Comparison of path-dependent functionals
of semimartingales

Benedikt Kopfer; Ludger Riischendorf

Based on an extension of the martingale comparison method some compar-
ison results for path-dependent functions of semimartingales are established.
The proof makes essential use of the functional It6 calculus. A main tool
is an extension of the Kolmogorov backwards equation to path-dependent
functions. The paper also derives criteria for the regularity conditions of
the comparison theorems and discusses applications as to the comparison of
Asian options for semimartingale models.

1 Introduction

The main subject of this paper is to give an extension of ordering results for path-
independent functions of semimartingales based on the martingale method to path-
dependent functions. The martingale comparison method was introduced for the com-
parison of path-independent functions of semimartingales in El Karoui et al. (1998) and
Bellamy and Jeanblanc (2000). It was then systematized and extended in Gushchin
and Mordecki (2002), Bergenthum and Riischendorf (2006, 2007a,b, 2008) and in Kopfer
and Riischendorf (2019). Essentially a comparison of local (differential) characteristics
and the 'propagation of order’ property yield, under the condition that the propagation
operator (the value process) satisfies a Kolmogorov backwards equation, a comparison
of terminal values.

In particular in Bergenthum and Riischendorf (2006, 2007a) and Kopfer and Riischendorf
(2019) general versions of the Kolmogorov backwards equation for path-independent
functionals have been established and applied to ordering results for semimartingales
w.r.t. various kinds of orderings as motivated by the problem to establish price bounds
resp. risk bounds in some general class of insurance resp. financial models. Some alter-
native approaches to related comparison results are given in Geib and Manthey (1994),
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El Karoui et al. (1997), Hobson (1998), Zhou (2004), Shi et al. (2005), Peng and Zhou
(2006), Klein et al. (2006), Arnaudon et al. (2008), Wua and Xu (2009), Ma et al. (2010)
and Criens (2019).

For the extension to the ordering of path-dependent functions we make essential use
of the functional It6 calculus and in particular of the functional It6 formula, see Bally et
al. (2016). In Section 2 some necessary notions and results of this theory are collected.
The functional It6 formula allows us to extend the basic Kolmogorov backward equation
to the path-dependent framework. As a consequence we are able to derive comparison
results for path-dependent functions under equivalent martingale measures as well as
w.r.t. semimartingale measures. We also discuss the regularity conditions of the com-
parison theorems and discuss applications as to the the comparison of Asian options for
semimartingales. For further details and extensions of the comparison method we refer
to the dissertation Kopfer (2019) on which this paper is based.

2 Functional 1tdé calculus

In this section we recall some of the basic notions and results of the functional Ito
calculus. This is the main tool for the extension of the martingale comparison method,
to the frame of path-dependent functionals. The functional It6 calculus was introduced
by Dupire (2009) and developed since then; see Cont and Fournié (2010a,b), Leventhal
et al. (2013), Bally et al. (2016) and Ananova and Cont (2017). A comprehensive
presentation on which this section is based is given in Bally et al. (2016).

For the functional calculus a set of suitable functions and an appropriate notion of
derivative is needed. Let X be the canonical process on the space of cadlag functions
Q = D([0,T],R?%) and (Ft)ieo,) be the filtration generated by it. Then any adapted
real-valued process Y = (Y;)ic[o,7] may be represented as family of functionals Y'(t,-) :
2 — R, such that Y(¢,-) only depends on the path stopped at ¢, i.e. Y (t,w) =Y (t,w.ns).
Therefore we can view an adapted process as functional on the space of “stopped paths”.
In the sequel we use the notation w! := w.,¢ for the path stopped at t. More formally a
stopped path is an equivalence class in ([0, 7] x D(]0, T}, R%) for the following equivalence
relation

t,w)~(s,0) &t=sand w' = &°.
) bl

The space of stopped paths is defined as the quotient of [0, 7] x D(]0, T], R?) by the above
equivalence relation:

Af = {(t,w"); (t,w) € [0,T] x D([0,T],RY)} = [0,T] x D([0, T}, R/ ~ .
The space of stopped paths is a complete metric space for the metric
dOO((tawt)? (Svajs)) ‘= sup |wu/\t - a)u/\s| + ‘t - S|

w€[0,T

= ||w" — @%||oo + |t — 5.



In the sequel we write (¢,w) since it is clear from the first variable at which point in time
the path is stopped. If the path is stopped at a certain point prior to ¢ or if we want to
emphasize that the path runs until ¢, we use the notation (t,w?).

The class of non-anticipative functionals is defined as follows: A mnon-anticipative
functional on D([0, T], R?) is a measurable map F : (A%, dw) — (R, B(R)). The notion
“non-anticipative” describes a functional on the path space which only depends of past
values. As mentioned in Bally et al. (2016), every progressively measurable process can
be represented as a non-anticipative functional and conversely.

To define a suitable class of non-anticipative functionals for a path dependent Ito
formula, some regularity properties are needed, in particular the notion of continuity.
Continuity of a non-anticipative functional F' : Af_lp — R is defined as continuity as
function between the metric spaces (A%, d) and (R, |-|). Let C%0(AZ) denote the set of
all continuous non-anticipative functionals. A weaker concept is continuity at fixed times,
i. e. for all t € [0,7) the map F(t,.) : (D([0,T],RY), || - [|c) = (RR,|-]) is continuous.
F is called left-continuous if F is continuous at fixed times and the following holds

Y(t,w) e A%, Ve > 0,30 > 0, V(s,@) € AL,
[s <tand doo((t,w), (5,@)) < 8] = |F(t,w) — F(s,@)| < 0.

The set of all left-continuous non-anticipative functionals is denoted by C’lo 0 (AL).

The property of being boundedness preserving is crucial for various results in Bally
et al. (2016) and a precondition for the functional It6’s formula. A non-anticipative
functional F : A% — R is called boundedness preserving if for any compact K  R% and
to < T holds

ICk.1, > 0,V < to,Yw € D([0,T],RY), w([0,1]) € K = |F(t,w)| < Ck.-

Denote by B(A%) the set of boundedness preserving functionals and by C’g 0 the set of
continuous boundedness preserving functionals.

The derivatives which are used for the functional It6 calculus are the horizontal and
the vertical derivative. For the horizontal derivative, a stopped path (¢t,w) € AdT is
extended to the interval [0,¢ + h] by its value at time ¢, i.e. to (¢t + h,w?).

Definition 2.1. A non-anticipative functional F : A% — R is said to be horizontally
differentiable at (t,w) € A% if the following limit exists

F(t+ h,w?) — F(t,w?
DF(t,w) = lim (t+h o) (,w).
h10 h

If F is horizontally differentiable at all (t,w) € A%, then DF is a non-anticipative
functional, called the horizontal derivative of F'.

For the vertical derivative, the stopped path at the stopping point is disturbed by
a constant € R% For a path w € D([0,7],R%) we denote the disturbed path by
wht = wt + w]l[tyT].



