g = (g,), is a sequence such that g, = 0 if
and only if n is odd; then f - g = 0, although, both f and g are non-zero. Thus,
the trivial identification gives rise to a structure with zero divisors (cf. Lindstrgm
[73]). The task now is to make the equivalence relation ~ strong enough to avoid
the problem of zero divisors. Thus, we have to fix a finitely additive measure on

N with the following properties.
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Definition 3.2.1. (cf. Lindstrgm [73, Definition 1.1.2 ]) Let x be a {0, 1}-valued

finitely additive measure on the set N of positive integers such that:

(a) p(FE) is defined and it is either 1 or 0 for all E C N.
(b) If w(E)=1and u(F) =1, then u(ENF) =1 for all E,F C N.
(¢) p(N) =1 and pu(E) = 0 for all finite FE.

(d) For any E C N, either p(E) =1 or u(E°) =1, (but not both).

The measure p is a finitely additive measure means u(E U F) = p(E) 4+ p(F) for
all disjoint sets F and F'. It is important to note that y divides the subsets of N
into two different classes; the “large ones” with measure one and the “small ones”
with measure zero, such that all finite sets are small because they have measure
zero (cf. Lindstrem [73]).

Remark 3.2.2. If u(E) =1 and E C F C N, then u(F) = 1.

Definition 3.2.3. (cf. Lindstrgm |73, Definition 1.1.3]) Let RY (the direct product
of N copies of R) be the set of all sequences of real numbers and let ~ be the

equivalence relation on RY defined by

(fn)n ~ (gn)n — N{n = gn} =1.

That is (f,), equal to (g,), almost everywhere.

Definition 3.2.4. Let ((f,),) denote the equivalence class of the sequence (f,,), in
RY. Addition, multiplication and absolute value (norm) is defined componentwise
by

((fa)n) £ {(gn)n) = ((fn +gn)n)i ((fu)n) - {(gn)n) == ((fn - gn)n),

and [((fu)n)| == ((Ifu])n) respectively.

Definition 3.2.5. Let RY be the set of all sequences of real numbers and let ~

be the equivalence relation. The hyperreal is given by

‘R=RY/ ~.

Thus, for every sequence (f,), in RN, {(f,),) denotes its image in *R. We then
have a natural embedding
*:R—="R
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by taking *f = (f).

It is possible to extend the operations and relations of R to *R: for arbitrary

<f> = <(fn)n> and <g> = ((gn)n) n *R,
)+ =(h) <= pin: futg.=h,}=1

and
(fy-{g)=(h) <= pi{n: fu-gn="ha} =1

In a similar manner,

(f)y <{g) = p{n: fu<gn} =1 (3.1)

By the definition of < in *R, one can easily see that *R is linearly ordered. For

example, let us prove the transitivity of *R.

Proof. Let (f) < (g) and (g) < (h). We want to show that (f) < (h). From
(3.1), we know that u{n : f, < g,} =1 and u{n : g, < h,} = 1. It follows from

Definition (b) that
p{n: fn < gnNgn < hp,} =1

Thus, f, < g, and g, < h,, and by transitivity of < in R, f,, < h,,.

Hence,
p{n: fo < h,} =1

]

By Definition [3.2.5] in *R, either the sequence f, where f,, = 0 if and only if n is
even, or the sequence g where g, = 0 if and only if n is odd, will be identified with

the zero sequence 0 and the other one with 1 (cf. Lindstrom [73]).

We identify v € R with ((7),) € *R.

Definition 3.2.6. For every sequence (f,), in RY and (f) = ((f.),) in *R;
(a) We say that (f) is infinitesimal and write (f) ~ 0 if and only if

Vr € Rag, pi{n:|fu] <r}=1. (3.2)
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(b) (f) is limited if and only if

Ir € Rog, p{n:—r< fo<r}=1 (3.3)

(¢) For arbitrary (g) in *R, (f) is infinitely close to (g) if and only if (|f — g|) is

infinitesimal:

(f) =(9) = (|f—gl)=0. (3.4)

(d) (f) is unlimited if and only if (f) is not limited.

3.3 The standard enlargement and its compo-

nents

The domain of reals is not large enough for development of contemporary mathe-
matics most especially in measure theory and probability theory. Thus, the non-
standard extension of reals is not sufficient for a fully fledged application of non-
standard analysis to problems in measure theory and probability theory. In order
to have an effective nonstandard framework, one needs an extended universe that
contains not only numbers and functions, but also mathematical objects such as
sets of functions, sets of spaces of functions, topological spaces, measure spaces
etc. In view of this, we introduce the superstructure (see below) over K. One
can assume K is large enough to contain all mathematical objects. These ob-
jects can be defined as sets in the superstructure of K. Every object of standard

mathematics lives in the superstructure.

Definition 3.3.1. For any set K (where K is regarded as a set of individuals, i.e.,

if z € K then x has no elements.), V(K) is a superstructure if

Vo(K) =K, Vin(K)=Vi(K)UP(Vi(K)), and V(K)=|]Vi(K),
keN

where P(A) denote the power set of A.

The elements of this superstructure are precisely the mathematical objects that can
be obtained by iterating the power set operator countably many times. For every
object ain V(K), a is either an element in K or a set that belongs to V(K)\ K. The
rank of an object a in V' (K') is the smallest k for which a is in Vj(K). It is important
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to note that K = Vo(K) C Vi(K) C ---, and K = Vj(K) € Vi(K) € ---. Thus,
when 7 is less than j, V;(K) becomes an element in V;(K), and objects with rank
greater than or equal to 1 in V(K) are precisely the sets in V(K). The objects in
Vo(K) have rank 0 and the empty set () has rank 1. If a is an object in V(K) with
rank greater than 1, and b is an element in a, then b is also an object in V(K) and

the rank of b is strictly less than the rank of a.

Definition 3.3.2. Let Ly (k) be the language of V (K'), having the set of symbols
given by {, :n € N} U{a:a e V(K)}U{& = A, =V, 3,(,)}, in which

(a) 01,09, 03,04- -+ are variables;

(b) a is a constant symbol for each a € V(K);
(c) €, = are relation symbols;

(d) A (and), = (not) are connectives;

(e) V, 3 are bounded quantifiers;

(f) (, ) are parentheses.

A string of Ly (k) is a finite sequence of symbols of Ly (k). A string is an atomic
formula if and only if it is of the form ¥,=1v; or U, €0; where v, and 7; are variables
for some k,l € N. The set F of all formulas is the smallest subset of strings which
contains all the atomic formulas, and for all ¢, ¢ € F and any variable vy, the
strings (Jv,E0)1, (Vir€n), (Fui€a), (Vop€a)y, b, (YAg) are all in F.

For any variable vy, U -quantifier means the string (élv'kéaj. When we refer to the
specific occurrence of the v,-quantifier of a given formula, we underline its position

in the formula. For every formula v, strings X, Y, and variable v;, the scope of an

occurrence of the ¥,-quantifier in a formula is defined recursively as follows:

e The scope of the occurrence of (Jip€a) in (Iip€a)yy equals the formula
ERE

e The scope of the occurrence of (él@kédj in %Xtéldkéan equals the scope of
the occurrence of (Fip€a) in X (Fipéa)Y.

e The scope of the occurrence of (éli)kéaj in X(éli)kéde/\w equals the scope
of the occurrence of (Jix&a) in X (Jip€a)Y .
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e The scope of the occurrence of (éokéaj in w/'\X(EIIQ')kéde also equals the

scope of the occurrence of (JvpEa) in X (Fop€a)Y .

e The scope of the occurrence of Gi}kéaj in (E.Ii;le(E.l?}kéde equals the scope
of the occurrence of (Fi,€a) in X (Jip€a)Y.

The occurrence of a variable v, in a formula is called a bound if and only if it
occurs in the scope of a ¥,-quantifier in the formula. Otherwise, the occurrence of
U, is said to be free. Thus, any particular occurrence is either free or bound, but
not both. However, a variable ¥, can have both free and bound occurrence in the
same formula. For a formula ), if the occurrence of v, in v is free, then we often
denote it as ¥ (0;). And for any given ¢ and any occurrence of vy in 1, one can
tell if the occurrence of ¥, in ¢ is free or bound by how v is constructed from the
atomic formulas. A formula 1) is called a sentence if and only if all the occurrences
of the variables in ¢ are not free, Bell and Slomson [I1].