Definition 2.2. A non-anticipative functional F : A% — R is said to be vertically
differentiable at (t,w) € A% if the map

R? —» R
x> F(t,w™)
is differentiable in 0. Its gradient at O is called the vertical derivative of F' at (t,w):
VoF(t,w) = (VuiF(t,w),i=1,...,d),
where for the standard base (e;)1<i<d of R? the derivatives are defined by

. F(t,wt—kheiﬂ[tﬂ) —F(t,wt)
lim : .
h—0 h

VM-F(t, w) =

If F is vertically differentiable at all (t,w) € A‘%, then V,F is a non-anticipative func-
tional called the vertical derivative of F.

For each x € RY, V, F(t,w).x is the directional derivative of F(t,.) in direction Ly 2.
As usual one may differentiate multiple times, if possible; we denote this by a superscript,
V... ,Viﬂ. Note that even if considering only continuous paths, one still has to use AdT
for the definition of vertical differentiability to make sense.

For example the non-anticipative functional F(t,w) = f(t,w;) with f € CHL([0,T] x
R%) has horizontal and vertical derivatives which are simply the partial (right-) deriva-
tives of f. Thus, Definitions 2.1 and 2.2 are an extension of the notion of partial deriva-
tives.

The next definition introduces a class of regular non-anticipative functionals which is
suitable for a path-wise 1t6 formula.

Definition 2.3. Define 02’2(1\%) as the set of left-continuous non-anticipative function-
als F € C'ZO’O(AdT) such that

— F is horizontally differentiable at all points (t,w) € A% and DF is continuous at
fized times;

~ F is twice vertically differentiable and V,F,V2F € CZO’O;
- DF,V,F,V2F € B(A%).

In Bally et al. (2016) it is pointed out that one might use as well right continuity. To
apply the pathwise calculus to semimartingales, we use the left-continuity such that the
integrands in the pathwise It6 formula are predictable. For the following examples of
horizontally and vertically differentaible functionals, see Bally et al. (2016).

Example 2.4. 1. Let g € C°(R?) and p: Ry — R be bounded and measurable. Then
a non-anticipative functional in C,°> (A}) is given by

F(t,w) ::/0 g(ws)p(s)ds.

The horizontal derivative is given by DF(t,w) = g(w)p(t) and the vertical deriva-
tive is Vi F(t,w) = 0.



2. Let 0 <ty <---<ty, be some points in [0,T], g € CO(R™?) and h € C*(RF) with
h(0) = 0. Then
F(t,w) = hws — w,- )]lt>tng(wt7,wt

is of class C’1 k(Ad). The horizontal derivative is DF(t w) 0 and the vertical
derivative is VMF(t,w) = O;h(wt — )Ilt>tng(w S W= )

Definition 2.3 can be extended by localization.

Definition 2.5. A non-anticipative functional F' € CS’O(A%) 1s called locally reqular if

there exists an increasing sequence (Tx)ken of stopping times with 19 = 0, 1, T 0o and
Fk ¢ C;’Q(A%) such that

= Z Fk(t7w)]l[7'k,7'k+1)(t)'

keN
The set of all locally reqular functionals is denoted by Cl (Ad).

By definition C; ’2(A§l~) - Clloz (A%); a difference is that there may be discontinuities
or explosions at the stopping times of the locally regular non-anticipative functionals.
A main result in Bally et al. (2016) is a path-dependent It6 formula for paths of

semimartingales.

Theorem 2.6 (Functional It6 formula). Let X be an R%-valued semimartingale. Then
for all F € Cl (Ad) and all t € [0,T] we have almost surely

F(t,X") — F(0,X°) = / DF(s, X% ds+ -y / V2 F(s, X*)d[X]
1<z J<d

+ ) / VuiF(s, X )dX! (2.1)

1<i<d

+ ) | F(s,X%) = F(s,X* ) = ) VuiF(s, X" )AX!
s€(0,4] 1<i<d

Remark 2.7. In Bally et al. (2016) a more general version of the functional Ité for-
mula is derived. Therefore the quadratic variation along a sequence of partitions and the
Follmer integral is used. This is established by a mon probabilistic pathwise approach,
based on ideas from Follmer (1981). In the case of semimartingales this reduces to the
quadratic variation and the Féllmer integral coincides with the stochastic integral. This
implies that the comparison results in our paper can be stated for more general pro-
cesses, e.g. for fractional processes. However our approach relies on (local) martingale
properties and can hence not be transferred directly.



3 Path-dependent comparison of semimartingales

Based on the functional It6 formula in this section ordering results are derived for path-
dependent functions of semimartingales by an extension of the martingale comparison
method for the path-independent case. The first main step is to develop a version of
the Kolmogorov backwards equation for path-dependent functions. This equation then
allows to derive comparison results under equivalent martingale measures and w.r.t.
semimartingale measures using the path-dependent It6 formula in an essential way.

3.1 Kolmogorov backwards equation

In this subsection we establish a path-dependent version of the Kolmogorov backwards
equation. Let X be a (special) semimartingale on a filtered probability space (2, F, (Ft).ejo,1), P)-
We denote by X = (id, X) the corresponding space-time process. Let (B,C,v) be the
semimartingale characteristics of X under P and denote by (b,c, K) the differential
characteristics under P with respect to an increasing process A, see Jacod and Shiryaev

(2003). We denote by dA the measure associated to A and by a superscript the dimen-

sion of the semimartingale. In the sequel we write X7 for the whole path of X. For a
non-anticipative functional F' € C’loo’c1 (A%), we define the increment functional

Hp :AL x R — R,

(t,w,z) = F(t,w' +alyg) — Ftw' )= Y VuF(tw' )z’
1<i<d

The following is a path-dependent version of the Kolmogorov backwards equation for the
case that the underlying semimartingale is a local martingale.

Proposition 3.1. Let F € Cl’Q(A%) and let X be a local martingale. Assume that:

loc

(i) (F(t,X"))t>0 is a local martingale,
(ii) |Hp|* pX € o ;

loc’

Then the following holds dA x P almost surely

. _ 1 L
UF(t,X") = DE(t, X )by + 5 3 V26X )y
bisd (3.1)
+/ Hp(t, X"  2)K;(dx) = 0.
Rd

Proof. By Itd’s formula for non-anticipative functionals, F' has the following representa-



tion

t t
F(t,X" = F(O,X0)+/ DF(S,XS’)bSdASJFZ/ VuiF(s, X% )dX!
0 i<d /0

1 i 2 s\ iJ
+5 Z/vij(&X ) dA,

ij<d”0
+/ F(37X57 +x]]-[sT]) _F(53X57) - vaiF(57X57)xi :U’X(dsadx)'
[0,¢] xR ’ i<d

We compensate the jump integral and combine the local martingales from the dX
integrals and the compensated jump integral to a local martingale (Mt)te[o,T}- Then we
have

t
F(t,X") = F(O,X0)+Mt+/ DF (s, X* )bsdA,
0
1 ¢ o _
+ = Z/ Ve Fs, X* )c?dAer/ Hp(s, X® , x)K(dx)dAs.
2 22y Jo [0,£] xR?

It follows that the process

t

_ 1 L _

/ DF(s,X* )by + 5 > Ve, F(s, X" )7 + | Hp(s, X* ,2)K,(dzx)| dA,
0 2 <a Re

t
= / U,F(s, X*7)dAs.
0

is a predictable local martingale of finite variation starting in zero. As consequence this
process is almost surely zero. Thus, the integrand has to be dA x P almost surely zero
as well. 0

We proceed with the case when X is a special semimartingale, which implies that the
process X is a special semimartingale as well. Recall that we can use the identity as
truncation function and hence the canonical decomposition of X has the form:

A~

X = Xo+ (0, X7 +x% (1 —v)y) + (b5 - A)y.

The following result then states a path-dependent version of the Kolmogorov backwards
equation for special semimartingales.

Proposition 3.2. Let F' € Cllo’g(AdT) and let X be a special semimartingale. Assume
that:

(i) (F(t,X"))t>0 is a local martingale;

(ii) |Hp|* pX € ot ;

oc’



Then the following holds dA x P almost surely

UF(t,X") = DF(t, X" )b+ Y VuiF(t, X' )b}

i<d
(3.2)
+ = Z V2 F(t X )ef / Hp(t, X', 2)Ki(dz) = 0.
1,7<d
Proof. 1t0’s formula for non-anticipative functionals yields
F(t,X') = F(0,X°) + / DF(s,X° )bydA, +Z/ VwiF(s, X* )dX!
i<d
1 t, ;
+5 > / V2, F(s, X )cidA,
ij<d”’0
+/ F(s,X* +alj ) —F(s,X* ) — vaiF(s,Xsf)xi X (ds, dx).
[0,] xR4 <d

We unite the local martingales into one local martingale M as in the proof of Proposition
3.1. Here these are, by the canonical decomposition, the integrals with respect to X°¢
and with respect to the compensated jump integrals. As a result we obtain

t t .
F(t, X" = F(0, X% + M, +/ DF(s, X )bydA, +Z/ VeiF(s, X* )bldA,
0 . 0

1 t y -
+ - Z/ vwz]F(S X )?dAS—i—/ Hp(s,X*® ,2)Kg(dx)dAs.
2i,j§d 0 [0,T] xR

So the process

t ..
/ DF(s, X* )by + > ViiF (s, X" )b, + Z V2, F(s, X" )cl
0

i<d 7j<d

t
+ [ Hp(s,X® ,z)K(dx) dAS—/ UsF(s, X*7)dAs.
Rd 0

is a predictable local martingale of finite variation starting in zero implying that it is
almost surely zero. Thus, the integrand has to be dA x P almost surely zero as well. [

3.2 Comparison results under equivalent martingale measures

Based on the Kolmogorov backwards equations in Section 3.1 we derive path-dependent
comparison results under e.m.m.. Therefore, let X and Y be semimartingales which
possess an e.m.m. each. We denote the eem.m. and semimartingale characteristics
which occur by superscript to make clear to which semimartingale they correspond.



We introduce the path-dependent propagation operator (valuation functional). There-
fore, let f : D([0,7],R?) — R be a measurable function then we define the valuation
functional Gy by

Gy(t,w) == Egx [f(XT)| X' =w'] . (3.3)
This is a non-anticipative functional. Considering
Gy(t, X") = Bgx[f(XT)|o(Xsis < 1)),

we see that this functional takes into account the complete past of the semimartingale
X and that it is by construction a martingale with respect to the natural filtration
generated by X. In that case Gy(t, X*) is a martingale and fulfills equation (3.1).

Since we need to control the second vertical derivatives, we need the following path-
dependent notion of convexity from Riga (2015).

Definition 3.3. A non-anticipative functional F : A% — R s called vertically convex
onU C AdT if for all (t,w) € U there exists a neighbourhood V. C R% of 0 such that the
map

V=R

3.4
e—>F(t,wt+e]l[t7T]) (3-4)

1S convex.

For a non-anticipative functional F € C%2(A7) which is vertically convex it holds
that the matrix of the second vertical derivative is positive semidefinite. This follows
directly from the definition of the vertical directional derivative in Definition 2.2, and
the convexity of the function in (3.4).

In the sequel also vertical directional convexity is a relevant property for the compar-
ison results. We define it analogously to vertical convexity.

Definition 3.4. A non-anticipative functional F : A% — R s called vertically direc-
tional convex on U C A% if for all (t,w) € U there exists a neighbourhood V.C R% of 0
such that the map

V—-R
e~ F (t,wt + e]l[tT])

18 directionally conver.

For the notion of vertical directional convexity it holds that:
F € C%2(Ar) is vertically directional convex on U if and only if VEH-JF (t,w) >0 for all
i, <d and all (t,w) € U.

Theorem 3.5 (Vertical directional convex comparison under em.m.). Let X,Y be
semimartingales such that Xg = Yy = x¢ almost surely and let f(XT) € LY (QY),
YTy e LY (QY). Assume that



(1) Gy € Cl’Q(AdT) and Gy is vertically directional convex on A%;

loc

(i) UyG¢(t,Y' ) =0 holds dA x QY almost surely for all t € [0, T) where the operator
U is defined in (3.1) with the differential semimartingale characteristics ofX' under
Cg)(.

(iii) |He, | * p¥ € o ;

loc’?

(iv) (G¢(t,Y") )iepor) is of class (DL);

(v) A = A%;

(vi) The differential characteristics are dAY x QY almost surely ordered for alli,j < d;
i.€.

Yij Xij
Cy C 7

IN

He,(t,Y' o)k} (de) < | He,(t,Y" ,2)K{ (dz).

R Rd
Then it holds that
Eqgv [f(YT)] < Egx [F(XT)].
If the inequalities in (vi) are reversed and (Gy(t,Y")¥) e is of class (DL), we have
Eqv [f(Y")] = Bgx [f(XT)].

Proof. For the proof we establish that the process (G (t,Y"));ep0,r) is a QY -supermartingale.
Then it follows that

Eqgv [f(YT)] = Egv [G¢(T,YT)] < G4(0,20) = Eox [f(XT)].

Since Gy € C’llo’cz(A%), we can apply It6’s formula for non-anticipative functionals and

obtain that (Gf(t,Y"))iejo,r] is a semimartingale with decomposition

G(t, YY)
t R N t _ )
:Gf(o,xo)+/ DGf(s,YS’)bfdA§+Z/ VwiG(s, Y )dY!
0 i<d /0
1 ! 2 sTN\ Yij gAY
+ Zi;d/o V5iiGr(s, Y Jer YA}

Gy(s,Y® +alpq)—Gyp(s,Y® ) — Z VwiGy(s, Y )a'| ¥ (ds,dz).
i<d

o,
[0,t] x R4

10



We compensate the jump integral and combine the local martingales into M. Keeping
in mind that Y is a QY local martingele, this leads to

t
Gi(t,Y") = G4(0,m0) + My + | DGy(s,Y* )bYdAY+f / V23 Grls,Y* )Y iigAY
0

7.]<d

+ / He,(s,Y" ,2)KY (dx)dAY.
[0,t] x R4

To gain the local supermartingale property we show that the following process (Z;) is
decreasing:

t
Zt Z:/
0

By Assumption (v) we have that bfdAf = bfz dAf = dt. With Assumption (ii) we
obtain

dAY .

DGf(S,YS bY Z sz]Gf s, vs~ YZJ _|_/ HGf s, Y?® ,.IZ)KE/(CZ]:)
zy<d

¢ S .. _ ~ N N
7 :/0 [; S V2 Cls ) (79 - ) +/Rd Ha, (5, v* ) (K (dx) - Kf(dx))] qAY |
1,7<d

Due to the vertical directional convexity and (vi) the first integrand is non-positive.
That the second integrand is non-positive follows by Assumption (vi).