Let {9, }nen be the sequence of all variables. An interpretation is a map
I {v}nenU{ad:a e V(K)} — V(K)
such that I(a) = a for all a« € V(K) and a map
al - |V(K),I):F—{0,1}.

The “interpretation” of a formula is the assignments of the truth values true or
false to the formula, relative to the interpretation (valuation) I of the variables.
Ultimately having recursively defined « (see below), we shall define the |= relation
as follows:

V(K) 1 ¢ <= a(@|V(K),I) = 1.

The truth of a given formula is defined in terms of the components of the formula

as follows:

1. Suppose vi€a is a formula.

oL 1 if, I(vg) € I(a)
a(vgealV(K),I) = (3.5)
0 otherwise.
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2. Suppose =1, is a formula.

o 1 if, I(og) = I(n)
a(p=0|V(K),I) = (3.6)
0 otherwise.

3. Suppose YA¢ is a formula. a(PAP|V(K),I) = 1 if and only if
a(|V(K),I) =1 and a(s|V(K),I) = 1. Thus,

a(AGIV(K), 1) = min{a()|V(K),I),a(¢|V(K), 1)} (3.7)

4. Suppose ) is a formula. a(-y|V(K),I) = 1 if and only if
a(Y|V(K),I) =0. Thus,

a(=p[V(K), 1) =1 — a(|[V(K),I). (3-8)

5. Let (30x€a) be a formula where Ji,Ea does not occur in 4 for any variable

U, and constant a. We denotes J as an interpretation.

a(Y|V(K),J) : J(op) € 1(a)
a((zokéa)wV(K),I) =max  and for all 7 € {5, : 0 # K} U{a: a € V(K)},
J(z) = I(z).
(3.9)

3.3.1 Link between mathematical logic and probability
theory

It is important to note that formal expressions of these forms (as given above) are
frequently use in probability theory. Recall some elements of probability theory.
Let (2, F,P) be a probability space, where € is the set of all possible event, F is
a o-algebra, and PP is the probability measure that assigns a probability P(B) to
every event B € F such that P: F — [0,1]. Let X and Y be real-valued random
variables and let (X,), be the sequence of real-valued random variables. The
following expressions in probability theory are treated as objects of mathematical

discourse:

1. Relation symbols (&€, =):
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e Consider P{X € A}. X € A is a well defined expression in probability
theory. The assignments of the truth values to the formula X€A is

given in ([3.5)).

e Consider P{X =Y}. X =Y is a well defined expression in probability
theory. Thus, the assignments of the truth values to the formula X=Y

is given in (|3.6)).
2. Connectives (A, 5):

e Consider P{X € [0,1)&Y > 0}. X € [0,1]&Y > 0 is a well defined
expression in probability theory. The assignments of the truth values
to the formula “¢p = X € [0,1] and ¢ =Y > 07 is given in (3.7).

e Recall P{X € A}. The assignments of the truth values to the formula
“not ", where 1) = X €A is given in (3.8).

3. Quantifier (3): Consider P{In € N, X,, > 0}. In € N, X,, > 0 is a well
defined expression in probability theory. The assignments of the truth values

to the formula (Fox€a)1), assuming FoxEa does not occur in 1, is given in

(3:9)-

Other existing logical symbols, for example, disjunction V, implication —, equiv-
alence <> and universal quantifier V, can be abbreviated using the above cases.

They are used in the following ways:

1. ¥V¢ abbreviates - (-pA5g).

2. 1—¢ abbreviates —(1A5g).

3. <3¢ abbreviates (V—3¢)A(d-31)).
4. (Vi € a)p = =(Fiy, € a)p.
Lemma 3.3.3. If ¢ contains no free variables, then for all interpretations I and
J,
V(K) Erv <= V(K) 5.

Proof. The proof is an induction on the complexity of 1. For all k,1 € N, let 0y, Uy
be variables of an arbitrary set in V(K'). Then
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Suppose ¢ is a formula. For every k € N, if ¥, occur free in ¢, then the truth or

falsity of
V(K) Erv

depends only on the value of I(9) for every variable 0 that is free in 1. That is,
for all interpretations I and J, I(9x) = J(0x). Then,

V(K) F1¢ <= V(K) = ¢

If v is a sentence, then the truth or falsity of

V(K) =

is completely independent of I because ¢ (as a sentence) contains no free variables.

Thus, for all interpretations I and J, we may suppress the interpretation and write

V(K) E .

]

Notation 3.3.4. We drop brackets and even dots where no notation ambiguity

can arise.

3.4 Construction and some properties of the

nonstandard enlargement

Here we explain the setting of nonstandard analysis introduced in Robinson
and Zakon [95]. The construction of the image of the classical superstructure
under the nonstandard embedding * proceeds in two stages. Firstly, we construct
a bounded ultrapower of V(K) using bounded sequences of elements in V(K)
with measure one. Secondly, we map the bounded ultrapower into the super-

structure V' (*K) in such a way that the embedding satisfies the Transfer Principle.

A sequence (A,),, is rank bounded if there is a fixed k € N such that A, € Vj(K)
for all n. If (4,,), is bounded,

N={n:A, hasrank 0} U---U{n : A, has rank k}
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and

1 if i<k
pu{n : A, has rank i} =
0 ifi>k

thus, the rank of (A,), is k. Let A = (4,), and B = (B,), be two bounded

n

sequences. A and B are equivalent if and only if (A4,), = (B,),, i almost surely:

A~t B = (,u{n V(K) E A,=B,)} = 1).

Let A" denote the equivalence class of a bounded sequence A and define the set

of all equivalence classes as
V(K ~ti= {A" . (3m € N) (,u{n V(EK) E AV (K)} = 1)} .

(We assume K NN = (); though, there may be a copy of N in K, for example, if R
is defined as a set of the equivalence classes of the sequence of rational numbers,
K =R). By definition, all the elements of V(K)Y/ ~* are bounded with respect
to the rank of the superstructure with measure one. V(K)Y/ ~F is called the
bounded ultrapower of V(K).

Claim 1. B' € A" € V;41(K) implies B' € Vi (K).

Proof of Claim[1. By definition of a superstructure, A" € Vi1 (K) simply implies
A € Vi(K) or A" C Vi(K), and objects of Vi (K) are either elements of K or sets
of Vi(K)\ K. Thus, A" € Vi1 (K) is either A" € K or A" C Vi(K). If B' € A,
then A" ¢ K (K is a set of individuals). Hence, B € A’ € Vj1(K) implies
B' € A" C Vi(K), that is, B' € Vi(K). Since Vi(K) € Vi1 (K) C V(K), each
Vi(K) is an element of V(K). O

The membership relation € on V(K)N/ ~* is defined as follows:

et:= {(B“,A”) : (,u{n :V(K) E B,€A,} = 1) }

That is,
Bt et At = (,u{n V(K) | BéA,) = 1).

Thus, there exist a canonical embedding of A — A* and a natural proper embedding

i V(K) — V) ~»
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where i(A) is the equivalence class corresponding to the constant sequence A. Let

*K = KN/ ~#. We need to construct an injective map
j V)N~ — V(*K).

By definition, the bounded ultrapower is the union of the chain Vj(K)Y/ ~#C
<o CVR(K)N/ ~HC ... and we can define j by recursion. For k = 0, j must be
the identity on *K. i.e.,

jix—x on K.

Claim 2. B* € A* € Vi1 (K)N/ ~* implies B* € Vj,(K)N/ ~*.

Proof of Claim[3. A" € Vi1 (K)N/ ~# simply implies Ar e K or
A C VL (K)N/ ~#. Tf B* € A*) then A* ¢ *K. Thus, A* € Vi (K)N/ ~#
means A* C Vi(K)N/ ~F. Hence, B* € A" € Vi1 (K)N/ ~* implies
Bt € Vi(K)N/ ~Hk, O

For every A" € Viy1(K)Y/ ~* and A* ¢ *K, we set

jeary = {5y s (V)Y ~e B e ar) ).

This definition is possible if Claim [2| holds, that is, B* € Vi (K)Y/ ~#, which
means that j(B*) is defined at a previous stage of the recursive construction.
This property is known as the transitivity of j(V(K)Y/ ~*). Hence every set in
F(V(K)N/ ~*) only consists of elements of j(V(K)N/ ~H).

Combining ¢ and j;

A =j(i(A)) (3.10)

for all A € V(K).

is the bounded elementary embedding of the structure of V(K) into
V(*K). The membership relation €* in the bounded ultrapower is mapped by
J into the ordinary membership relation in V(*K): For all A*, B* € V(K)N/ ~*,
Bt el AV <= j(B") € j(A*).

In this construction, V(K) and V(*K) are connected by the Transfer Principle
(see Theorem ([3.4.5))).
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3.4.1 Some basic properties of the nonstandard enlarge-

ment

Here we define some basic terms and introduce some basic properties of the Non-
standard framework.
Definition 3.4.1. For every A € V(*K) where A is either an element in *K or a
set that belongs to V(*K):

(a) A is standard if A ="*B for some B € V(K).

(b) A is internal if A € *B for some B € V(K).

(c) A is external if A is not internal.
It is easy to see that every standard set is internal. Standard sets are crucial but
they are not very interesting. However, the internal sets and a special type of

internal set known as hyperfinite set are very useful for applications.
Recall: A subset A C N is said to be finite if

AC{neN|n<m}

for some m € N.
An internal subset A C *N is said to be hyperfinite or *-finite if

AC{n e *N|n<m}

for some m € *N.

Definition 3.4.2. (cf. Albeverio et al. [2, Definition 3.2.1]) An internal set A €
V(*K) is said to be hyperfinite if there is an internal one-to-one map g of some
proper initial segment {n € *N | n < m} of *N onto A, where m € *N is called the
cardinality of A. i.e., |[A| =m.

Informally, hyperfinite sets are infinite sets in the nonstandard framework with all
the properties and combinatorial structure of a finite set.

The next lemma is the characterization of the internal universe (see Herzberg [51]).
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Lemma 3.4.3. For any = € V(*K), z € j(V(K)N/ ~") if and only if there exist
some y € V(K) \ K such that x € *y. Then,

JVE = | A= ValE).

AeV(K)\K meN

Proof. For any bounded sequence A of (4,), where A, € Vi(K) for all n,
‘A= j(i(A).
If v € j(V(K)N/ ~*), then there exists some k € N such that
x € j(i(Ve(K))) = "Vi(K).

If y = Vk(K), then x € j(i(y)) and we know that j(i(y)) = *y. Thus, z € *y.

Conversely, suppose x € *y for some y € V(K). Since * = joi, *y € j(V(K)N/ ~H).
But we have shown the transitivity of j(V(K)Y/ ~*) (see the construction of the
*-embedding above). Thus, x € *y implies that z € j(V(K)N/ ~H). O

Before we discuss the properties of the internal universe, we prove the Transfer
Principle which says that a sentence 1 holds in V' (K) if and only if the *-image of
¥ holds in V/(*K). For convenience, in the proof the superstructure is fixed over
the reals: R C K.

Definition 3.4.4. Let 1) be a sentence in Ly (g) that holds in V(R) with constants
al, .- a® € V(R). For every ™™ ... a"® € V(*R), *¢ is the *-image of ¢ in
V(*R).

Theorem 3.4.5 (Transfer principle). Let 1) be a sentence in Ly (g) with bounded
quantifier and suppose the constants occurring in ¢ are a¥,---  a® (for some
a®,...,a® € V(R)). ¢ holds in V(R) if and only if *1)(a"®, ..., a"®) holds in
V(*R), that is,

e £ )
VR) Ey < V(R) F*w(am o a(k)).

Proof. The Transfer Principle is just the Lo$ Theorem, Lo$ [7§], for sentences.
Thus, the proof is based on slight-modification of the proof of Los Theorem and is

done by induction on complexity of sentences that can be reduced to measure one.
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We shall comment on few cases of sentences, although other cases are abbreviations

of these sentences.

Case 1. Assuming that the sentence v is of the form ; A ¥y where 11 and 1,
satisfies the condition of the theorem. By using the fact that the intersection of
two sets with measure one has measure one (see Definition [3.2.1}(b)), and by the

induction hypothesis, we have

VOR) = *pla®, ... a"®)
= (*wl(a*(l), ya ™Y and *hy(a’D - ,a*(k)))
e [ M VR) = di(aV, .. a®)} =1
and p{n : V(R) E y(a®, ... a®)} =1
— p{n:VR) = (aV, ..., a®) Agy(a?, ... a®)} =1.

Case 2. Assume the sentence 1) is of the form —t), and ) satisfies the condition
of the theorem. By using the fact that for any given set, either the set has measure
one or its complement does, but not both (see Definition [3.2.1}(c)), and by the

induction hypothesis, we have

V(R) =@M, ... a"®)
— V(R) *1(aD,...,a"®)
—= 1—p{n:VR) E(aV,...,a™}) =1

and

(1= p{n: VR) Evi(a®,...,a")}) = p{n: V(R)  ~¢r(a,....a™)}.
Thus,

VIR) E*p(a M, .. a®) = pufn:V(R) = i (aW, ... a®)} =1.

Case 3. Assuming the sentence ¢ is of the form (3x € a(l))yy where
1, satisfies the condition of the theorem. Firstly, we mnote that
V(R) | *(a™®, ..., a"®) if and only if there exist an internal element a such
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that V(R) b "vr(a,a ... a"®);

V('R) E "Y1 (a, a @ . a*(’“)) (3.11)
— pu{n:V(R) =i (an,a?,...,a™)} =1.

We want to show that (3.11)) is equivalent to

V(R) E *tpla,a™ D, ... a"®)
— pu{n:V(R) E Bz € al)) ¢y (z € al),aV, ... a®)} = 1.

First we show there exists an a such that

p{n: V(R) = ¥y (an,aV, ... ,a®)} =1
implies
p{n: V(R) = 3z € a() Yi(z € a(l),aV, ..., a®)} = 1.

To do this, it is sufficient to observe that

{n:V(R) = ¢ (an,a?, ... a®)}
C{n:V(R) = 3Bz € al)) ¢1(z € a(l),aV, ..., a")}.

We know that for any set E, if u(E) =1and E C F C N, then u(F) = 1.
Thus,
p{n: V(R) = 3z € a(l)) Y1 (z € a(l),aV, ... a®)} = 1.

Conversely, we show that
p{n: VR) = 3z € a(l)) i (x € a(l),aV, ..., a™)} =1

implies there exists an a such that p{n : V(R) & ¢ (an,a,...,a®)} = 1. For
each n in the set {n : V(R) = 3z € a(l)) 1 (z,aW, ..., a®™)} select some element

a, € V(R) that oversees this, and choose a,, arbitrary otherwise. We have,

p{n s V(R) = ¥y (an, aV, ... a®)
=u{n: V(R) = Gz € a() i (x € a(l),a, ..., aM)}
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Hence, for every given sentence 1,

V(R) E *@Z)(a*(l), . ,a*(k)) — uf{n:V(R) E Q,D(a(l), . ,a(k))} = 1.

Lemma 3.4.6. For all £ € N, *Vj(K) is transitive, and thus, so is *V(K).

Proof. Obviously K is transitive. By induction, one can assume that Vi (K) is
transitive. By definition A € Vi11(K) is either A € Vi (K) or A C Vi(K), and
A € Vi(K) is either A € K or A C Vi (K). Thus, Vi41(K) is also transitive.
A € V(K) simply implies A € Vj(K), for some k£ € N, and can be formalized by:

(A€ KVACVi(K)) (3.12)

which holds in V(K. By the transitivity of Vi (K), it follows that V(K) is tran-
sitive. Thus, A C Vi(K) C V(K) implies A C V(K). Applying the Transfer
Principle on ,

(Ae*KVAC"V(K)) (3.13)

holds in V(*K). Hence, *V,(K) is transitive and V (*K) is also transitive. O

It is important to note that *Vi(K) C Vi(*K) for each k& € N. *V,(K) only

contain the internal objects.

Remark 3.4.7. If A is an internal set, for every A’ € A, A’ is internal.
Proof. This follows directly from the transitivity of *V (K). O

Figure |3.1] summarizes the relation of the standard universe to its nonstandard

enlargement.