Therefore, —Z € < and (Gy(t,Y"))sepo,m is a local QY -supermartingale.
Finally, by Assumption (iv) follows that (Gf(t,Y"))ie(o,7) is a proper QY supermartin-
gale.
With reversed inequalities and assuming that (G f(t,Y")"),ep0r) is of class (DL), we get
the submartingale property for (Gy(t,Y"))scjo.1- O

Remark 3.6. 1. Instead of demanding that the kernels are ordered for He ,, we could
also have demanded that they are ordered for a bigger function class, for example
for all functions which are directionally convex. Note that by vertical directional
converity of Gy, Hg, 1s directionally convex in x.

2. Compared to previous papers on this topic we do not need the propagation of or-
der property. The propagation of order means that the propagation operator maps
particular function classes, like (directional) convez functions or increasing func-
tions, into themselves. Since we consider a single function we only assume that
the propagtion operator maps this function into the class of vertically directional
convez functions.

Next we consider the case that G is a vertically convex function.

Theorem 3.7 (Vertical convex comparison under e.m.m.). Let X, Y be semimartingales
with Xo = Yy = xo almost surely and let f(XT) € LY(QX), f(YT) € LY(QY). Assume
that

11



(1) Gy € Cl’Q(AdT) and Gy is vertically convex;

loc

(ii) — (v) of Theorem 3.5 hold;

(vi) The differential characteristics are dAY x QY almost surely ordered:

Y X
& Spsd Cy

5 He, (t,Y'" ,2)K) (dz) < /R Ha, (1, Y, 2) KX (dw).

Then it holds that
Egv [f(YT)] < Egx [F(XT)].

If the inequalities in (vi) are reversed and (Gy(t,Y") )1 is of class (DL), we have
Eqv [f(YT)] = Egx [f(XT)].

Proof. We show that (G f(t,Yt))te[()’T] is a QY-supermartingale. Analogously to the
proof of Theorem 3.5 we need to show, that dAY x QY a.s.

1 _ o o
) Z Viz’ij(Svys ) (Csyw - Cf”)
hisd (3.5)
+ | Hg(s,Y* ) (KSY(dx) ~ KX (dx)) <0.
Rd

Then the assertion follows since the other terms in the functional Itd formula are local
martingales. As in the proof of Theorem 3.4 in Kopfer and Riischendorf (2019) we get by

positive definiteness, that the eigendecomposition of the matrix —(cY — cf y=cf —¢¥
has the form (3~ -, \el.e} )i j<a with eigenvalues Ay > 0 and eigenvectors e;. We obtain

equality of the first process above with

1 s 1 -
= D e Y VG, Y )ejel = -3 D M€k VEGH(5, Y ey,
k<d  i,j<d k<d

which is non-positive dAY x QY almost surely due to the positive semidefiniteness of the
matrix VZGy.

The second integrand is non-positive dAY x Q¥ almost surely by Assumption (vi). With
Assumption (iv) it follows that (G(t,Y")).c(o,r] is a proper supermartingale.

If the inequalities in (vi) are reversed and (Gf(t,Y")")scpo,r) is of class (DL), we have
that (G7(t,Y"))icjo,r] is a submartingale. O

With the help of the key inequality of the proofs above, we can state a corollary which
does not need the assumption of vertical convexity or vertical directional convexity but
only uses the inequality in (3.5) for a comparison result.

12



Corollary 3.8 (General comparison condition under e.m.m.). Let X,Y be semimartin-
gales and let Xog = Yy = xo almost surely. Further let f be such that f(XT) € L'(QX)
and f(YT) € LY(QY). Assume that Gy € C’llo’g(A%) and that Assumptions (ii)—(v) of
Theorem 3.5 hold. Further, let dAY x QY almost surely inequality (3.5) hold. Then we
obtain

Egv [f(Y1)] < Egx [£(X7)]
If the inequality is reversed and (G(t,Y*)*)com is of class (DL), then we obtain

Egv [f(YT)] > Egx [f(XT)].

Proof. The process Z from the proof of Theorem 3.5 is by inequality (3.5) decreasing and
hence G is a supermartingale. The inverse inequality follows since Z then is increasing
and hence G is a submartingale. O

The Girsanov transform can be used to compare the expectation under different e.m.m.
This leads to the path-dependent version of Corollary 3.8 in Kopfer and Riischendorf
(2019). By Girsanov’s theorem only the compensator of the jump measure changes,
the predictable quadratic variation of the continuous martingale part and the increasing
process of a good version of the semimartingale characteristics remain the same, cf.
Jacod and Shiryaev (2003, Theorem I11.3.24).

Corollary 3.9 (Comparison of e.m.m.). Let X be a semimartingale. Let Q' and Q? be
equivalent local martingale measures for X. We denote the particular semimartingale
characteristics of X by superscript. Assume that f(XT) € LY(Q"Y) N LY(Q?) and that

(i) Gy € Cp2 (A4,

loc

(ii) USGs(t, X" ) =0, dAX x Q' almost surely where U is defined as in (3.1) with
semimartingale characteristics of X under Q?;

(iii) |He,|* i € @} ;

(w) (Gy(t, X") )ejo) is of class (DL);

(v) The kernels K' and K2 are dAX x Q' almost surely ordered for all t € [0,T]:

[ e, (4. X 0)K} ) < [ Ho, (0. X, )} (dz).

Then it holds
Bor [F(XT)] < Bge [/(X7)] .
If the inequality in (v) is reversed and (Gy(t, X*)")cp0,1) is of class (DL), then:
Eqi [f(XT)] = Ega [f(XT)].
Proof. This follows with help of the functional It6 formula in a similar way as in the path

independent case replacing the horizontal derivative of G’y by the vertical derivatives.
This replacement is possible by Assumption (7). ]
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3.3 Comparison results under the semimartingale measure P

The following results are versions of Theorems 3.5 and 3.7 under the semimartingale
measure P. Let X and Y be special semimartingales. Then the space-time processes
X and Y are special semimartingales and we can choose for both semimartingales the
same integrator process A for a good version of the semimartingale characteristics, for
details see Kopfer (2019, Section 4.4.).

We adapt the non-anticipative value functional G from equation (3.3) to P:

Gr(t,w) = BIF(XT) X" = w!).

In the path-independent comparison under P in Kopfer and Riischendorf (2019) it is
assumed that Gy(t,-) is an increasing function for all ¢ € [0,7] in order to control
the first partial derivative. To control the first vertical derivative of non-anticipative
functionals we introduce vertical monotonicity.

Definition 3.10. A non-anticipative functional F : A% — R is called vertically mono-
tone on U C A% if for all (t,w) € U there exists a neighbourhood V- C R? of 0 such that
the map

V >R
e — F(t,w' +elpym)
s monotone in €.

This definition guarantees that the first vertical derivative is non-negative or non-
positive if it exists.

Theorem 3.11 (Vertically increasing and vertically directional convex comparison under
P). Let X,Y be special semimartingales and let Xog = Yy = xg almost surely. Consider
a function f € Ll(PXT) N Ll(PYT) and assume that

(1) Gy € ch 2(Ad) and Gy is vertically directionally convex and vertically increasing

loc
on AT,

(i) UyG(t,Y'" ) =0 holds dA x P almost surely for all t € [0,T], where U is defined
as in (3.2) with the characteristics of X ;

(iii) |Hg, |+ p" € o,
(iv) (G¢(t,Y") " )iepor) is of class (DL);
(v) The differential characteristics are dA x P almost surely ordered:

Yi X
bt bt )

IN

Xij
Ct N

He, (Y, 2) KX (da).

Yij
Cy

He,(t,Y" ,2)K] (do)
Rd Rd

IN

IN
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Then it holds:
Elf(YT)] < E[f(XT)].
If the inequalities in (v) are reversed and (Gy(t,Y")%)cio1 is of class (DL), we get
Elf(YT)] > E[f(XT)).

Proof. Analogously to the comparison under equivalent martingale measures we establish
that (Gf(t,Y"))iejo.r] is a supermartingale. Therefore, using the functional It6 formula
we have to verify that dA x P almost surely it holds

- o o 1 _ o o

s Yi Xi 2 s Y, X1
> VuiGyls,Y )(bs — b )+§‘§‘ V2,.Gi(s,Y )(cs o J)
i<d i,j<d

+ | Hg(s,Y* ) (KZ (dz) — KX (da:)) <0.
R4

This process however is non-positive dA x P almost surely by Assumption (v) and using
that G is vertically increasing and vertically directional convex. Assumption (iv) then
yields the proper supermartingale property.

If the inequalities in (v) are reversed and (G (t,Y")"),cpo,r) is of class (DL), Gy is a
submartingale. O

Next we transfer the comparison result to the case when G is vertically convex and
vertically increasing.

Theorem 3.12 (Vertically increasing and vertically convex comparison under P). Let
X, Y be special semimartingales and let Xo = xo = Yy almost surely. Let f € Ll(PXT) N
LY (PY"). Assume that

(i) Gy € CY2(AL) and Gy is vertically convex and vertically increasing on Ar;

(i) — (iv) of Theorem 3.11 hold;

(v) The differential characteristics are dA x P almost surely ordered for all i < d:
b < b

Cf <psd Cg(,

Ha, t, Y x)K) (dr) < Ha, (t, Y ) KX (dx).
R R

Then it holds that
Elf(YT)] < E[f (X))
If in (v) the inequalities are reversed and (G ¢(t,Y"*)" )0 is of class (DL), we get

E[f(Y")] = BIf(XT)].

15



Proof. Again using the functional It6 formula we have to verify, that dA x P a.s.

> VuiGy(s, Y ) (7 —bfi) 5 >0 VG Y ) (- )
i<d i,j<d

+ | Hg(s,Y* ) (Kf(da:) - Kf(dx)) <0.
R4

The first term is non positive due to Assumption (v) and the fact that G is vertically
increasing in the second variable. The remaining part is non-positive as in the proof of
Theorem 3.7. By Assumption (iv) it follows that (Gf(t,Y")).cpo,r is a proper super-
martingale.

If the inequalities in (v) are reversed and (Gf(t,Y"*)")cjo.r) is of class (DL), then G is
a submartingale. O

As before the key inequality of the proof can be used to formulate a comparison result
without the assumption of vertical convexity and vertical monotonicity on the functional
Gy.

Corollary 3.13 (General comparison condition under P). Let X,Y be special semi-
martingales cmd let Xo =z = Yo almost surely. Let f € LI(PXT) N LI(PYT). Assume
that Gy € Cl (Ad) and that (i1)—(iv) of Theorem 3.11 hold. Further assume that dAx P
almost surely

> Vi, v ) (b7 - bX> LS V(s Y ) (X - )
= F i (3.6)

+ | Hea(s,Y* ) (Kf(dx) _ KX (dx)) <.
Rd

Then it holds that
E[f(XT)] < E[f(YT)].
If inequality (3.6) is reversed and (Gy(t,Y")")e0.1) is of class (DL), then
E[f(XN)] > E[f(vT)].
Proof. As in the proof of Theorem 3.12 inequality (3.6) implies that (G s (t,Y")),cio,r] is
a supermartingale or submartingale respectively. O
4 Results on regularity and applications

The comparison results in Section 3 need various properties of the valuation functional
Gy, like continuity, vertical/horizontal differentiability and convexity. In this section
we give some results establishing these regularity properties and some applications to
comparison results.
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We first discuss the regularity of GGy. For notational simplicity we consider the pro-
cesses under the semimartingale measure P.

An example for a vertically differentiable conditional expectation is given in Riga
(2015, Proposition 4.4) who states conditions such that the conditional expectation of a
path-dependent function of a semimartingale can be represented as horizontally differ-
entiable non-anticipative functional. The underlying process is a stochastic exponential
defined by the SDE

dSt == StO'tdBt,

where B is a standard Brownian motion and (o¢).¢[o,77 is @ non-negative adapted process
such that S is a L?-martingale.

We modify this approach to transfer it to non-continuous processes. Therefore, we
consider the probability space (£, (Ft)e(o,17, F, P), where Q = D([0,T],R%), F is the
Borel sigma-field and (F),cjo,) is the filtration generated by the canonical process,
Xi(w) = w(t). We assume that the canonical process is a semimartingale.

In the center of our considerations in the previous section is the valuation functional
G f- A% — R,

Gf(t,w) =F [f(XT)‘ X' =uw'].

In the setting of this section this is the same as the expectation w.r.t. factorized condi-
tional probability of X7 given F; due to the fact that (Ft)tejo,r) is the natural filtration.
If the space of cadlag functions is equipped with the Skorokhod topology there exists
a regular version of the conditional probability of X7 given X! since D([0,T], R?) then
is a Polish space. However, for the sup norm this is not valid anymore, see Billingsley
(1968). We assume in the sequel that a regular version of the conditional probability
exists as in the case of processes with continuous paths. Then G takes the form

Gritw) = | F@)PXX = (q),
D([0,T],R%)

and, therefore, the horizontal and vertical differentiability is mainly a question of corre-
spondent differentiability of the kernel PX Tl

Since the metric in the space of stopped paths uses in the path component the sup
norm, we need a tool to handle the sup norm of a semimartingale. This motivates the
use of the class of H! semimartingales (for details see Protter (2005)). Without loss of
generality we assume that all semimartingales in this section start in zero. For simplicity
we consider one-dimensional semimartingales. Let X be a semimartingale; then there
exists at least one decomposition X = M + B, where M is a local martingale and B is
of finite variation. Denoting for 1 < p < oo

Y

1 T
Jo (M, B) = H[M]%+ | 1,
0 Lp

17



then the HP norm of X is defined as

Xl = it jp(M, B),

where the infimum is taken over all possible semimartingale decompositions of X.

By Protter (2005, Chapter V, Theorem 2) the HP-norm allows to dominate the sup
norm of X. This is a consequence of Burkholder’s inequalities and is an important tool
in the sequel. For 1 < p < oo there exists a constant ¢, such that for any semimartingale
X with Xo = 0 we have for X* := sup,c[p 7] | X¢| the inequality

Xz < epl| X |- (4.1)

The following definition reminds the concatenation operators as introduced in Riga
(2015). In comparison we use a slightly different definition since we want the cadlag
functions to meet in t.