Because of the canonical nature of the *-embedding (in particular it is injec-
tive) we will often identify the class of standard objects with the class of the
*-images of the standard objects. According to the ambiguous, yet commonly ac-

cepted terminology, the set of hyperreals is also a standard object in a formal sense.
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External opjects

*V (K) Internal universe

- —
VI*K)
MNonstandard-
VIR universe
Superstructure > ®
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) A *- embedding ‘A
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objects
IR
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K *
K

FI1GURE 3.1: The standard universe and the nonstandard universe.

The next result which is the Internal Definition Principle is an important conse-
quence of the Transfer Principle, and is the main tool for identifying an internal

set.

Theorem 3.4.8 (Internal Definition Principle). Let ¢ be a formula with free
variables x and Xi,...,X,. Let Ay,..., A, be internal sets in V(*R). Then the
set

{y € A1|¥(y, Ay, ..., An)}  is internal.

Proof. By definition, Ay, ..., A, are internal implies Ay, ..., A, € *Vi(R) for some
k € N. Then, for all X;,...X,, € Vi(R), there is some z € Vj41(R) such that for
all y € Vi(R)

yezeoye Xy ANY(y, Xq, ... Xp) (3.14)

holds and recall that z = {y € Xi|¢(y, X1, ..., X,,)} abbreviates for all y € Vi (R),
yezeoye Xi AUy, Xq,... X,).

Applying the Transfer Principle to , one gets that for all Xi,...X,, € *Vi(R)
there is some z € *Vj41(R) such that for all y € *Vj(R)

yezorye Xi ANy, Xy, ... X,). (3.15)
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By transitivity of *Vi,1(R) (see Lemma [3.4.6)), even for all y € V(*R)

holds. Since Ay, ..., A, € *Vi(R), we can substitute A; for X; for each n.
Thus, for all y € V(*R),

y €z d(y, A Ay).

Hence,
z={y € A|¥(y, Ay, ..., A,)} is internal.

]

The application of Transfer Principle also gives useful characterizations to many

important mathematical concepts, for example, the convergence of a sequence.

Proposition 3.4.9. (cf. Albeverio et al. [2 Proposition 1.3.1]) Let (a,), be a

sequence of real numbers. Then

lim a, =a <= "ap~a VEke*N\N.

n—o0

Proof. We assume lim, . a, = a. Fix k£ € *N\ N, we want to show that
|*ar, — a|] < e, for all € > 0. For any € > 0, let there exists some n € N such
that the following holds in V(R):

VmeN (m >n — |a, —al <e). (3.16)
Applying the Transfer Principle on (3.16)),
Vm € *N (m >n — [*a,, —al < ¢)

holds in V(*R). If k € *N\ N, then |*a;, — a| < € holds in V' (*R). Since this holds
for all standard € > 0, it means that *a; ~ a.

Conversely, suppose *a ~ a, for all £ € *N'\ N. We fix ¢ in R. The set

S={ne*N|[|*ay, —a| <e,Ym >n,m € *N}
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is internal by the Internal Definition Principle and contains all £ € *N \ N. By
Underspill (cf. Albeverio et al. [2, Proposition 1.2.7]), S must contain some finite

n. € N. Thus, the convergence of the sequence (a,), in the standard sense. ]

Another important property of the nonstandard universe is the Countable Satu-

ration Principle.

Theorem 3.4.10 (Countable Saturated Principle). Let (A%);cn be a decreasing

sequence of nonempty internal sets such that (| A’ # ) for all I € N. Then,
i<I

(A" #0.

€N

Proof. Each A’ is internal simply implies A® = j((A?)*) where (A?)* denote the
equivalence class of the sequence (A!), (see the construction of the bounded
ultrapower and Lemma . Obviously, A® # (), thus, one may assume that
each A # () for all n.

Claim 3. j( ) A;)“ = (i) = n A
i<I
Proof of Claim|[3 Let
AlNA2n---NA" =B, fori=1,...,m,
where AL, A% ... A™ B, € V(K). We want to show that

AL NFAZ N NFAT =B,

By definition of V(K), AL A2 ... A™ B, € V,(K) for some k € N and by tran-
sitivity of Vi, (K), AL A2 ... A" B, C Vi(K).
The expression

AlNAZN...NA" =B,

can be formalized by:

VxGVk(K)GEEA}LﬂxEAiﬂ-‘-ﬂxeAf::ceBo (3.17)
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holds in V(K). Applying Transfer Principle to (3.17), it becomes
Vi € *Vk(K)<x c*Alnze* 2N Nre A" =z ¢ *Bn> (3.18)
holds in V(*K). Thus,
FALNFAZ N N FAT = B, (3.19)

From the construction of nonstandard enlargement and Lemma [3.4.3] (3.19)) can

be written as
FADM) NGAD) -G (A = 5((Ba)").
Thus,

JUAD") (AR N NG (AR)") = 5 (A N AT N - N AT)H).

]
From Claim (3| and by the assumption (] A’ # 0,
i<I
u{n:ﬂAfﬁé(Z)}zl for all I € N. (3.20)
i<I

For each n, let

[’:max{IEN:ﬂAfﬁé@and]'gn};

i<I

since Al # ), I' exists. Assuming an element z,, € [ A% for each n; since every
i<I’
element of an internal set is internal, one can say that

j((xn)“) e Al

for all I, and this follows from Claim |3| and (3.20]) since

{n:mnEAfL}D{n:ISI'}:{nzlgn}ﬂ{n:ﬂA;#@},

i<I
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where {n : I < n} has the finite complement and thus measure one. O

In the literature, a nonstandard universe that satisfies the Countable Saturation
Principle is also called Ni-saturated.

A quite useful consequence of the Countable Saturation Principle is the follow-
ing: Recall, an internal sequence (A, ),e+y is the canonical extension of a sequence
(Apn)nen by Transfer Principle. The question is what happens if we have a count-
able sequence (A,)nen in V(*K). Can we extend this sequence to an internal

sequence (A, )ne+n? The next proposition proves the useful extension principle.

Proposition 3.4.11. (cf. Albeverio et al. [2, Proposition 2.1.3]) Let (A, )nen be
some bounded countable sequence of internal sets in V(*K). Then (A,)nen can

be extended to an internal sequence (A, )pesy in V(*K).

Proof. The sequence (A;,)ne«y is internal simply implies there exists an internal
function

A:*N = V('K)

such that A(n) = A, for all n € *N. Thus, the domain of A is *N (internal) since
the domain of an internal function is always internal. But the sequence (A, )nen
is external, even though every element A, of the sequence is internal because N

is external. Thus, Transfer Principle is of no use, but the countable saturation
principle does the work: Let N € N be such that A, € *Vy(K) for all n € N.

A=V N = V) | 1) = AG))
i=1
is internal. Using the Countable Saturation Principle, we know that (| Al # 0.
Any f in this infinite intersection of all A, is an extension of the sequence (A, )nen
in V(*K). O

Claim 4. Let M be an internal family of internal sets that is closed under finite

unions. Then, M is closed under hyperfinite unions too.

Proof. Since M is internal, there must be some W € V(K) such that M € *IV.

VM€W<(VA,BeM AUBeM)—VYneN VAeM" UAkeM>.
k=1
(3.21)
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Applying the Transfer Principle on (3.21)),

VMG*W<(VA,BGM AUBeM)—=Vne*N VAe M" UAkeM).

k=1
Thus, M is closed under hyperfinite unions. O

Proposition 3.4.12. (cf. Loeb [70, Proposition 1]) Let (A,), be a bounded
sequence of internal sets. If Ay C |J,—, A,, then there exists an m € N such that
Ao - U;nzl An

Proof. Let (A,)nexn be an internal sequence extending (A, ),en (see Proposition

3.4.11). Then,

n=1
is internal and contains *N \ N. This implies there exists some m € N such that
m € S. Otherwise, for all m € N, m ¢ S and since S is internal, by Internal
Definition Principle, *N\ N is internal. Thus, N = *N\ (*N'\ N) is internal, which

is a contradiction. O

However, a family of internal sets is generically not closed under countable unions.
The fact that a family of internal sets is only closed under finite set operations
and not under countable infinite set operations prevents immediate application
of nonstandard methods to measure theory and probability theory (a o-algebra
on a set €2 is a collection of subsets of €2 that is closed under countably many set
operations). But an application of the Caratheodory extension theorem (see next

section for discussion) gives a definitive solution.