Definition 4.1. The family of concatenation operators (©t)ic(o,r) s defined by

Dt : D([O7T]7R) X D([()?T]a]R) - D([O7T]7R)7
(W, W) P wdw = wly + (W +w — w7
The idea of the following theorem is to use Lipschitz continuity and independent

increments to dominate the increments of the function under consideration. Then we
are able to show the continuity and vertical and horizontal differentiability of G .

Theorem 4.2. Let X be a semimartingale with finite H' norm and independent incre-
ments without fived times of discontinuity. Further, let f : (D([0,T],R),] - ||oc) = R
be a Lipschitz continuous functional such that E[|f(XT)|] < co. Assume that for any
w € D([0,T],R) and any t € [0,T] the function

g, t,w) : R—=R

4.2
e = flw+ ]l[t,T]e) (42)

18 twice continuously differentiable in zero such that the derivatives are Lipschitz contin-
wous in w. Further, assume that for every w,w’ € D(]0,T],R) the function

I(w,w): [0, T] = R

t— flwdrw) (43)

is continuously right differentiable with derivative which is Lipschitz continuous in w.
Then it follows that

Gy e Cp*(Ar).
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Proof. We obtain by the independence of increments that

Gy(t,w) = BIf(XT)|X" = w]

Since f is Lipschitz continuous, it follows that for all w,«w’ € D([0,T],R) there exists a
¢ > 0such that | f(w) — f(w')] < ¢|w—w||oc. We show the continuity of G by sequential
continuity. Let ((t",w"™))nen C A converge to (t,w), € Ar. Then we have
|Gy(t,w) — Gy(t",w")| = }E[f(w@tXT] E[f(w"@tn XT)} ‘
SE[|flwer XT) = flw" @m XT)|]
< B [l @ XT) — (0" @ XT) o] (4.4)
< cE [(w = w™) T nm)lloe + || (wr + X' — Xy —w") Lt ) lloo
I (wi + X7 = X = w) Lpn gy [l
| (we + X7 = Xy —wih — X7+ Xin) Lo 77 lloo] -

This can be further dominated by

cE[ [[(w—w") L nem)lloo + [[(wr — w™) L ) lloo
+ (X7 = X)L am oo + [[(win — @) Tpen gy lloo
+ (X7 = Xen) Lgn g lloo + (@t — wii) Lpven 71 ll0o
+[[(Xin = X)L jpyen 11 lloo] -

Note that for fix n only one of the indicator functions 1y ;) and 1 4y differs from zero.
We consider the first term on the right-hand side. It is clearly bounded from above by
|w! — (w™)"||oo Which tends to zero by d, convergence. As consequence we obtain

E [(w = o™ Lpinmllsc] < B [Jw' = @) flac] = o' = (@) [loc = 0.

The same argument yields convergence to zero for the other terms containing w and w™.
Next we consider the expectation E [[|(X7 — X)L m) l|oc]- The process therein X™ :=

(XT - X)L 4my)tepo,r) 18 a semimartingale starting in zero, hence we can apply (4.1)
with p = 1 to obtain

E (X" = X)Lt m)lloo] < et X1

Let X = M + A be a semimartingale decomposition of X. Then after a restriction to
M™ = ((MT — Mt)]]_[t7tn))t€[o7T] and ATL = ((AT — At)l[t,tn))tE[O,T] we get that X" =
M"™ + A™ is a semimartingale decomposition of X”. Since for each n and w € () the
path X" (w) is just a shifted piece of the path of X (w), we have that [M"]; < [M]; and
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|AZ| < | Ay for all t € [0,T]. This means that we can dominate the H! norm of all X"
by the H! norm of X which is finite by assumption. Dominated convergence and right
continuity then leads to

lim E [H(XT - Xt)ﬂ[t,t")HOO] =FE

n—oo

lim sup |X3—Xt|] =0.

N0 e[t 1)

Analogously we get that

lim B [[(XT — Xm)1pn o] = B

n—oo

lim sup ]XS—th]]

=00 seftn b)

<FE

lim sup |XS—th|]

=00 seftn i)
= E[|AXy]
=0.

The last equality follows from the assumption that there are no fixed times of disconti-
nuity. It remains to show that E[||(Xin — X¢)Lyyen 71lleo] also tends to zero. Therefore,
note that

E[[|(Xer = X)1jpyen 71lloc] = E[[(Xen = X)[| < B

sup |Xs— Xyn|+ sup |Xs— Xt|] .
se[tm,t] s€(t,tn]
The terms on the right-hand side are both bounded by the H' norm of X. It follows
by dominated convergence that this tends to zero. Thus, G is continuous.
Next we show that G is vertically differentiable. We consider the vertical difference
quotient of G’y
Gf(t,wh’t) — Gy(t,w) 1

h =5 (Bl e X)) ~ B[ e x")])

= %E [f(w Dy XT + hl[t,T]) - f(w So0 XT)] .

Since f is Lipschitz continuous, dominated convergence yields

VoGy(t,w) =FE [ig(e,t,w Dt XT)(O)} .

For the second derivative we use that the first derivative of g is assumed to be Lipschitz
continuous in w and get by dominated convergence

Vwa(t, wh’t) — Vwa(t, w)
m

ViG(tw) = li

h—0 h
— B | lim %g(ev t)tht Dt XT)(O) - %g(ea tvw 20 XT)(O)
- h—0 h

82
=F [wg(e,t,w @ X1 (0)] .
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We are left to show that V,G and V2G are (left-)continuous. In fact we have conti-
nuity which follows as the continuity of Gy from Lipschitz continuity.

We now turn to the horizontal differentiability. Therefore, we consider the horizontal
difference quotient.

Gf(t + h,wt) — Gf(t,wt) _ E [f(wt Dirhn XT)] —F [f(wt Dt XT)] .

h h

From the Lipschitz continuity of f it follows as in (4.4) that the difference is bounded
by the H! norm of X. With dominated convergence it follows for h | 0 that

o+

DGy(t,w) =E [

t T
atl(t,w , X )}

The continuity of the derivative now follows from the Lipschitz continuity of the deriva-
tive of .

It remains to show that Gy is boundedness preserving. Therefore, let be K C R be
compact and ¢y fixed. We need to show the existence of a constant Cx s, > 0 such that
for all t < tp and all w € D([0,T],R) we have

w([0,t]) C K = |G¢(t,w)| < Ckq-

Since K is compact it is bounded; let & be this bound. We obtain from (4.4) and the
considerations thereafter that

|G p(t,w) = G4(0,0)] < cB[2]lw[loo + 2/ Xl 1] < e(2k + 2[|X]|51) =: C.

The term G¢(0,0) is just E[f(XT)] which is finite. So we get by the choice C 4, =
C + |E[f(XT)]| that G is boundedness preserving. O

Remark 4.3. 1. The Lipschitz continuity helps to show continuity and to apply dom-
inated convergence. Hélder continuity as condition on the functions above works
as well.

2. The property to be boundedness preserving is a local property; it depends on tg.
In the proof we have seen that under the conditions of Theorem 4.2 Gy is even
“globally” boundedness preserving.

3. By Jacod and Shiryaev (2003, Corollary I1.4.18) the property “without fized times
of continuity” is for processes with independent increments equivalent to quasi-left-
continuity of X.

4. The functions g and 1 from equations (4.2) and (4.3) provide the vertical and hor-
izontal differentiability. If only one of the functions has the demanded properties,
we still get Gy € CZ?’Q(AT) or Gy € C;’O(AT).

We give an example for a semimartingale and the integral functional from Example
2.4 which fulfill the conditions of Theorem 4.2.
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Example 4.4. Let X be a compound Poisson process with finite H' norm. Then it
has no fized times of discontinuity, see Jacod and Shiryaev (2003, II1.4.3). Further,
let f R — R be Lipschitz continuous and twice contmuously dzﬁer@ntzable with Lips-
chitz continuous derivatives and let f be the integral f(w fo (wy)dt. Assume that
E[If(XT)] < .
Then f is Lipschitz continuous in w € D([0,T],R). This is consequence of the Lips-
chitz continuity of f:

T
(@) — F(&)] < / Flwr) — F(lde

T
c/ |y — wi|dt
0

cTlw — W' ||oo-

IN

IN

Further, the function g from equation (4.2) is twice continuously differentiable in zero.
To see this fiz s € [0,T] and w € D([0,T],R); then we have by Lipschitz continuity and
dominated convergence

B, . flwt1ph) - flw)
%g(easvw)(o) - }111412) h
. f() wt + Il[s T}h) f(wt)dt
= lim
h—0 h

oo ST T+ ) = Flanat

h—0 h
= / f wt)d
This expression is Lipschitz continuous in w since we assumed f' to be Lipschitz contin-

UOUS.
Analoguously we get

82 T .
@g(e,s,w)(()) —/ I (wy)dt,
which is Lipschitz continuous in w as well. Thus, g fulfills the conditions of Theorem

4.2.
For the function | from (4.3) we show now the right differentiability. Therefore, fix
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w,w’ € D(]0,T],R), then

or / f(wBrn ') — flw S W)
- — ]
T I(t,w,w) éﬁ)l .
1 t+h T t
= lim — < f(ws)ds + Wl — wipp, + we)ds — / f(ws)ds
hio h t+h 0

/ fl —Wt+wt)d>

t+h .
/ /
= lﬁﬂ)lh ( flws) = flwy — w; +we)ds

+ f(w —wt+h+wt) —f(wé—wé—i—wﬁds)
hi0 h

t+h t+h
- fws — wiyp, +wi)ds + flws) = flwg — wi + we)ds
Jr

= lim — (/ Fwl —wi g +w) — Fwl —wp +wi)ds

~

0

t t+h
+/ f(w;—wé—kwt)ds—l—/ f(w;—w,’5+wt)ds>
0 ¢

T ot N - ot

= [Pl ) Gwtds = Flen) ) Gyt + Flwn)
0

The first term results fmm dominated convergence, the second term is the right derivative

of the integral fo (Wl — wl, 4+ wi)ds. For a compound Poisson process, the path w' = X

is Tight differentiable and it follows that on such paths DG = f( ‘).

That Gy is boundedness preserving follows as in the proof of Theorem 4.2. Altogether

we have that Gy € C’;’2(AT).

From this example one can see that in this setting the function [ can cause problems for
more general semimartingales since in the derivation a right derivative of the future path
occurred. In fact this proceeding works fine for semimartingales of finite variation since
they are differentiable almost everywhere. But since integrals over path independent
functions of semimartingales are not of finite variation, we need other conditions for
horizontal differentiability.

Example 4.5. Let B be a Brownian motion. We consider the function f(w fo wt )dt
from Example 4.4. In contrast to the previous example we only assume that f 1s bounded.
Then we have by the Markov property and the strong continuity of the corresponding
transition semigroup (Ti)o<i<T that the transition semigroup is differentiable in time. It
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follows that Gy is horizontally differentiable:

BE[f(w' @ BT) — f(w' @& BY)]

DGy(t,w) = li
7(t,w) = T

h
o BU T @0 BT)) — F(w @0 BT),)ds]
) h
i d B! @0 BT)) — J (' @0 BT)))ds
AN h
_ I Tis—myrof (wi) — To f(wi)ds
= 1am
r0O h
T o B
= /t aTsf(wt)ds.

The most important part in the proof of Theorem 4.2 is that we are able to re-
duce the conditional expectation to a normal expectation. This is a consequence of the
independent increments. Since Markov processes have conditionally independent incre-
ments, we can obtain a similar result. In fact in the following proposition we derive
for a Feller semimartingale X under the assumption that f is an integral function that
Gy e CP*(AL).

We recall the notion of Feller processes, cf. Ethier and Kurtz (2005). A semigroup
(T;)i>0 on Co(RY) is called a Feller semigroup if it is strongly continuous. In particular,
Feller semigroups map Co(R?) to Co(R?). Sometimes also the bigger class Cy(R?) is used
in the definition of Feller semigroups, we denote this by Cjp-Feller semigroup. A Markov
process is called a Feller process if the corresponding transition semigroup is a Feller
semigroup. If X is in addition a semimartingale we call it a Feller semimartingale. Note
that by this definition Feller processes are always time-homogeneous.

Examples of Cp-Feller processes are Lévy processes. For Lévy processes it holds that the
transition semigroup is of the form

Tof(x) = /R F(y+ 2)pe(dy).

Here p; is the distribution of X;. From this equation we see that T;f inherits the
boundedness and continuity of f.

Proposition 4.6. Let X be a Cy-Feller semimartingale with strongly continuous tran-
sition semigroup (1t)o<t<r. Further, let f :R — R be bounded and continuous such that
T,f € CY2. We consider the function f : (D([0,T],R), || - lsup) — R to be the integral
functional f(w) = fDT f(wi)dt. Then it holds that Gy e C;’Q(AT).

24



Proof. By the time-homogeneity and the Markov property we obtain
Gy(t,w) = E[f(XT)|X" = u']

—F UtT F(X,)ds| Xy = wt] +/Ot flws)ds
—E [ /0 T s xo = wt} 4 /0 ' Flwo)ds )

T—t t
:/ Tsf(wt)ds+/ f(ws)ds.
0 0

We show the continuity of G by sequential continuity. Let (¢",w™) converge in A to
(t,w). Then we have

|G(t,w) = Gp(t", ")

T—t _ T—tn
= ‘E [/0 f(Xs)ds| Xo :wt} —F [/0 f(Xs)ds| Xo :wﬁi
t tn
+ | flwds = [ flwl)ds
0 0
T—(tvim) 5 ~
_ / [f( )| Xo = w] = B [F(X0)| X0 = wps] ds

Xo = Wt} Loy — B [f(Xs)

T— (t/\t"
/ X,) Xy = w;:n} 1pnspyds
T—(tvtn)

A" tvin B
j/ Flws) — >ds%-j[ Flws) Lminy — F@) L gmsnyds

NAE™

We first take a closer look at the integrals not depending on X.
tAt" ~ At B
| Fwn = Fepyas| < [T 1w - Ftias
< [ 1 - Fias

This converges to zero by dominated convergence using the continuity of f . Let ¢ be the

bound of f, then we have
tvin R
/ f(ws)]l{tztn} - f(w?>]l{t”2t} ds
AL
<

< c(t VT —t AT,

IN

v ~
/ f(ws)]l{tztn} - f(w?)]l{tht}ds
t

AE™

This tends to zero by assumption. Next we turn to the terms containing X. For the
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first term we obtain

T—(tvt™) ~
[ e[
0

s/PWEVMJ
0

Xo = wt} _E [f(XS) Xo = w;z} ds

Xo = wt} is continuous in w and bounded by the

This converges to zero since E [ f(Xy)
Feller property.
The last term tends to zero as follows. Let ¢ be the bound of E [f(Xs)

which exists by the Feller property. Then

T—(tAt™) ~
[ E[dx)

T—(tVtn)

XO = wt}

XO = W?n] l{tht}dS

Xo = wt} Li>emy — E [JZ(Xs)

ST — (tVEY) =T + (tA L)) = 0.