3.5 Nonstandard measure space to standard

measure space

The basic techniques for the conversion of a nonstandard measure space to a
standard measure space is the Loeb construction that mainly depends on the
application of the Caratheodory extension theorem: This takes the standard part

of the internal finitely additive measure, that is the finitely additive measure, and
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convert it into a real-valued o-additive measure. We shall do this by establishing
that a finitely additive measure (Definition can be seen as a premeasure
(Definition [3.5.3)) and then extend the premeasure into a measure on the o-algebra
as noted by Bauer [0, Theorem 5.1]. We conclude by proving the uniqueness of

this measure.

Let (€2,.4,v) be a hyperfinite probability space. 2 is an internal set in some su-
perstructure V(*K). A is an internal algebra on €, i.e., A is an internal set of

subsets of 2 which contains () and €2, and for every set A, B € A,
AUB € A,

thus, A is closed under finite unions. A being internal implies A is also closed

under hyperfinite unions. A is closed under complements, i.e.,
Q\Aec A forevery A€ A

Let v be an internal probability measure that is defined on A. We denote by °v
the standard part of v such that °v is a finitely additive measure and takes its
values in R. Let o(A) be the smallest collection of subsets of €2, both internal
and external, i.e., is the o-algebra in the standard sense containing A. A natural
question would be: under what condition does there exist a o-algebra B in €2 and
a measure ji on B such that °v is the restriction of i to A? An obvious necessary
condition would be for °v to be a premeasure on A. A finite additive measure °v
on the internal algebra A can be seen as a premeasure if the continuity property
holds:

°v(A,) =0, asn — oo if A, | 0 as n — oo,

for any sequence A, Ay, ..., A,,... € A. This property is trivially satisfied due to
the Countable Saturated Principle: if A, | (), then there exists some k& € N such
that Ay = ) for all & > n. The extension theorem (Theorem shows that
for every premeasure °v on an internal algebra A, there exists a o-algebra B in
Q with A C B, and a measure i on B such that °v is the restriction of i to A.
The completion of this measure is called the Loeb measure denoted by L(v). The
o-algebra o(A) can be seen as the Borel-algebra of A and its completion L(.A)
with respect to L(v) is known as the Loeb-algebra of A. Thus, the probability
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space (€2, L(A), L(v)) is called the Loeb space of (€2, .4, ). It suffices to say B is
the o-algebra o(A) generated in € by an internal algebra A.

Definition 3.5.1. Let A be a collection of subsets of some set €2 which contains
() and Q. A is said to be an algebra if A is closed under complement and finite

union:

(a) Ac A= A€ A;

(b)) ABe A= AUB € A.
Definition 3.5.2. Let A be a collection of subsets of some set 2. A is said to be
a o-algebra in €2 if it satisfies the following properties:

(a) Q€ A,

() Ac A= A% A

(C) (An)neN CA= UneN An e A

It is easy to see that P(€2) (where P(-) denotes a power set) is always a o-algebra.

Definition 3.5.3. Let A be an algebra. p: A — RooU{+00} is called a premea-
sure if

() =0 (3.22)

and for every disjoint countable sequence (A,,), of elements from A whose union
lies in A

1 (G An> = f:,u(An) holds. (3.23)

Definition 3.5.4. 1 : A — Ry U {400} is said to be a finitely additive measure
if

o <LnJ Ai> = i w(A;) holds. (3.24)

Definition 3.5.5. Let A be an internal algebra. p : A — *[0,1] is an internal

probability measure if and only if
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and for all disjoint A, B € A,
n(AU B) = pu(A) + u(B).
Lemma 3.5.6. If v is an internal probability measure, °v is a premeasure.

Proof. 1f (A,,), is a disjoint countable sequence of internal sets from an internal

algebra A such that |J A, € A, then we have to prove that
neN

Claim 5. |J A, is internal if and only if it equals (J A, for some k € N.
neN n<k
Proof of Claim [ Assuming A = J A, is internal. Consider the sequence (By)x, €
A defined by
By=A\|JA4, VkeN

n<k

By De Morgan’s laws,

OB =A\JJ A =4\ A, =0.

k n<k n

By the Countable Saturation Principle, this means that By, = @) for some k. Thus,

A4 =0 but (A, cJA =4

n<k n
Therefore,
A=A,
n<k
O
Hence, we infer Ay, ; = Agio = --- = () and from Definition
‘v(0) =0.
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Notation 3.5.7. Let A be an algebra on Q. Then o(A) is the smallest o-algebra
C such that A C C.

The reason we introduced the “premeasure” will be justified in the next theorem.
Theorem 3.5.8. Every premeasure p on an algebra A on €2 can be extended to
a measure fi on o(A).

The measure fi is in fact unique if p(Q2) = 1.

Theorem 3.5.9. Let A be a collection of sets that is closed under finite intersec-
tion such that o(A) = B and €2 € A. Then any probability measures p; and po
on B which satisfy

p1(E) = po(E) VE e A (3.25)

must be identical.

Theorem 3.5.10. Let v be an internal probability measure on A. Then there

exists a unique measure L(r) on o(A) such that for all A in A,

Proof. By Lemma [3.5.6] °v is a premeasure and therefore, by Theorem [3.5.8 and
Theorem can be uniquely extended to a measure on o(.A). O

For the proof of Theorem [3.5.8 and Theorem [3.5.9] the following definitions and

theorems are required.

Definition 3.5.11. (Bauer [9 Definition 2.1]) The collection of subsets of a set

is called a Dynkin system in € if it has the following properties:
(a) Qe D,
(b) DeD = De D,

(c) For every pairwise disjoint sequence (D,,),, of elements from D’ given n € N,

UDn eD.

neN

From (a) and (b), we can say that D’ contains the empty set. i.e., (j = Q°) € D'.
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Theorem 3.5.12. (Bauer [9, Theorem 2.3]) A Dynkin system D’ is a o-algebra if

it is closed under finite intersection.

Proof. We want to show that every Dynkin system which is closed under finite
intersection is a o-algebra. We shall confirm this with Definition m(c) prop-
erty of a o-algebra. For any (A4,), C D', we have By = Ay, By = A; \ Ao,

BQ = A2 \ (Al U Az), Ty, Bn = An \ (An,lu, tee ,UA(]). By Definition [3.5.11 (b)
and the condition of the theorem, we can easily see that By, By, B, lies in D’.

Claim 6.

Jn-Ua

I<m I<m

Proof of Claim[6. We already know that By = Ay. Fix n and suppose that

Us=J4.

I<n I<n

We want to show that

U B={J A (3.26)

I<n+1 I<n+1

U o= (Um) U= (U] U

1<n+1 I<n I<n
= (U Al> U (Anﬂ U Al>

I<n I<n
= (U Al> U= J 4

I<n 1<n+1

O

Claim @ implies that B,11 = 4,11\ U, <n Bi- Now, we want to prove by induc-
tion that (B,), C D'. We know that By € D’ by our construction. Suppose
By, By,--- ,B, € D' for a given n. We want to show that B,,; € D'. By in-
duction hypothesis, for all | < n, B, € D’. By construction, (B;)ey is a pairwise
disjoint sequence. Since D’ is a Dynkin system, |, <n Bi € D' lies in the Dynkin
system. Thus, A, 41 \ U<, Bi is in the Dynkin system. O

Remark 3.5.13. Every Dynkin system is always closed under finite intersection.
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Proof. Let A, B € D'. By Definition [3.5.11}(b), A¢, B¢ € D" and B¢\ A® € D'.
Thus, AU (B°\ A°) € D'. A°U(B°\ A°) = A°UB°= (AN B)° € D'. Again by
Definition 3.5.11+(b), AN B € D'. O

Let I be a collection of sets that is closed under finite intersections. We can easily
observe that P(€2) is a Dynkin system that contains I" and we can easily verify

that for an arbitrary given family of Dynkin systems D;, (,.; D; is still a Dynkin

system. Thus, the intersection of the family of all Dynkin systems containing I" is

still a Dynkin system that contains I'.

Proof of Theorem[3.5.8 Let E C €2, and let U(E) be the collection of all se-

quences (A, ), of sets from A which satisfy £ C |J A,. Define,
neN

= inf {i,u(An) A, € Z/{(E)} :

Then, 71 satisfies the following properties:
(a) 7u(0) = 0;
(b) El,EQ C Q, E, C By = E(E1> < (EQ)

© B ca=n(05) < T2 nE)

It is obvious that > 0. We want to show that every A € A is measurable. i.e.,
WE)y>mENA) +up(E\A) VECQ, (3.27)

and also show that
A(A) = u(A). (3.28)

First, we have

Z 1(An) = ZM(An NA)+ Z 1(An \ A)
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for every sequence (A,), from U(F) as a result of the finite additivity of p. It is
easy to see that (A, N A), liesin U(E N A). i.e.,

(An)n €U(E) = E | A,
= EnAc|JA4,nA)
= (A, NA), cUENA).

Similarly, we can show that (A, \ A), lies in U(E \ A). By the definition of 7(-),

S a4 N A) 2 EENA) and Y p(An\ A) 2 E(E\ A).

Thus,
> u(An) = (BN A) +7(E\ A)

n=1

for every sequence (A,),. Hence, (3.27) follows.

Claim 7.1If p is a premeasure on A, then for any sets A, A, Ay... € A,
AC !1 Ap = pu(A) < 2211 p(An).

Proof of Claim[]. Assuming B, = AN A, \ (A4,_1U---A;). Then B, € A and
B, C A,. But A is the disjoint union of the sequence (B,),, and by countable
additivity p(A) < Y7, u(B,) < Y2, (A, 0

We remark that for a given A € A,
WE)=mwENA) +u(E\A) VECQ. (3.29)

This follows directly from (3.27)) and from (c).

follows on one hand from Claim [7]i.e., u(A) < @(A), for A € A, and on the
other hand by considering the sequence A, 0,0, ... from U(A), r(A) < u(A).
Hence, we can conclude that every subset A of €2 satisfying is i-measurable.
Let A’ be the collection of all subsets A of € satisfying (3.29). i.e., A’ is the set
of all i-measurable subsets of 2. Now, we want to show that A’ is a o-algebra.
From , it is easy to see that € A" and whenever A lies in A’, A° also lies
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in A: A e A implies
A(E) =WENA) +A(E\ A) VECQ
and A° € A’ implies
H(E)=(E\A) +a(ENA) VECKQ.

To confirm the Definition m(c) property of a g-algebra, we begin by proving
that the union of any two sets of A’ also lies in A’, and so A’ is an algebra. B € A’
implies

mE)=uENnB)+u(E\B) VYECQ. (3.30)

Then we split (3.30]) into two different equations. i.e.,

HENB)=mENBNA) +aENBNAY) VYECQ.

and

H(E\B)=mi(ENB°NA) +aENB NA) VECQ.

Thus,
WE)=pENBNA) 4+ ENBNAY)+a(ENBNA)+a(ENB°NA%). (3.31)
Replacing E by EN (AU B) in (3.31)), we have
B EN(AUB)=a(ENBNA)+ua(ENBNA)+m(ENANDB)  (3.32)
Substituting into (3.31)),
W(E)=u(ENn(AUB))+u(EnA°N B°).

Thus, AUB € A’ for all £ C Q.

Now, let (A,,), be a sequence of pairwise disjoint sets from A" and let A = J
Put A=A, and B= A, in -, then - becomes

nGN

TEN (A UA)) =T(ENA NAS) +H(ENASNA) YECQ
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and

A(E N (AU Ay)) = G(E N Ay) +(E N Ay). (3.33)

By induction, we can generalize (3.33)):

=

for all £ C € and for all n. Recall: we have already proved that A’ is closed under
finite union. i.e., B, = |J A; liesin A". E\ B, D E\A, sothat u(E\B,) > a(E\A),

we obtain

A(E) =a(ENB,) +7a(E\ B,) Z (ENA)+a(E\ A) (3.34)

for all n. From (33.34) and using (c),
A(E) > RENA) +R(E\ A) > (ENA) + 1(E\ A)
i=1
holds for all £ C © and then we have (using the equality condition as in ({3.29)))

ZMEHA)+M(E\A) TENA) +7(E\ A) (3.35)

=1

for all E C Q. Thus, A = [J,,cy An lies in A’. Hence, we can say that the algebra
A’ is a Dynkin system that is closed under intersection. By Theorem [3.5.12 A’ is
a o-algebra. If we set £ = A in (3.35)),

=D (4
n=1
We conclude that the restriction of iz to A’ is a measure. O

The summary of what we have shown is that every subset A of € satisfying (3.29) is
7i-measurable. A’ is a o-algebra. (3.29) has shown that A C A’, thus, o(A) C A'.

(3.28) implies that i := 7z given o(A) is an extension of u to a measure on o(.A).

Definition 3.5.14. Let I'" be a collection of set that is closed under finite inter-
section. Every I' C P(€2) lies in a smallest Dynkin system. This smallest Dynkin
system is called the Dynkin system generated by I', and it is denoted by o(T).
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Theorem 3.5.15. Every A C P(£2) which is closed under finite intersection sat-

isfies

5(A) = a(A).

Proof. By definition, every o-algebra is a Dynkin system. Thus, o(.A) is a Dynkin
system that contain A. On the one hand, §(A) C o(A), since 0(.A) is the smallest
Dynkin system containing 4. On the other hand, o(A) C d(A). This follows
directly from Remark [3.5.13] O

Proof of Theorem[3.5.9. Let E € A such that u;(E) = pa(E). Consider the set
Dp:={DeB:m(END)=u(END)). (3.36)

We want to show that Dg is a Dynkin system. Obviously, £ € Dg. If D € Dg,
then

We know that,

m(END) = (E\ (END)) = m(E) —m(END)
= p2(E) — p2(EN D) = pa(E N D)

which implies that D¢ € Dp. This satisfies Definition [3.5.11}(b). Definition [3.5.11}
(c) follows from the o-additivity of measures p; and ps. Since A is closed under
finite intersections, A C Dg follows from (3.25) and (3.36]). But then §(A) C Dg
since 0(A) is the smallest Dynkin system generated by A. By Theorem [3.5.15
we know that every A C P(£2) which is closed under finite intersection satisfies
d(A) = o(A). This implies 6(A) = 0(A) = B. Therefore, 6(A) C D C B implies
Dg = B for all E € A satisfying p;(E) = po(E), in particular for £ = Q. O




Chapter 4

Hyperfinite Construction of

G-expectation

4.1 Introduction

The hyperfinite G-expectation is a nonstandard discrete analogue of G-expectation
(in the sense of Robinsonian nonstandard analysis) which is infinitely close to the
continuous time G-expectation. We develop the basic theory for the hyperfinite
G-expectation. We prove a lifting theorem for the G-expectation. Herein, we use
an existing discretization theorem for the G-expectation from Chapter [2 The-
orem [2.3.13] Very roughly speaking, we extend the discrete time analogue of
G-expectation to a hyperfinite time analogue. Then, we use the characterization
of convergence in nonstandard analysis to prove that the hyperfinite discrete-time

analogue of the G-expectation is infinitely close to the standard G-expectation.

Nonstandard analysis makes consistent use of infinitesimals in mathematical anal-
ysis based on techniques from mathematical logic. This approach is very promising
because it also allows, for instance, to study continuous-time stochastic processes
as formally finite objects. Many authors have applied nonstandard analysis to
problems in measure theory, probability theory and mathematical economics (see
for example, Anderson and Raimondo [5] and the references therein or the con-
tribution in Berg [12]), especially after Loeb [76] converted nonstandard measures
(i.e. the images of standard measures under the nonstandard embedding *) into

real-valued, countably additive measures, by means of the standard part operator

1)
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and Caratheodory’s extension theorem. One of the main ideas behind these ap-
plications is the extension of the notion of a finite set known as hyperfinite set or
more causally, a formally finite set. Very roughly speaking, hyperfinite sets are
sets that can be formally enumerated with both standard and nonstandard natural

numbers up to a (standard or nonstandard, i.e. unlimited) natural number.

Anderson [3], Keisler [58], Lindstrgm [70], Hoover and Perkins [54], a few to men-
tion, used Loeb’s [76] approach to develop basic nonstandard stochastic analysis
and in particular, the nonstandard It6 calculus. Loeb [76] also presents the con-
struction of a Poisson processes using nonstandard analysis. Anderson [3] showed
that Brownian motion can be constructed from a hyperfinite number of coin tosses,
and provides a detailed proof using a special case of Donsker’s theorem. Anderson
[3] also gave a nonstandard construction of stochastic integration with respect to
his construction of Brownian motion. Keisler [58] uses Anderson’s [3] result to
obtain some results on stochastic differential equations. Lindstrgm [73] gave the
hyperfinite construction (lifting) of L? standard martingales. Using nonstandard
stochastic analysis, Perkins [90] proved a global characterization of (standard)
Brownian local time. In this chapter, we do not work on the Loeb space because
the G-expectation and its corresponding G-Brownian motion is not based on a

classical probability measure, but on a set of martingale laws.