We now turn to the vertical differentiability of G .

Grlth) = Gyt _ 1 <E [ / s

Xo = w + h] —i—/t flws)ds
0

Xo = wt] - /O t f(ws>ds)

Since T} f € C1? by assumption, we obtain

w i S .
Analog we recei\/e fOr ‘he SeCOnd deri\/a[i\/e
2 ~

) (T—1)
VoGt w) :/0 @Tsf(wt)ds.

To compute the horizontal derivative we take a look at the horizontal differential quo-
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tient.

Gyt + h,w;) — Gs(t,w) _ % <E [/OT_t_h F(X,)ds| Xy = wt} + /Ot f(ws)ds + hf(w)

B { /0 T sl x = wt] - /0 t f<ws>ds>

T—t
— o)+ / T, f(wy)ds

h Jr—i—p
— flw) — Tr_o f(wy).

It remains to show that Gy is boundedness preserving. This follows directly from the
representation (4.5) since f and T} f are both bounded by the Feller property. O

Next we consider functions which depend of the average of a semimartingale X. Such
functions are used in financial mathematics in the framework of Asian options.

Example 4.7. Let X be a semimartingale of finite variation with independent in-
crements, finite H' norm and without fived times of discontinuity. Further, define
I = f(f Xsds. We consider a function of the form f(%IT), where f : R — R is an
integrable function. We assume that f is twice differentiable with Lipschitz continuous
derivatives. The path-dependent function corresponding to f 18

f:D(0, T,R) =R

w Hf(%/Othdt>.

Since the identity on R is Lipschitz continuous, we get as in Example 4.4 that %IT is
Lipschitz continuous in w. It follows that f is Lipschitz continuous in w as well. Denote
by Ccf the Lipschitz constant of f and by cy the Lipschitz constant of %IT. Then it follows

)= 5 = [ (3 [ wnte) =7 (3 [ tar)

W, w CzCr||wW w .
T t T t = Cy 1

We consider the function g from equation (4.2). Fiz s € [0,T] and w € D([0,T],R),
then we get for the derivative

< ¢j

flw+ T nh) — f(w)

g(e,s,w)(0) = lim

Oe h—0 h
f@4§%ﬁ+ﬁf)-f@45%a)
= lim
h—0 h

T—s, (1 (T
= T f <T/O wtdt>.
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This is Lipschitz continuous in w by the same argument as above. For the second
derivative we get

0? T—-5)?2,(1 (T
J w0 =T (T / wtdt> .
So g meets the conditions of Theorem 4.2. For the horizontal derivative, we get
DGf(t,w)

= lim

t T
f (; (/ wsds + hwy + X — Xiyn + wtds>>
0 t+h
(1 t T
—f T / wsds—l—/ X, — X +wids
0 t
(1 t T t+h
f (T (/ weds + / Xs+wids — (T —t — h) Xpyp — / Xsds>>
0 t t
(1 t T
_f T / w5d8+/ XS +wtds— (T—t)Xt .
0 t

We set fg wsds + ftT Xs + wids := x and obtain by dominated convergence

DGy (t,w)
) 1-./1 t+h

-7 <;, (a;—(T—t)Xt)>].

This can be further computed as

DG(t,w)

) 1-/1 t+h
=FE [lﬁl& Ef (T (x — (T =Xy = (T — t)(Xpn — X)) + WXy, — t Xsd5>>

i (- @-nx))

=E [f/(x —(T - t)Xt)Taa:Xt] .
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Again we see that in the horizontal derivative a right derivative of the path occurs.
This is the reason to restrict to finite variation semimartingales. In this case the Markov
property does not help since for a Markov process X the functional Gy reduces to

Gylt,w)=E [f <;IT>

:E[fG </Otwsds+/tTXsds>> Xt:wt].

This representation does not allow to use the transition operators since the function in
the conditional expectation depends on the whole path after ¢, whereas the transition
operators only depend on the process at ¢.

Xt :wt]

The comparison results in Section 3 also need vertical convexity, vertical directional
convexity and vertical monotonicity. In particular independent increments are useful to
establish these properties as shown in the following example.

Example 4.8. Let X be a semimartingale with independent increments. Then Gy is of
the form Gy(t,w) = E[f(w & XT)] (see Theorem J.2). To establish vertical convezity,
we need to show that G'f(t w—+ e]l[t 7]) 8 convex as function in e in a neighbourhood of

0. For the functional f(w fo (wy)dt as in Example 4.4, we obtain

t T _
Gi(t,w+elyq) =FE [f(w &y XT—i—eIl[tT])] :/0 flws)ds + E [/t f(X5+e)ds] :

Thus, if f is convex or f is vertically conver, we obtain that Gy is vertically convex.
Analog statements hold for directional convexity and monotonicity.

We finally apply the regularity results in this section to obtain a comparison result for a
path-dependent function between a Lévy process and an It6 semimartingale. Concretely
the following example is based on Theorem 3.11.

Example 4.9. Let X be a type C Lévy process (see Sato (1999)) with Lévy triplet
(b,c?, K) and let f : R — R be a bounded, continuous increasmg directionally convex
functwn Then we have by Proposition /.6 that for f(w fo (wy)dt the functional Gy
8 in C (AT) Further, Gy is vertically dzrectzonally convex and vertically increasing
by Example 4.8. So condition (i) of Theorem 3.11 is fulfilled.

We compare X to an Ité semimartingale Y with differential characteristics (3,0%,7m).
Here B is an adapted process which is integrable with respect to the identity, § is an
adapted process which is integrable with respect to the Brownian motion and n is such
that v(dt,dx) := dtn,(dx) is the compensator of uY .

Since X is a type C Lévy process we have that supp(P~Xt) = R for all t. Hence, by the
choice of f we have that for all w € RIOT]

Uth(t, wt) =0.
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It follows that the generalized Kolmogorov backwards equation UyG¢(t,Y' ) = 0 holds
for the path of Y and consequently condition (i1) is fulfilled.

If Assumptions (iii) and (iv) are imposed, we get from the dt x P almost sure ordering
of the differential characteristics

6t§b7
o <

/RHGf(t,Yt_,a:)m(da;) < /RHGf(t,Yt_,m)K(dx),
that
E[f(yN] < E[f(XD)],

1.e. the comparison of the path-dependent function is valid.
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