Dolinsky et al. [38] and Chapter [2 (Theorem showed the standard weak
approximation of the G-expectation. Dolinsky et al. [38] introduced a notion of
volatility uncertainty in discrete time and defined a discrete version of Peng’s G-
expectation. In the continuous-time limit, it turns out that the resulting sublinear
expectation converges weakly to the G-expectation. To allow for the hyperfinite
construction of G-expectation which require a discretization of the state space,
in Chapter [2| we refine the discretization by Dolinsky et al. [38] and obtain a
discretization where the martingale laws are defined on a finite lattice rather than

the whole set of reals.

The aim of this chapter is to give an alternative, combinatorially inspired con-
struction of the G-expectation based on the aforementioned Theorem [2.3.13] We
hope that this result may eventually become useful for applications in financial
economics (especially existence of equilibrium on continuous-time financial mar-
kets with volatility uncertainty) and provides additional intuition for Shige Peng’s

G-stochastic analysis. We begin the nonstandard treatment of the G-expectation
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by defining a notion of S-continuity, a standard part operator, and proving a cor-
responding lifting (and pushing down) theorem. Thereby, we show that our hyper-
finite construction is the appropriate nonstandard analogue of the G-expectation.
For details on nonstandard analysis, we refer the reader to Cutland [28], Albeverio
et al. [2], Loeb and Wolff [77] and Stroyan and Luxemburg [103].

The rest of this chapter is organised as follows: in Section 4.2 we introduce the
G-expectation, the continuous-time setting of the sublinear expectation and the
hyperfinite-time setting needed for our construction. In Section 4.3 we introduce
the notion of S-continuity and also define the appropriate lifting notion needed for
our construction. Finally, we prove that the hyperfinite G-expectation is infinitely

close to the standard G-expectation.

4.2 Framework

The G-expectation £ — £Y(€) is a sublinear function that takes random vari-
ables on the canonical space €2 to the real numbers. The symbol G is a function

G : R — R of the form .
G(7) = gsupey, (4.1)
ceD

where D = [rp, Rp] and 0 < rp < Rp < oo. Let P be the set of probabilities
on 2 such that for any P € PY B is a martingale with volatility d (B), /dt € D
in P ® dt a.e. Then, the dual view of the G-expectation via volatility uncertainty
(cf. Denis et al. [37]) can be denoted as

£9(¢) = sup E"[¢].

PePG

The canonical process B under the G-expectation £¢ is called G-Brownian motion
(cf. Peng [89]).

4.2.1 Continuous-time construction of sublinear expecta-
tion

Let Q = {w € C([0, T];R) : wy = 0} be the canonical space of continuous paths

on [0,7] endowed with the maximum norm ||w|s. = supgc;<r |w|, where | - | is
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the Euclidean norm on R. B is the canonical process defined by B;(w) = w; and
Fi = 0(Bs,0 < s < t) is the filtration generated by B. Pp is the set of all
martingale laws on (2 such that under any P € Pp, the coordinate process B is a
martingale with respect to J; with volatility d (B), /dt taking values in D, P ® dt
a.e., for D = [rp, Rp| and 0 < rp < Rp < 0.

Pp = {P martingale law on Q; d(B), /dt € D, P ® dt a.e.}.

Thus, the sublinear expectation is given by

En(€) = sup E7[¢], (4.2)

PePp
for any € : Q — R, ¢ is Fp-measurable and integrable for all P € Pp. Here EP
denotes the expectation under P. It is important to note that the continuous-time
sublinear expectation (4.2)) coincides with the classical G-expectation (for every
¢ € L, where L, is defined as the EJ| - ||—norm completion of Cy(Q2; R)) provided

(4.1) is satisfied see Chapter

4.2.2 Hyperfinite-time setting

Here we present the nonstandard version of the discrete-time setting of the sub-
linear expectation and the strong formulation of volatility uncertainty on the hy-
perfinite timeline. For the standard strong formulation of volatility uncertainty in

the discrete-time and continuous-time settings see Chapter [2]

Definition 4.2.1. *Q is the *-image of 2 endowed with the *-extension of the

maximum norm *|| - || -

*D = *[rp, Rp] is the *-image of D, and as such it is internal.

It is important to note that st : *Q —  is the standard part map, and st(w)
will be referred to as the standard part of w, for every w € *Q. °z denotes the

standard part of a hyperreal z.

Definition 4.2.2. w € *Q is a nearstandard point if there exists w € () such

that *||&0 — *w||oc =~ 0. We denote the set of all nearstandard elements in *Q2 with
ns(*$2).
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For all hypernatural N, let

K
Ly ={ ——=, —N?/Rp <K < N?\/Rp, Ke*z} 4.3
N{NW VEp < K < N*\/Fip (43)

and the hyperfinite timelime

T T
r={o L. _Lirrl 44
{’N’ ) N+’} (4.4)

We consider £} as the canonical space of paths on the hyperfinite timeline, and
XN = (X}),_, as the canonical process denoted by XN (@) = @y for @ € L. FN
is the internal filtration generated by X*. The linear interpolation operator can
be written as

~L o 5, for LT C O,

where
W(t) = (INt/T| +1 = Nt/T)wniyr) + (Nt/T — [Nt/T | )wnej) 41,

for w € LN and for all t € *[0, T]. |y] denotes the greatest integer less than or
equal toy and ¢ : T — {0,--- , N} for ¢ : t — Nt/T.

For the hyperfinite strong formulation of the volatility uncertainty, fix N € *N\ N.

T T

Consider {:l:\/l—ﬁ} , and let Py be the uniform counting measure on {:I:\/l—ﬁ} .
T

Py can also be seen as a measure on L}, concentrated on {j:\/%} . Let

Oy ={w=(wy,  ,wy);w, = {£1},i=1,--- N}, and let Z1,--- ,Ex be a *-

independent sequence of {£1}-valued random variables on 5 and the compo-

nents of = are orthonormal in L?(Py). We denote the hyperfinite random walk
by

Nt/T

1
X, = — = forallteT.
t mlzl

The hyperfinite-time stochastic integral of some F': T x L} — *R with respect to
the hyperfinite random walk is given by

zt:F(s,X)AXS Oy =R, weQy— zt:F(s,X(c_u))AXS(g).

s=0 s=0
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Thus, the hyperfinite set of martingale laws can be defined by
QY = { Pvo (M) F:Tx £k~ /Dy |}

where

D, =*DnN 1*N 2
N N

and

t
MEPX = (Z F(S,X)AXS> .
teT

s=0

Remark 4.2.3. Up to scaling, _g,N = Q;‘%.

4.3 Results and proofs

Definition 4.3.1 (Uniform lifting of £). Let = : L}, — *R be an internal function,
and let £ : 2 — R be a continuous function. = is said to be a uniform lifting of &
if and only if

Vo e LT, (& € ns(*Q) = °2(@) = 5<st(5))),

where st(w) is defined with respect to the topology of uniform convergence on €.

In order to construct the hyperfinite version of the G-expectation, we need to show

that the *-image of £, *¢, with respect to @ € ns(*(2), is the canonical lifting of &

with respect to st(w) € Q. i.e., for every @ € ns(*2), ° (*¢((@)) = &(st(w)). To do

this, we need to show that *¢ is S-continuous in every nearstandard point @.

Remark 4.3.2. The following are equivalent for an internal function ® : *Q2 — *R:

(1) Vw' € *Q (*[lw — w'[|loe = 0 = *[®(w) — P(w)| = 0).

(2) Ve 0,30 > 0:Vw €*Q (*|w — w'llo <6 = *@(w) — P(W)] < ¢).

Proof. Let ® be an internal function such that condition (1) holds. To show that
(1) = (2), fix € > 0. We shall show there exists a ¢ for this € as in condition (2).

Since @ is internal, the set

[= {5 € Rug: Vo' €40 (Fflw— o[l < 6 = *|B(w) — ()] < e)},
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is internal by the Internal Definition Principle (see Theorem [3.4.8) and also con-
tains every positive infinitesimal. By Underspill (cf. Albeverio et al. [2, Proposi-
tion 1.27]) I must then contain some positive § € R.

Conversely, suppose condition (1) does not hold, that is, there exists some w €*Q
such that

“lw — w'||oe = 0 and *|®(w) — ®(w')| is not infinitesimal.

If ¢ = min(1, *|®(w) — ®(w")|/2), we know that for each standard § > 0, there is
a point w’ within ¢ of w at which ®(w) is farther than e from ®(w). This shows
that condition (2) cannot hold either. O

(The case of Remark where 2 = R is well known and proved in Stroyan and
Luxemburg [103, Theorem 5.1.1])

Definition 4.3.3. Let ¢ : *(2 — *R be an internal function. We say & is S-
continuous in w € *(Q, if and only if it satisfies one of the two equivalent conditions
of Remark £.3.2]

Proposition 4.3.4.If ¢:Q —R is a continuous function satisfying
1E(W)] < a(l + ||w]|e)?, for a,b > 0, then, = = *¢ o~ is a uniform lifting of

.

Proof. Fix w € Q. By definition, ¢ is continuous on (). i.e., for all w € €2, and for

every € > 0, there is a § > 0, such that for every w' € Q, if
|w —w [|oe < 8, then |€(w) —E(w)] < e. (4.5)

By the Transfer Principle (see Theorem [3.4.5)): For all w € €2, and for every € > 0,
there is a d > 0, such that for every w’ € *Q, (&.5) becomes,

I*w — c<)/||OO < 0, and *|*¢(*w) — *§(w/)| < E. (4.6)

So, *¢ is S-continuous in *w for all w € 2. Applying the equivalent characterization
of S-continuity, Remark [4.3.2) (4.6) can be written as

“I'w = Wl = 0, and *[*¢(*w) = *¢(w)] ~ 0.
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We assume @ to be a nearstandard point. By Definition , this simply implies,
Vo € ns(*Q), Fw € Q: *[|o — *wl|e =~ 0. (4.7)
Thus, by S-continuity of *¢ in *w,
"TE@) - "€Cw)] =0,
Using the triangle inequality, if w' € *Q with *||& — w'[|ec =~ 0,
o = wlloo < *I'w = Blloo + 16 = 0 floo = 0
and therefore again by the S-continuity of *¢ in *w,
rE(w) =€) > 0.
And so,
TEB) = 6w < TTED) = "ECw)] + () €W )] 0.
Thus, for all & € ns(*Q) and w’ € *Q, if *[|@ — w'||ls ~ 0, then,
TE@) = *¢(w)] = 0.
Hence, *¢ is S-continuous in w. Equation also implies
w € m(w) (m(w) = ﬂ{*@; O is an open neighbourhood of w})

such that w is unique, and in this case st(0) = w.

Therefore,
(6@) = €(st@)).
m

Definition 4.3.5. Let £ : "R — *R. We say that &£ lifts £F if and only if for
every £ : ) — R that satisfies |(w)]| < a(1 + ||w]|s)® for some a,b > 0,

E(€ o) = E9(¢).
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Theorem 4.3.6.
Qrengﬁzv E?[] lifts £5(¢). (4.8)
Proof. From the standard approximation in Theorem [2.3.13]
e EQE(X™)] — £9(€), asn — oo, (4.9)
For all N € *N\ N, we know that holds if and only if
max EC[¢(XN)] ~ £9(¢), (4.10)

see Proposition
show that

To do this, use

and

3.4.9

Qe*Qg,N
Now, we want to express (4.10)) in term

max E9[*¢ 07 ~ £9(¢).

Qng§V

EQ[*§ o = EQ[*f 0 01 o]

EQ[*fofofl ol = EQ[*§o7o (]

for j : *RT — *RNTL (2t)er — (‘”TNt

Thus,

This implies,

of Qg&. ie., to

= / *€ o~ 01d@, (transforming measure)
*RN+1

= [ "§ord(Qo ),

*RT

= E®I[¢o]]
)teRNH ’

Qggv = {on AONS *Qgg,}

max E9[*¢o07] = max E®[*¢o?.
Qngﬁv Qe*Qg§v



Chapter 5

Conclusion

Some of the chapters in this thesis utilize nonstandard analysis (in the sense of
Robinsonian nonstandard analysis), some do not. Each chapter discusses its re-
spective topic in detail. We will now summarize our results and conclude with

potential extensions and applications.

First, in the spirit of Donsker’s theorem, we proved the weak convergence of a se-
quence of sublinear expectations defined on a discrete state-space to a continuous-
time G-expectation. Furthermore, we proved that for bounded continuous random

variables on €2, a maximum in the representation of the G-expectation is attained.

Secondly, we gave an intuitive and simplified introduction to nonstandard mea-
sure theory. We constructed the extended nonstandard enlargement in terms of
sequences, equivalence relations and equivalence classes with respect to binary
measures. We also provided an alternative construction of the Loeb measure by
establishing that an internal finitely additive measure induces a premeasure. We
then extended the premeasure to a measure on the o-algebra and we concluded

by proving the uniqueness of this measure.

Thirdly, very roughly speaking, we extended the discrete time analogue of the
G-expectation to a hyperfinite time analogue. Then, we used the characterization
of convergence in nonstandard analysis to prove that the hyperfinite discrete-time
analogue of the G-expectation is infinitely close to the standard G-expectation.
This proof gives an alternative, combinatorially inspired construction of the G-
expectation using nonstandard analysis and also ensures a stronger mode of con-

vergence.

84
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Thus, we have provided a mathematical foundation for the application of the

powerful tools of nonstandard analysis to G-stochastic calculus.

The result of this thesis motivates several related extensions and applications that

seem worth pursuing in future research:

e [t would be interesting to introduce a nonstandard notion of the G-Ito in-
tegral in the context of the Stieltjes integral (hyperfinite sum) with respect
to the hyperfinite G-Brownian motion, to introduce the notion of a hyper-
finite G-martingale, and furthermore, to present an alternative proof of the
martingale representation theorem under the G-expectation, see Soner et al.
[99] and Song [102] for the formulation of the theorem in the standard G-
framework. A simplified alternative proof of the G-It6 formula (see Li and
Peng [69] for the conditions of the formula) for a G-It6 process ideally by
means of Taylor expansion, as in the nonstandard proof of the classical 1t
formula would be desired. Hu and Peng [56] developed the basic theory for
Lévy processes under G-expectation also known as G-Lévy processes. In the
spirit of Lindstrem’s [74] theory for hyperfinite Lévy processes and Lind-
strgm’s [75] nonlinear stochastic integrals for hyperfinite Lévy processes, we
hope that the methodology in this thesis can be extended to the construc-
tion of hyperfinite G-Lévy processes and stochastic integrals with respect to

hyperfinite G-Lévy processes.

e It would also be desirable to find applications of this newly developed G-
stochastic nonstandard calculus to financial economics, especially general
equilibrium theory under volatility uncertainty. Since the existence results
by Radner [91] and Duffie and Shafer [41) 42] ensure that a hyperfinite incom-
plete financial markets economy has an equilibrium, this research enterprise
appears to hold some promise, provided one can combine the nonstandard
methodologies developed in Anderson and Raimondo [5] and Herzberg [53]
with the equilibrium theory for volatility uncertainty obtained by Epstein
and Ji [43] and Beissner [10].

Given the importance of the theory of hyperfinite [t6 integration for the
equilibrium existence proof in Anderson and Raimondo [5], we hope that the
notion of a hyperfinite G-expectation developed in this thesis may ultimately
provide the mathematical foundation for both a fully-fledged nonstandard

theory of G-stochastic integrals and also an equilibrium existence proof for
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continuous-time models driven by G-Brownian stochasticity, ideally also for
the multi-agent case with trading. Another approach to this would be to
extend the work by Epstein and Ji [43] to multi-agent models with trading. It
would be worthwhile to reformulate and simplify Beissner’s [10] equilibrium
existence result using nonstandard analysis. It would also be desirable to
extend the work by Herzberg [53] to establish the existence of equilibrium
in a continuous-time model with a single agent (or multiple agents) in which

the dynamics of the dividends follows a G-Lévy process.
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